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Abstract

We study the binary choice problem in a data-rich environment with asym-
metric loss functions. The econometrics literature covers nonparametric binary
choice problems but does not offer computationally attractive solutions in data-
rich environments. The machine learning literature has many algorithms but is
focused mostly on loss functions that are independent of covariates. We show
that theoretically valid decisions on binary outcomes with general loss functions
can be achieved via a very simple loss-based reweighting of the logistic regres-
sion or state-of-the-art machine learning techniques. We apply our analysis to
racial justice in pretrial detention.
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1 Introduction

The downside risk and upside gains of many economic decisions are not symmetric. The
importance of asymmetries in prediction problems arising in economics has been recognized
for a long time; see Granger (1969), Manski and Thompson (1989), Granger and Pesaran
(2000), Elliot and Timmermann (2016), and references therein. In this paper, we focus on
binary choice problems in a data-rich environment with general loss functions. Hence, our
analysis covers many life-changing decisions such as college admission, job hiring, pretrial
release from jail, medical testing and treatment, which have become increasingly driven by
automated algorithmic processes based on vast data inputs. It also covers many routine
tasks such as fraud detection, spam filters, credit risk, etc. The topic has gained interest
from a diverse set of fields, ranging from economics, computer science, to machine learning,
among others, and depending on the discipline is also known as classification or screening
problems.

The combination of high-dimensional data and general loss functions in binary decision
problems is challenging and not well understood.! Econometricians have studied nonpara-
metric binary choice problems for a long time, but the literature does not offer computa-
tionally attractive solutions for high-dimensional datasets. The existing attempts to relax
the strong parametric distributional assumptions result in non-smooth combinatorial opti-
mization problems, also known as NP-hard problems. Indeed, the maximum score method
of Manski (1975), or the extension to the asymmetric loss functions proposed by Elliot and
Lieli (2013), leads to such NP-hard optimization problems which makes them computation-
ally challenging in data-rich environments.

The machine learning (ML) literature has many computationally attractive algorithms
that form the basis for much of the automated procedures that are implemented in prac-
tice, but it is mostly focused on symmetric loss functions that are independent of economic
factors. In particular, the ML literature emphasizes the importance of smooth optimization
and made significant advances in proposing smooth convex and computationally attractive
relaxations for the binary classification problem. There are a number of contributions in
the ML literature on the asymmetric losses and cost-sensitive classification, see Scott (2011,
2012) and references therein. However, this literature does not cover losses/utility func-
tions of interest to economists, nor does it establish the statistical properties for specific
ML methods.? Many applications of interest to economists would involve the asymmetric
covariate-driven losses for mistakes and pay-offs for correct decisions. Indeed, the economic
costs/benefits of bail, lending, and other decisions naturally lead to covariate-driven asym-
metries. Therefore, the available ML methods are of limited interest to economists.

The optimal decisions with general asymmetric covariate-driven loss functions typically
yield covariate-driven threshold rules. This is the case for the general social planner setting
studied by Rambachan, Kleinberg, Ludwig, and Mullainathan (2020) as well as the special
cases studied by Corbett-Davies, Pierson, Feller, Goel, and Huq (2017) and Kleinberg, Lud-

'In contrast, the asymmetric decisions in the regression setting can be achieved via quantile
regression, see Koenker and Bassett (1978), the asymmetric least-squares, see Newey and Powell
(1987), or more generally with M-estimators based on a suitable asymmetric loss function; see Elliot
and Timmermann (2016).

2 We provide a more detailed discussion of the ML literature in the Online Appendix Section A.



wig, Mullainathan, and Rambachan (2018), among others. To the best of our knowledge,
there is no theory that supports the empirical implementation involving either logistic re-
gression, deep learning, boosting, support vector machines, or LASSO. We provide such a
theory for all these types of estimators. In particular, one of the main contributions of our
paper is to show that binary decisions with arbitrary loss functions can be achieved via a
very simple reweighting of the logistic regression, or other state-of-the-art machine learn-
ing techniques, such as boosting or (deep) neural networks. We establish the theoretical
guarantees for all these methods in the case of generic asymmetric loss functions.

The novel contribution of our paper is to propose a framework for machine learning
binary choice with general asymmetries of interest to economists, described by a generic
loss function ¢(f(x),y,x) and a decision function f(x), both driven by realized covari-
ates/features x, where y are realized binary outcomes. We show how the loss function
should be mapped to weights and establish the supporting theoretical results for the cost-
sensitive empirical risk minimization. To that end, we generalize the extensive literature on
the symmetric binary classification, see Zhang (2004), Bartlett, Jordan and Mcauliffe (2006),
Boucheron, Bousquet, and Lugosi (2005), Koltchinskii (2011), and references therein. The
key difficulty is to introduce a theoretical setting that is compatible with the logistic, expo-
nential, and hinge convexifying functions for generic covariate-driven losses. We do so via
the formulation of Assumption 3.2 (iii), which nests the symmetric binary classification and
the asymmetric false positive/negative mistakes considered in the previous literature as a
special case.

The practical implementation of our procedure is remarkably simple, which we why it
can be discussed here. The first ingredient comes from a policy/decision-maker who has
to provide a quartet of loss functions pertaining to (a) true positives (denoted by ¢11(z)),
(b) true negatives (¢—1 _1(z)), (c) false positives (/_1 1(x)) and last but not least (d) false
negatives (¢1,_1(x)). Note that this not only implies the selection of functional forms, but
also the selection of inputs z, i.e., individual covariates. It is important to emphasize that the
functions ¢; (), j, k € {—1,1} are typically not estimated. They are determined by either a
utility /cost function of the social planner (policy/decision-maker), or are obtained through
some type of cost-benefit analysis. Given these economic inputs, the task of econometrician
is to compute weights from ¢; (), j,k € {—1,1} that will be applied to the classification
procedures. Our theoretical analysis is agnostic about which method to use and we cover a
typical collection of classification tools. Our theory shows that this very simple loss-based
reweighting leads to valid binary decisions without strong distributional assumptions. In
some cases, e.g., for deep learning, these decisions are optimal from the minimax point of
view.

Regarding deep learning, our paper is also related to the recent work of Farrell, Liang
and Misra (2021) who show that under weak assumptions the deep learning estimators of
the regression function can achieve sufficiently fast convergence rates for the semiparametric
inference. In contrast, our paper fills a different gap in the econometrics literature related to
asymmetric binary decisions, or put it differently NP-hard utility maximization problems,
for which we offer the first practical and scalable solution in data-rich environments.

The contributions of our paper must also be cast in the context of the ongoing debate
about so-called algorithmic biases. As more and more decisions affecting our daily lives
have become digitized and automated by data-driven algorithms, concerns have been raised



regarding such biases. Gender and race are two leading examples. Cowgill and Tucker
(2019) discuss the case of computer scientists at Amazon who developed powerful new
technology to screen resumes and discovered the algorithm placed a negative coefficient on
terms associated with women and as a result appeared to be amplifying and entrenching
male dominance in the technology industry. Another example of gender discrimination is
discussed by Datta, Tschantz, and Datta (2007) who study AdFisher, an automated tool
that explores how user behaviors, Google’s ads, and Ad Settings interact. They found
that setting the gender to female resulted in getting fewer instances of an ad related to
high-paying jobs than setting it to male. The empirical application in our paper relates
to racial biases in pretrial detention. Journalists at the news website ProPublica reported
on a commercial software used by judges in Broward County, Florida, that helps to decide
whether a person charged with a crime should be released from jail before their trial. They
found that the software tool called COMPAS resulted in a disproportionate number of
false positives for black defendants who were classified as high risk but subsequently not
charged with another crime. We apply our covariate-driven classification methods to pretrial
decisions with an emphasis on racial justice.

The paper is organized as follows. Section 2 introduces notation, describes the binary
decision problem in terms of risk/payoff, and illustrates a convenient for us characterization
of the optimal binary decision. Examples of several asymmetric binary decision problems
are also provided. Section 3 covers the main convexification theorem and provides exam-
ples of convexifying functions. In Section 4, we provide the excess risk bounds for the
binary decision rules constructed from the data and discuss several cases, including logis-
tic regression, LASSO, and deep learning. Finally, we provide an empirical application
pertaining to pretrial detention in Section 5 followed by conclusions. An Online Appendix
provides supplementary theoretical results and discusses boosting, while the Supplementary
Material presents Monte Carlo simulation results and some details regarding the empirical
application; see https://arxiv.org/abs/2010.08463.

2 Binary decisions

Let Y € {—1,1} be the target variable and let X € X € R? be covariates.> A measurable
function f : X — {—1,1} is called the binary decision/choice/prediction. The decision-
making process amounts to minimizing a risk function that describes its consequences in
different states of the world

R(f) = Evx[((f(X),Y, X)),

where £ : {—1,1}2 x X — R is a loss function specified by the decision-maker. Note that
the decision f can be random and the expectation is taken with respect to the distribution
of (Y, X) only. The loss function can be asymmetric and may also depend on the covariates
X, which is economically a more realistic scenario faced by the decision-maker than the one
provided by the standard classification setting.

3We use capitals for random variables and lowercase letters for realizations.
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2.1 Some examples

In the Introduction, we alluded to many examples in economic decision making. To motivate
the first example, we can think of a credit risk application, where with the false negative
mistakes (f(X) = —1 and Y = 1) the bank suffers a loss from the borrower’s default,
while with the false positive mistakes (f(X) =1 and Y = —1), the bank simply foregoes its
potential earnings. Moreover, the size of the loan and other economic factors may determine
the loss:

Ezample 2.1 (Lending decisions). Let y € {—1,1} be the default status (= 1 if defaulted)
and f € {—1,1} be the lending decision (= —1 if approved). Let L(s,z) and II(s, z) be
the loss and the profit functions, where s > 0 is the size of the loan, z € R?! some other
economic factors. The lender’s loss function could be £(f,y,s,z) = L(s,2)1y—_1y—1 —
H(S, Z)]lf:—l,y:—l-

As noted in the Introduction, an important policy debate pertains to the fairness and
the discrimination bias of machine learning algorithms towards, e.g., low income groups,
gender, or race. The following example suggests that the unfair treatment of individuals
can be eliminated if the social planner assigns different weights to the social welfare or loss
function, see also Rambachan, Kleinberg, Ludwig, and Mullainathan (2020):

Ezample 2.2 (Social planner with a disadvantaged group). Let x = (g, z) € R? be a vector of
covariates, where g € {0,1} is a binary indicator of a disadvantaged group and z € R4~! are
some other covariates. The social planner’s loss function is £(f(z),y,z) = Ygl(f(z),y, ),
where 1), > 0 are the social welfare weights placed upon individuals in group g € {0,1}, and
11 > 1y implies that outcomes associated with the disadvantaged group are valued more
than outcomes associated with the rest of the population.

Related to Example 2.2, we could also consider the loss function £(f(x),y, ) = gL f(z)=—1 =1+
g1 f(2)=1,y=—1 With group-specific weights g, ¢, > 0 on false negative/positive mistakes.
Computer scientists have focused on defining fairness-aware algorithms by imposing restric-
tions on f. Often a formal criterion of fairness is defined, and a decision rule is developed
to satisfy the criterion, e.g., the statistical parity across groups. We follow the economist’s
arguments that fairness is naturally defined through welfare/losses.

In the remainder of the paper, we will continue to work with settings involving a generic
vector of covariates X € R? which may contain the binary group membership variable G €
{0,1} and some other covariates Z € R%"!. The point worth keeping in mind, however, is
that our framework covers much discussed preference-based notions of fairness characterized
by general covariate-driven loss functions.

4In criminal justice, the algorithm may be perceived as unfair when the false positive rates
for black and white defendants are different. For instance, Larson et al. (2016) report that the
widely used COMPAS software tends to make false positive predictions of the recidivism for black
individuals more frequently compared to white individuals.



2.2 Optimal binary decision

Following the decision-theoretic perspective, we define the optimal binary decision as the
one achieving the smallest risk

R = b BT X),
where the minimization is done over all measurable functions f : X — {—1,1}. Note that
this framework also covers the utility /welfare maximization problems, in which case, we can
define ¢(f(X),Y, X) = -U(f(X),Y, X), where U(f(z),y,z) is a utility/welfare function of
a binary decision f(x) when the outcome is Y = y and covariates are X = x.
The following proposition provides an alternative convenient for us characterization of
the optimal binary decision; see Online Appendix Section B.1 for a proof.

Proposition 2.1. The optimal binary decision f* solves

ra i E 000 X1y ox20)

with w(Y, X) £ Ya(X) + b(X), a(z) = l_11(z) — lr1(x) + o1 -1(x) — b1.-1(2), b(z) =
C_ia(x) —ba(x) + b —1(x) —loq—1(x), and Ly y(x) 20(f,y, ).

Note that a can be interpreted as a difference of net losses £_1 1 —¥¢11 and ¢ 1 —0_1 1
from wrong decisions when Y =1 and Y = —1 respectively. Similarly, b can be interpreted
as a sum of two net losses. Proposition 2.1 shows that the optimal binary decision minimizes
the objective function involving the indicator function z + 1,>0, which is discontinuous
and not convex. This leads to a difficult NP-hard empirical risk minimization problem

w(Yi, X;)1
fat 11}n§; ~Hf(%:)20

3 Convexification

3.1 Convexified excess risk

The purpose of this section is to convexify the binary decision problem with a generic loss
function making it amenable to modern machine learning algorithms. It is easy to see that
the risk function of a binary decision rule f: X — {—1,1} can be written as

R(f) = 0.5E [w(Y, X)1_y s(x)>0] + E[d(Y, X)]

with d(y, z) = 0.25(¢1 1 () +0—1,1(x))(1+y)+0.25(¢1 1 (z) +4—1,-1(x))(1 —y) —0.25w(y, z);
see the proof of Proposition 2.1 in Online Appendix Section B.1. Replacing the indicator
function with a convex function ¢ : R — R, we obtain the convexified risk

Ry(f) = 0-5E[w(Y, X)o(=Y f(X))] + E[d(Y, X)].



Therefore, minimizing the convexified risk amounts to solving

inf E[w(Y,X)o(-Y f(X))].
Ll B(Y, X)o(-Y J(X))
Let f(;f be a solution to the convexified problem and let R;@ = inf xR Re(f) be the optimal
convexified risk. Next, we can define the excess convexified risk of a decision f : X — {—1,1}
as

Ro(f) = RG = 0.5E [w(Y, X) (¢(~Y (X)) — &(=Y f3(X)))] - (1)

The excess convexified risk measures the deviation of the convexified risk of a given
decision rule f : X — {—1,1} from the optimal convexified risk and can be controlled.
Unfortunately, the convexified excess risk tells us little about the performance of the binary
decision in terms of the actual excess risk that the decision-maker cares about, namely:

R(f) —R* = 05E [w(Y, X) (I_ysx)>0 — Loy +(x)>0)] -

In the following subsection, we show that the excess risk is bounded from above by the
convexified excess risk, a result that we refer to as the main convexification theorem.

3.2 Assumptions and main convexification theorem

Let n(z) = Pr(Y = 1|X = z) be the conditional choice probability. We impose the following
assumption on the conditional probability 1 and the loss function:

Assumption 3.1. (i) (_11(z) —{11(x) > ¢, and b, —1(z) —l—1,-1(z) > ¢ a.s. overx € X
for some ¢, > 0; (i1) there exist € > 0 such that € < n(x) < 1—€ a.s. over x € X (iii)
there exists M < oo such that |l (x)| < M a.s. over x € X for all f,y € {—1,1}, where

gf,y = g(fvyax)

Assumption 3.1 (i) requires that the losses from wrong decisions exceed those of correct
decisions. It ensures that weights are w(Y, X)) > 0 a.s., so that the convexification is possible
(ii) requires that n(z) is non-degenerate for almost all states of the world x € X’ and is often
imposed in econometrics literature. (iii) requires that the loss function is bounded and is
satisfied in our empirical application.

Next, we restrict the class of convexifying function ¢.

Assumption 3.2. (i) ¢ : R — [0,00) is a conver and non-decreasing function with
#(0) = 1; (it) there exists some L < oo such that |¢p(z) — ¢(2')| < Llz — 2/| for all
z,2'; (iii) there exist C > 0 and v € (0,1] such that for all z,c € (0,1), |z —¢c| <
C (& + ¢ — 2rc — infyen Qolir, )", where Qu(, y) = #(1 - c)o(—y)+ (1 - 2)co(y), 7,y € R.

Note that Assumption 3.2 is formulated in a way that it can be verified for the logistic,
exponential, and hinge convexifications; see also Lemmas B.3, B.4, and B.5 in the Online
Appendix. We focus on these three convexifications since they cover the majority of ML
algorithms used in practice, including the (penalized) logistic regression, boosting, deep
learning, and support vector machines. Note also that Assumption 3.2 does not impose any
restrictions on the loss function £.



We will also use the following covariate-driven threshold rule defined by the asymmetry of
the loss function £ :

. £1’71($) — E*l,fl($)
Cla(x) = la(m) +l(x) — g 1 (z)]

c(x)

where 4, (z) = (f,y, ).
For z € R, put sign(z) = 1,50 — L,<0. Our first result establishes the link between the
optimal decision f* and the solution to the convexified risk minimization problem f7.

Proposition 3.1. Suppose that Assumption 3.1 (i) is satisfied. Then the optimal decision
is f*(z) = sign(n(x) — ¢(x)). Moreover, under Assumptions 3.1 (ii) and 3.2 (i) if ¢ is
differentiable, then sign(fj(z)) = f*(x).

The optimal decision rule f*(x) = sign(n(z)—c(z)) is well-known, see Elliot and Lieli (2013)
and references therein.” More importantly, Proposition 3.1 shows that the optimal decision
rule for the convexified problem that can be easily solved in practice coincides with f*.
The threshold ¢(x) corresponds to the fraction of net losses from false positives in the total
net losses, hence, the decision f(z) = 1 is made whenever the choice probability Pr(Y =
1|X = x) exceeds the fraction of false positive losses. Note that in the symmetric binary
classification case ¢1 _1(z) = f_11(z) =1 and {1 1(x) = ¢_1 _1(x) = 0, so that ¢(z) = 1/2
and the optimal decision is f*(z) = 1 if Pr(Y = 1|X = z) exceeds Pr(Y = 0|X = x) and
f*(z) = —1 otherwise.

It is worth mentioning that our starting point is a fixed decision problem described by
the loss function ¢, which in conjunction with 7 determines the boundary separating the
two decisions {z € X' : n(z) — ¢(x) = 0}. The following condition generalizes the so-called
Tsybakov’s noise or margin condition, see Boucheron, Bousquet, and Lugosi (2005), and
quantifies the complexity of the decision problem.

Assumption 3.3. Suppose that there exist o > 0 and Cp, > 0 such that
Px ({z: [n(z) — c(z)] S u}) < Cpu®,  Vu>0.

If @ = 0, then Assumption 3.3 does not impose any restrictions as we can always take C,, =
1, while larger values of o are more advantageous for classification. In the special case of
the symmetric binary classification, ¢(x) = 1/2, and the extreme case of & = oo corresponds
n(z) = Pr(Y = 1|X = z) being bounded away from 1/2. We refer to Boucheron, Bousquet,
and Lugosi (2005), Section 5.2, for additional discussions of the margin condition as well as
for equivalent formulations in the special case of the symmetric binary classification.

Our next result relates the convexified excess risk bound to the excess risk bound of the
binary decision problem a generic loss function under the margin condition.

Theorem 3.1. Suppose that Assumptions 3.1, 3.2, and 3.3 are satisfied. Then there exists
Cy < 00 such that for every measurable function f : X — R

y(atl)

Rsign(f)) = R* < Cy [Ro(f) — Ry) =1

5For completeness of presentation, we provide a concise proof in the Online Appendix.
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Figure 1: Convexifications corresponding to Logit, Boosting, and SVM.

The formal proof of this result with the explicit expression for the constant Cy appears in
the Appendix. It is worth noting that our result nests the symmetric binary classification
as a special case, see e.g. Zhang (2004), Theorem 2.1. Theorem 3.1 relates the excess
risk of the sign of f to the convexified risk of f (note that the convexified risk is well-
defined for arbitrary f : X — R). Therefore, instead of solving the NP-hard empirical
risk minimization problem, in practice, we can solve the following weighted classification

problem
n

.1

flg; - ; w(Yi, Xi)o(=Yif (Xi)),
where .7 is a class of measurable functions f : X — [—1, 1], called soft decision. Note that
we restrict the range of soft decision to [—1, 1] since the risk is determined by the sign of f

only.

3.3 Examples

We consider three examples of convexifying functions widely used in empirical applications.
They are the logistic, exponential and hinge functions used respectively in the logistic
regression, adaptive boosting, and the support vector machines; see Figure 1. Applying
Theorem 3.1 allows us to implement suitably reweighted versions.

Ezxample 3.1 (Logistic convexification). Lemma B.3 in the Online Appendix shows that the
function ¢(z) = logy(1 + ) satisfies Assumption 3.2 with v = 1/2 and C' = y/2log2. The
objective is to minimize f %E?:lw(Yi,Xi)logQ (1 + e*Yif(Xi)), which reduces to the
logistic regression in the symmetric case.

The logistic convexifying function is also a default choice in several implementations of the
gradient boosting, including the very popular state-of-the-art extreme gradient boosting
(XGBoost) algorithm of Chen and Guestrin (2016) as well as the deep learning. This
example, therefore, indicates that a suitably reweighted for the asymmetries of the loss
function logistic regression, XGBoost, or deep learning can be used for economic decisions.



Ezample 3.2 (Exponential convexification). Lemma B.5 in the Online Appendix shows that
¢(z) = exp(z), the exponential convexifying function, satisfies Assumption 3.2 with v = 1/2
and C' = 2. The objective is to minimize f — %Z?le(Yi,Xi)e_Yif(Xi), which reduces
to the adaptive boosting (AdaBoost) in the symmetric case; see Friedman, Hastie, and
Tibshirani (2001), Ch. 10.

This example, therefore, indicates that a loss-based reweighted adaptive boosting can
be used for economic decisions.

Ezample 3.3 (Hinge convexification). Lemma B.4 in the Online Appendix shows that ¢(z)
= (1 + 2)4,° the hinge convexifying function, satisfies Assumption 3.2 with v = 1 and
C = 1. The objective is to minimize f — 1 3" | w(V;, X;)(1—Y; f(X;))+, which reduces to
the support vector machines in the symmetric case; see Friedman, Hastie, and Tibshirani
(2001), Ch. 12.

This example, therefore, indicates that a loss-based reweighted support vector machines
can be used for economic decisions.

4 Excess risk bounds

The convexified empirical risk minimization problem consists of minimizing the empirical
risk |
Ro(f) =~ > w(¥i, Xi)o(~Yif (X))
i=1
over some class of functions f : X — [=1,1], denoted .%,. Let f, be a solution to
inf re 7, 7€¢(f), and let £ be a solution to inf;cz, Ry(f). Put also ||f]l, = (E|f(X)|?)"/9
with ¢ > 1 and |[|.]]2 = ||.]|]. The following assumption requires that the risk function is

sufficiently curved around the minimizer.

Assumption 4.1. There exist some cg > 0 and xk > 1 such that for every f € F,
Ro(f) =Ry = coll £ — f5117.

It is worth mentioning that in light of Assumption 3.1 imposed on the loss function ¢,
Assumption 4.1 is mainly about the curvature of the convexifying function ¢. In particular,
it is typically satisfied with x = 1 when ¢” is strictly positive, which is the case for the
logistic and exponential convexifications; see Lemma B.7 in the Online Appendix. On the
other hand, it holds with K = 141/« in the hinge case, where « is the margin parameter from
the Assumption 3.3; see Lemma B.9. It is worth mentioning that the curvature condition in
Assumption 4.1 is typically used to establish bounds on || f — f;” and may not be needed to
establish the slow convergence rates of the excess risk. However, this condition is typically
used to obtain the fast convergence rates for the excess risk in the symmetric classification
and regression cases; see Koltchinskii (2011).

SFor a € R, (a); = max{a, 0}.



We first state the oracle inequality for the excess risk in terms of a fixed point of the
local Rademacher complexity of the class %, defined as

wn(é; to%\n) £E sup ’Rn(f - f;zk)‘ )
feFn:|f=1il2<o

where R, (f—f5) = 2 30 ei( £(X;)— ££(X;)) is a Rademacher process, i.e., (;) areiid.
in {—1,1} with probabilities 1/2. An attractive feature of this complexity measure is that
it only depends on the local complexity of the parameter space in the neighborhood of the
minimizer and provides a sharp description of the learning problem; see Koltchinskii (2011).
At the same time, the local Rademacher complexities are general enough to provide a unified
theoretical treatment for different methods and can be used to deduce oracle inequalities in
many interesting examples. For a function 1 : R; — R, put ¢’(0) = Sups>,[¥(0)/d] and
for a constant k > 1, put 1/)?1(6) = inf {0 >0: o/ lyP(al/r) < e}. The transform ¢,ﬁ€ is a
generalization of the g-transform considered in Koltchinskii (2011) and describes the fixed
point of the local Rademacher complexity in our setting. The following result holds:”

Theorem 4.1. Suppose that Assumptions 3.1, 3.2, 3.3, and 4.1 are satisfied and (Y3, X;)I" 4
is an i.i.d. sample. Then there exist ¢ > 0,e¢ > 0 such that for every t > 0 with probability
at least 1 — ce™t

y(a+1)
~ya+1

Rsign(f,)) - R* < [wﬁ,ﬁv(e) F(E)T L e R - RZ]

The proof of this result appears in the Appendix and provides the explicit expression for all
constants. Theorem 4.1 tells us that the accuracy of the binary decision sign( fn) depends on
the fixed point of the local Rademacher complexity of the class wgm, and the approximation
error to the convexified risk of the optimal decision. The accuracy also depends on the
convexifying function through exponents v and k, as well as the margin parameter a. Note
that in the special case when k = 1, Theorem 4.1 recovers Koltchinskii (2011), Proposition
4.1. In the following subsections, we illustrate this result for parametric and nonparametric
binary decision rules.

4.1 Parametric decisions and logistic regression

We start with illustrating our risk bounds for parametric binary decision rules. The decision
rule is defined sign(f;) with 6 solving

n

inf 1 Z w(Y;, Xi)o(—Yifo(X5)),

fcO N

1=

where fy(z) = >20_, 0jp;(x), 0 € © C RP, and (p;);>1 is a collection of functions in
Ls(Px), called the dictionary. This covers the linear functions fy(x) = 270 as well as

"Proofs for all results in this section appear in Online Appendix Section B.
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nonlinear functions of covariates provided that the dictionary (y;);>1 contains nonlinear
transformations. The most popular choice of convexifying function is the logistic function
d(z) = logy(1 + €*). More generally, we have the following result for any convexifying
function satisfying Assumption 3.2.

Theorem 4.2. Under assumptions of Theorem /.1

y(a+1)
~ya+1

s [Resan() ~ R 5 [(3)7 + ot Rot) i)

It follows from Lemmas B.3, B.4, B.5, B.7, and B.9 that for the logistic and the exponential
functions v = 1/2 and k = 1 while for the hinge function v = 1 and k = 1+ 1/«a. Therefore,
in all three cases, for parametric decisions we obtain

1+« alatl)

BRGign(f) - R 5 (2) 7 + | g = -]

JE€Tn

uniformly over a set of distributions restricted in Theorem 4.2. For a fixed p the convergence
rate of the first term can be anywhere between O(n~/2) and O(n~!) depending on margin
parameter «. Since this rate is independent of the convexification, one can use the logistic
regression reweighted for the asymmetries of the loss function when the signal-to-noise ratio
is low and the approximation error is dominated by the first term. Besides simplicity, this
choice is also attractive because: 1) the objective function is differentiable; 2) it recovers the
logistic MLE in the symmetric case; 3) it has a slightly better constant in Theorem 3.1 than
the exponential function. However, from the nonparametric point of view, the choice of the
convexifying function is more subtle and the hinge convexification can lead to a better rate
of the approximation error as we shall see in the following section.

In the high-dimensional case, when p can be large relative to n, we can consider the
weighted empirical risk minimization problem with the LASSO penalty

1 n

min — 3 w(Yi, Xi)¢(=Yifp(X:)) + AnlO]1,

=1

where |.|1 is the ¢; norm and )\, | 0 is a tuning parameter. We can deduce from the Online
Appendix, Theorem D.1 that for the hinge, logistic, and exponential convexifications with
probability at least 1 — d

y(at1)

27:::;
) + [Ro(for) = RG| =

slog(2p) N slog(1/0)
n n

Risign(f;) — R* < (

where s is the number of non-zero coefficients in a certain oracle vector * € RP. According
to this bound: 1) the dimension p may increase exponentially with the sample size if s is
small; 2) we can use the logistic convexification in the low signal-to-noise settings, where
the approximation error is relatively small.

11



4.2 Deep learning

In this final subsection, we discuss how to construct the asymmetric deep learning archi-
tecture and discuss the corresponding risk bounds; see Farrell, Liang and Misra (2021) and
references therein for more details. The deep learning amounts to fitting a neural network
with several hidden layers, also known as a deep neural network. Fitting a deep neural
network requires choosing an activation function ¢ : R — R and a network architecture.
We focus on the ReLU activation function, o(z) = max{z,0}, which is the most popular
choice for deep networks.®

The architecture consists of d neurons corresponding to covariates X = (X1,...,Xy) €
R?, one output neuron corresponding to the soft prediction f € [—1,1], and a number of
hidden neurons. The final decision is obtained with sign(f) € {—1,1}. Hidden neurons are
grouped in L layers, known as the depth of the network. A hidden neuron j > 1 in a layer
[ > 1 operates as z +—> a(zTagl) + b;l)), where z is the output of neurons from the layer [ — 1

and agl) , bg-l)

2z o(z+bPe(z) +1) —o(z + bPe(z) — 1) — 1 € R, where b(F) is the parameter to be
estimated and c(x) is a known decision cut-off function. The network architecture (L, w)
is described by the number of hidden layers L and a width vector w = (wq, ..., wr), where
w; denotes the number of hidden neurons at a layer [ = 1,2,..., L. For completeness, put
also wg = d and wr+1 = 2. Our final deep learning architecture (L, w) is

are free parameters. The last layer and the output neuron produce together

FIN = Lo 0(0(x) + e()d +1) — 0 (0(x) + c(@)d — 1)~ 1: [d| <n, § € OV},

where OPNN — {Q(x) =Ap_10p, ,0---0Ajop, 0 Apz i [|0]]ec < F}, each A; is wpp1 X wy
matrix of network weights and for two vectors y = (y1,...,y,) and b = (b1,...,b,) (a
bias vector), we put op oy = (o(y1 +b1),...,0(y, +b,))". Our deep learning architecture
can be arranged on a graph presented in Figure 2. Note that the asymmetries of the loss
function are incorporated in the neural network architecture via the yellow neuron which is
fed directly to the last layer consisting of 2 ReLU neurons.

The following assumption restricts the smoothness of the conditional probability and
imposes some assumptions on how the network architecture should scale with the sample
size. For simplicity, we define the width of the network as the maximum width across all
layers and denote it as W,, = maxo<;<r, w.

Assumption 4.2. (i) n € Wﬁv“[o, 1]¢ for some R >0 and 3 € N; (i) the neural network
architecture is such that the depth is L, < Cp K, log K,, and the width is W, < Cy J,, log J,,
for some Cr,Cw > 0 and some J,, < n® and K, < n? with J, K, < (n/ log6 n) 4/(28(2+0)+2d)
for some a,b > 0.

It is worth mentioning that we allow for neural networks, where the product of the width
and the depth should increase at the rate specified in Assumption 4.2 (ii). Let ZPNN be a
set of neural networks with the architecture satisfying Assumption 4.2, where weights and
biases {Ag, A, b;, 0 = 1,..., L} are allowed to take arbitrary real values.

80Other activation functions used in the deep learning include: leaky ReLU, o(z) =
max{az, 0}, > 0; exponential linear unit (ELU), o(z) = a(e® — 1)1,<0 + 21,>0; and scaled
ELU.

12



Input Layer 1 Layer 2 Layer 3 2 ReLLU Output

Figure 2: Directed graph of our deep learning architecture with d = 4 covariates,
L = 3 hidden layers of width w = (4, 3,5) neurons, and 2 outer ReLLU neurons. The
yellow neuron takes covariates X € R as an input and produces ¢(X) € R, which is
fed directly in 2 ReLU neurons.

The soft deep learning decision fn is a solution to the empirical risk minimization
problem with the hinge convexification

n

) 1
et oY XL = ¥if (X0)--

The following result holds for the binary decision estimated with the deep learning.

Theorem 4.3. Suppose that (Y;, X;)I' | is an i.i.d. sample from a distribution satisfying
Assumptions 3.1, 3.2, 3.3, and 4.2 with fizved constants, and denoted P(c, 3). Then

(1+a)B
. log® @ra)ptd
wp B [Risign(f) - =7 < (5) 7
PeP(a,B) n

Note that in the special case of symmetric binary classification this result recovers the
convergence rate recently obtained in Kim, Ohn, and Kim (2021), Theorem 3.3, who in turn
assume that the weights are bounded and allow for very slowly diverging depth of order
L, = O(logn). In particular, this rate matches the minimax lower bound apart for the
logn factor; see Audibert and Tsybakov (2007).

In the Supplementary Material, Section SM.1, we investigate the performance of vari-
ous asymmetric machine learning methods following the implementation described in this
section. We find that introducing asymmetries in the loss function can reduce the total
costs of decisions and equalize the discrepancy in false positive/negative mistakes across
subgroups.
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5 Pretrial Detention Decisions - Racial Bias and
Recidivism Revisited

The main purpose of this section is to illustrate our novel econometric methods with an
application to the problem of recidivism and bias in pretrial detention. The application
is not meant to be comprehensive as an exhaustive analysis would warrant a separate
paper. Among economists, the idea to apply machine learning to pretrial detention decisions
has recently been explored by Kleinberg, Lakkaraju, Leskovec, Ludwig, and Mullainathan
(2018), among others. In this section we show how machine learning taking into account
social planner preferences can be incorporated directly into the digital decision process.
To that end, we use a comprehensive cost-benefit analysis by Baughman (2017) to build a
preference-based approach for this particular application.

Judges have to assess the risk whether a defendant, if released, would fail to appear
in court or be rearrested for a new crime. The decision to detain or release a defendant
has economic and social benefits and costs. A decision to detain an individual has costs
directly affecting the detainee and indirect/social costs to the detainee’s family, employer,
government, and the detention center. On the flip side, releasing the individual has direct
and societal benefits, provided no criminal acts will ensue. Recidivism, one of the most
fundamental concepts in criminal justice, refers to a person’s relapse into criminal behavior.
While this is already a complex problem, things become even more complicated when the
economic and social costs of racial discrimination are factored into the discussions. Black
— low, moderate or high risk felony arrestees — are treated differently, which brings us
to the fairness issues. Even after accounting for demographic and charge characteristics of
defendants, there are significant differences across counties; see Dobbie and Yang (2019) for
a more detailed discussion.

We use data from Broward County, Florida originally compiled by ProPublica; see Lar-
son et al. (2016). Following their analysis, we only consider defendants who were assigned
COMPAS risk scores within 30 days of their arrest, and were not arrested for an ordinary
traffic offense. In addition, we restrict our analysis to only those defendants who spent
at least two years (after their COMPAS evaluation) outside a correctional facility without
being arrested for a violent crime, or were arrested for a violent crime within these two
years. Following standard practice, we use this two-year violent recidivism metric and set
Y; = 1 for those who re-offended within this window, and Y; = -1 for those who did not.
In Supplementary Material Table SM.4 we report some summary statistics for our data.
The total number of records is 11181, with 8972 male defendants. We have a racial mix
dominated by African-Americans and Caucasian, respectively 5751 and 3822 in numbers.
The binary outcome ¢s_recid indicates that 3695 out of the total of 11181 resulted in recidi-
vism. The largest crime category is aggravated assault, with 2771 cases and the smallest is
murder with 9 observations. The minimum age is 18 with a median of 31.

It is not the purpose to compare machine learning outcomes with human decisions
(as in Kleinberg, Lakkaraju, Leskovec, Ludwig, and Mullainathan (2018)) or to compare
machine learning outcomes with COMPAS.? Instead we examine how preference-based ma-

9COMPAS, assigns defendants recidivism risk scores based on more than 100 factors, including
age, sex and criminal history. COMPAS does not explicitly use race as an input. Nevertheless, the
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Table 1: Asymmetric costs with protected group

Asymmetric costs for two-group population, where z;, ¢;, and d; are individual ¢ characteristics, with d; the pretrial
duration, ¢; the crime being arrested for, and x; a vector of other characteristics. The protected group is represented
by G = 1.

G=0 G=1
f(0,2) =1 f(0,2) = —1 f(l,z) =1 f(lz) =—1
Y=1 6(1)’1(1‘1‘761',074) €g1’1($i70i,di) K%’l(mi,ci,di) Zil’l(mi,ci,di)
Y =-1 E(l))fl(xi,ci,di) 691,,1(xi,ci,di) 6%771(1‘“61‘,6&‘) 61,1’,1(xi,ci,di)

chine learning, explicitly taking into account asymmetries, compares to standard machine
learning methods.

We rely on a two-group setup also used in the previous section where the protected group
(G = 1) are African-American offenders. Our analysis involves asymmetric costs that are
covariate-driven and based on a comprehensive cost-benefit analysis for the U.S. pretrial
detention decision provided Baughman (2017) which we summarize in Table SM.6 of the
Supplementary Material. Table 1 reports the cost-benefit covariate-driven costs functions
to characterize the risk R(f), where for G = 0 and 1:

05 (w3, ¢6,di) =7G(2:) EBD(c;) + ECD(d;), 45 (i, ¢i,di) = 75 (2:)C(i, ¢3),
Egl,l(:piv Ci, dl) =AS (mZ)ECD(dZ)a E(—;l,—l(xiv Ci, dl) = pG(xl)

ec

with EBD(c¢;) the economic benefit of detention which depends on the type of crime com-
mitted by individual i, EC'D(d;) the economic cost of detention which depends on detention
duration d;, and C(z;,¢;) the expected cost of recidivism in the event of a false negative
verdict depending on covariates x; and the type of crime ¢;. Details regarding the functions
EBD(¢;), ECD(d;) and C(z;,¢;) appear in the Supplementary Material Section SM.2. Fi-
nally, 75 (z;), AS.(z;) and p“(x;) are scaling functions which reflect preference attitudes
towards members of the protect population where we put 'yeGb(:ci) = \C(z;) and equal to
one for G = 0 and equal to two for G = 1. Finally we set p%(x;) = 0.

We consider the following empirical model specifications: (1) logistic regression covered
in Section 4.1 and (2) deep learning in Section 4.2.!% We compare symmetric versus asym-
metric costs, with the latter involving two costs schemes. In all specifications we use as
dependent variable a dummy of Recidivism occurrence. The explanatory variables are: (a)
race as a categorical variable, (b) gender using female indicator, (c¢) crime history: prior
count of crimes, (d) COMPAS score, (e) crime factor: whether crime is felony or not and
(e) interaction between race factor and compass score.

The results are reported in Table 2. We report respectively: (a) True & False Posi-
tive/Negative Costs, (b) overall cost, (¢) True & Positives/Negatives, (d) True/False Pos-
itive Rates, (e) area under the ROC curve (AUC) during the training and testing sample.

aforementioned ProPublica article revealed that black defendants are substantially more likely to be
classified as high risk.

10Tn Section SM.3 of the Supplementary Material we cover the empirical results for shallow learning
and boosting.
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For each estimation procedure we compare side-by-side the unweighted, i.e. traditional sym-
metric, and weighted procedure. Let us start with the logistic regression model. The overall
costs are smaller for the weighted, down roughly 10 % compared with the unweighted es-
timation. This is driven by smaller True Positive Costs (or more precisely larger gains)
and False Negative Costs. In contrast, False Positive Costs - meaning keeping the wrong
people in jail - are higher with the weighted estimator. In terms of AUC both in- and
out-of-sample we do not see much improvement, however. We keep more criminals in jail,
release slightly less people (true negatives), and release less the wrong people and thereby
reduce recidivism with the weighted estimator of the model.

The No Hidden Layer model appears next in Table 2 since it allows us to bridge the
logistic regression with the deep learning models. We look at hinge and logistic convexifying
functions, and again the standard unweighted versus the novel weighted estimator approach
proposed in our paper. Let us start with logistic estimates, which should match those of
the logistic regression model reported in the first panel of the table, as is indeed the case.
More interesting is to compare the hinge Loss with the logistic one. Here, we see that for
the unweighted estimator we observe a lower cost with the logistic, but the reverse is true
for the weighted estimators. This being said, the difference between hinge and logistic are
typically small.

Turning to deep learning models, we obtain the best results with a two-layer deep learn-
ing model using hinge loss when we compare overall costs (at 5442) which is roughly a 10%
reduction compared to the weighted logistic regression model we started with. Supplemen-
tary Material Section SM.3 documents that both the one- and three-layer deep learning
models perform worse than the two-layer model. In terms of AUC, however, one would fa-
vor the logistic convexification with two hidden layers, or even the three-layer deep learning
model with logistic convexification. The patterns in terms of True & False Positive/Negative
Costs, True & Positives/Negatives, or True/False Positive Rates are mostly similar to the
findings reported for the unweighted versus weighted logistic regression model in the first
panel.

6 Conclusions

This paper provides a new perspective on data-driven binary decisions with losses/pay-
offs/utilities/welfare driven by economic factors, and contributes more broadly to the grow-
ing literature at the intersection of econometrics and machine learning. We show that the
economic costs and benefits lead to a very simple loss-based reweighting of the logistic
regression or state-of-the art machine learning techniques. Our approach constitutes a sig-
nificant advantage relative to others previously considered in the literature and leads to
theoretically justified binary decisions for high-dimensional datasets frequently encountered
in practice. We adopt a distribution-free approach and show that the loss-based reweighted
logistic regression may lead to valid binary decisions even when the choice probabilities are
not logistic. We also show that the carefully crafted asymmetric deep learning architectures
are optimal from the minimax point of view.

Our work opens several directions for future research. First, it calls for a more disciplined
application of machine learning classification methods to economic decisions based on the
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costs/benefit considerations. Second, various economic applications often involve multi-class
decisions and to that end Farrell, Liang and Misra (2021), Lemma 9 could potentially be
extended to the asymmetric case provided that a suitable convexification result is established
for generic covariate-driven losses.
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APPENDIX: Proofs

In this Appendix we provide the proofs of all the main theorems. In the Online Appendix
section B we cover the proofs of all the lemmas and propositions.

Proof of Theorem 3.1. Since v € (0,1], the function g : = +— z1/7 is convex on R,. By
Bartlett, Jordan and Mcauliffe (2006), Lemma 1, y'/7 < xl/Vy/x,Vx >y > 0,z > 0.
Setting z = |n(X) — ¢(X)| and y = € for some € > 0, we obtain

N(X) = (X)L (x)—e(x)ze < €77 (X)) = e(X)[V7. (2)
Under Assumption 3.1 (i), by Online Appendix Lemma B.1 for every f: X — R and € > 0,

R(sign(f)) —R* =
= Egign(s) <0 [0(X) In(X) — e(X)]]
= Egign(p) <0 [0(X)1(X) = e(X) | L10x0)—e(x)]<e)
+ Egign(f) 7= <0 [D(X)N(X) = (X)L p(x)—e(x))>e)
2

=2

(
< AMePy ({x + sign(f(2))f*(2) < 0}) + €7 Byg(ys-<o [b(X)In(X) = e(X)|7]
< 4Me, ™% (2C,) e [R(sign(f)) — R7JT% + €5 V7 [Ry(f) = R})

where the first inequality follows from |b(X)| < 4M a.s. under Assumptions 3.1 (iii) and
inequality (2); and the second by Lemma B.6 under Assumptions 3.1 (i) and 3.3, and

Esign(f)1+ <0 [b(X )In(X) — c(X)|1/7}
< CYVEgign(f)f+<0 [b(X) <n(X ) () = 20(X)e(X) = inf Qex) (n(X), y)ﬂ
< CY7 [Ry(h) = R3]

which in turn follows by Assumption 3.2 (iii) and the Online Appendix equation (OA.2).
Therefore,

R(sign(f)) — R* < 4Mc,jl+7(20m)1+%e [R(sign(f)) — R*]Tre + 5o [Ro(f) — R .
Setting € = 0.5(4M)*1cb1T°‘(2Cm)_1%a [R(sign(f)) — R*]lfa and rearranging, we obtain

y(1+a)

R(sian(f)) ~ R* < Cy [Ro(f) ~ R3] 7o

- =1
with €y = (210)73aT [ /(23040 Mo+ 7T -

Proof of Theorem /.3. Under Assumption 4.2, by Lu, Shen, Yang, and Zhang (2021), The-
orem 1.1, there exists a deep neural network 7, € OPNN_ with width W,, < 173%13%d(.J,, +
2)logy(8Jy,) and depth L,, < 183%(K,, + 2)log,(4K,) + 2d such that ||, — n|le < 85(8 +
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8 d
1)48°R (@) PErOTE & o where we use that under Assumption 4.2 (ii) J, K, < (n/log® n)z@rarza,

Put f,(z) 2 o (%;C(w)—kl) -0 (%f@) - 1) — 1. Then

1 if 77n($) - C(.T) > En,
fulw) = § 2= |, (2) = o(2)] < e,
-1 if np(z) — c(z) < —ep.

Then on the event {z € X' : |n(z) — c(z)| > 2e,}, we have fy(z) = fi(z). To see this
note that fj(z) = sign(n(z) — c(z)) and that if n(z) > c(z), we have n,(z) — c(z) =
(n(z) — e(x)) — (n(x) — nu(x)) > e, while if p(x) < c¢(x), we have n,(z) — c(x) < —ep.
Therefore, by Lemma B.8

fegl}gNNR(b(f) - R¢) < qu(fn) - Rqs = /Xb|77 - Can - fgb’dPX

<4M n =l fn — f5ldPx < 16Men,Px(|n — c| < 2¢y)

In—c|<2en
< MM ekt

where the third line follows since |b(X)| < 4M under Assumption 3.1 (iii); the fourth since
|fn — f;| < 2 in the region of integration; and the last under Assumption 3.3.

Let p, be the total number of free parameters in OPNN and let U,, be the total num-
ber of nodes in OPNN. Note that U,, < L,W,, and that p, = ZZL:_ll(le X wy + wy) +
wy X wy < LayW,(Wy, + 1) + W2 < 3L,W2. Then by Bartlett, Harvey, Liaw, and
Mehrabian (2019), Theorem 7, there exist universal constant Cp > 0 such that V <
CopnLnlog(Uy,) < 3Co(L,Wp)?*log(W,Ly). Therefore, by Supplementary Material Lem-
mas SM.5.2 and SM.5.3

1+

Wh 1 (e) < C(3Cy) >+ log

2o <(WHLN)Q :g(wnLn) <3Co(WnLn)z log(Wy L) >> o

d
Since under Assumption 4.2 (i), W, L, < abCpCy(n/log®n)?s@+a1%2d log? n, by Theo-
rem 4.1 for every ¢ > 0 with probability at least 1 — c,e™!

log® sz(f?ld t zia t
. < * (0] n @ @
R(sign(fn)) — R* < K ( - ) + () o

log® n) BEtaITd

+ 24, | 85(8 + 1)98°R ( ;

where K > 0 depends only on «, 8,d, Cy, C1,C > 0. Integrating the tail bound, we obtain
the second claim. O
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ONLINE APPENDIX

A A review of the computer science literature

The most closely related papers in the computer science literature are Scott (2011, 2012),
and Bao, Scott, and Sugiyama (2012). Bao, Scott, and Sugiyama (2012) considers convex-
ification of the adversarial robust classification, which is different from our problem. Scott
(2012) considers the binary classification with standard asymmetric covariate-independent
losses for false-positive and false-negative mistakes and zero pay-offs for correct decisions
which is nested by our problem of general covariate-driven loss/utility functions; see also
Li, Tong, and Li (2007). Lastly, Scott (2011) considers a different problem of predicting
the sign of a real-valued random variable which can be specialized to our case when losses
are described by a single random variable, which is also nested by our problem. Broadly
speaking, the computer science literature does not develop a sufficiently rich theory to cover
neither our motivating examples nor more general utility functions of interest to economists.
Moreover, the computer science literature does not study the statistical properties of specific
empirical risk minimization (ERM) procedures and the resulting excess risk bounds.

There is also a substantial literature that introduces weights based on heuristic argu-
ments without studying the convexification problem and providing the supporting theo-
retical results. Bahnsen, Aouada, and Ottersten (2014) introduced weights in the logistic
regression heuristically in a way that disagrees with our weights. A number of papers were
written subsequently, see Bahnsen, Aouada, and Ottersten (2015), Mehta, Babu, Rao, and
Kumar (2020) and Xia, Liu, and Liu (2017) among others, mostly with practical com-
puter science applications such as fraud detection, e-commerce, or marketing, but without
rigorous foundational developments.!!

There is also a substantial literature on classification with imbalanced or corrupted
classes, where weighting is also done heuristically to improve the accuracy of a classifier,
which can be highly sensitive to over-represented and/or noisy classes; see Ting (1998) and
Sun, Kamel, Wong, and Wang (2007) among others. This literature considers weights that
are different from ours, e.g., based on the empirical number of instances in a given class,
or proportional to the inverse of expected costs that are simulated with the importance or
rejection sampling.

The potential for ML algorithmic outcomes to reproduce and reinforce existing dis-
crimination against legally protected groups has been of great concern lately. In response,
there is a burgeoning literature in computer science dealing with fairness-aware classification
decision rules. Much of the literature in computer science approaches the problem of algo-
rithmic fairness by first introducing a definition of a fair prediction function. Economists
have argued that defining fairness in terms of properties of the underlying prediction func-
tion may not be appealing. One reason is that many commonly used definitions of fairness

UFor the Python package based on Bahnsen, Aouada, and Ottersten (2014); see http://
albahnsen.github.io/CostSensitiveClassification/Intro.html.
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in the computer science literature cannot be simultaneously satisfied (the so-called impos-
sibility theorem, see Chouldechova (2017), Kleinberg, Mullainathan, and Raghavan (2016)
among others). Economists instead emphasize that one should focus on preferences (of
a social planner) regarding the treatment of protected groups. The fact that economists
emphasize the importance of general loss functions also reinforces the importance of the con-
tributions of our paper regarding the ongoing discussions of fairness in automated binary
decision/classification problems.

B Additional Results and Proofs

In a first subsection, we cover results on convexification, a second deals with excess risk
bounds, and a final subsection reports on local Rademacher complexities.

B.1 Convexification

We will use a < b if a < Cb for a constant C' < oo that does not depend on a particular
distribution in the class of distributions restricted our assumptions.

Proof of Proposition 2.1. Note that for every f,y € {—1,1} and x € X

Wfryoa) = b () LEDAHY) 617_1(:6)@4(1—3/)
+ f—l,l(@W + 5_1,_1(90)(1_f)4(1_y)

= —0.25(a(z) + yb(x)) f + do(y, =)

with do(y,z) £ 0.25(011(z) +0-11())(1 +y) +0.25(¢1 —1(x) + €1 _1(z))(1 —y). Next, for
every (y,z) € {—1,1} x X and every f € {—1,1}

(a(z) +yb(x)) f = (ya(x) +b(x))(1 = 21y s>0)
= —2(ya(x) + b(x)1—ys>0 + ya(x) + b(x).

Therefore, for every measurable f: X — {—1,1}
R(f) = 0.5E[(Ya(X) + b(X))1_y ¢(x)>0] + E[d(Y, X)]. (OA.1)

with d(y,z) £ do(y,z) — 0.25(ya(x) + b(x)). The result follows because the second term
does not depend on f. d

Proof of Proposition 3.1. By the law of iterated expectations, f*(x) minimizes
E (¥, X) 1oy 50l X = 2] = n(@)o(l,2)Ly<o + (1 - n(@)w(~1,2)L 10

over f € {—1,1}. The solution to this problem is

{1 it n(x)w(l,x)

v
—_
|
3
—
=
&
|
=
8

-1 if n(z)w(l,z)

N
—
|
3
—~
-
&
|
=
8
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Under Assumption 3.1 (i), w(Y, X) > 0 a.s., whence we obtain the first statement with
-1
R C X
w(l,z) + w(—1,x)
For the second statement, note that f}(z) solves infrer Elw(Y, X)¢(=Y f)|X = z]. By
the law of iterated expectations, for every f € R, the objective function is
Elw(Y, X)o(=Y f)|X = z] = n(z)w(l, z)¢(=f) + (1 = n(z))w(-1,z)5(f).
Since ¢ is differentiable, the optimum f} solves —n(z)w(1, )¢ (= f}(2)) + (1-n(z))w(-1,2)¢'(f}(x))
= 0. Under Assumption 3.1 (ii), n ¢ {0,1}, and whence
n(x)w(l,x) B o' (f3(z))
1 =n@)w(-1,2) ¢ (=f;())
Since ¢ is a convex function, its derivative ¢’ is non-decreasing. Therefore, the optimum
satisfies
n@e(la)
(1 =n(z))w(-1,z) ~

(—1,1’)
w(l,z) +w(-1,2)

f5(@) 20 =

= n(r) >

= c(x).
O

Lemma B.1. Suppose that Assumption 3.1 (i) is satisfied. Then for every measurable
f: X = R, the excess risk is

R(sign(f)) — R* = Esign(f) <0 [b(X) [n(X) — c(X)],
where for an event A and a random variable £, we put E £ = EL4E.

Proof. By the law of iterated expectations

E [(Ya(X) +b(X))L_ysgn(s)zo0)] = E [1(X)(a(X) 4+ b(X)) Laign(f)<o]
+ E[(1 = n(X))(b(X) — a(X))Lsign(f)>0
= E[(a(X) — b(X) + 2n(X)b(X))Lsign(f)<o]
+ E[(1 = n(X))(b(X) — a(X))].

(1-
Combining this observation with equation (OA.1) yields

2(R(sign(f)) = R*) = E [(Ya(X) + b(X))(1_ysign(r)z0 — Loy s+(x)20)]
=E [(a(X) = b(X) + 20(X)b(X)) (Lsign()<0 — Ls=(x)<0)]
= E [26(X)(n(X) = ¢(X))(Tgign(ry<o — Lp+(x)<0)]
= Egign(f) £+ <0 [26(X) [n(X) — c(X)]],
where the last line follows since under Assumption 3.1 (i), by Proposition 3.1

b(x) — CL(.I') _ C(x)

Fa) 20 = () 2 TS
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Lemma B.2. Suppose that Assumptions 3.1 and 3.2 are satisfied. Then for every measur-
able function f: X - R

. * 2_9 13 *77Y
Rsign(f)) —R* <27 °CM " [Ry(f) — R}
Proof. Under Assumption 3.1 (i), by Lemma B.1
R(sign(f)) = R" =
= Esign(f) £ <0b(X) [n(X) = ¢(X))]

< Bty <o [0 (10X + ) = 20(X)e(X) — inf Quln) ) |

<C <Esign(f)f*<0 {b(X ) <77(X )+ elX) = 2m(X)e(X) = Inf Qc(n,y)ﬂ >W

1—v
-

< C(4M) <Esign<f>f*<° [b(X) <"(X) elX) = 2n(X)elX) ~ Jof Qelrn y)ﬂ )7 ’

where the second line follows under Assumption 3.2 (iii) since n,¢ € (0,1) under Assump-
tions 3.1 (i)-(ii); the third by Jensen’s inequality since v € (0, 1] under Assumption 3.2 (iii);
and the last since |b(X)| < 4M a.s. under Assumption 3.1 (ii). Next, from equation (1) in
the paper, we have

Ro(f) = Ry = 0.5E [(Ya(X) + b(X)) (d(-Y f(X)) — ¢(-Y £5(X)))] -

Therefore, if we show that

ML -0 (1(0) +(0) = 20(o)elz) ~ inf Quer(12).1) )
< 05E{(¥a(X) + ) (G(-Y F(X)) ~ 6(-Y JHENIX =

the result will follow from integrating over z. To that end, if sign(f(z))f*(x) < 0, then
the inequality in equation (OA.2) follows trivially since by definition [ minimizes f
E[(Ya(X) + b(X))p(=Y f(X))]. Suppose now that sign(f(z))f*(xz) > 0. Then by the law
of iterated expectations and the definition of @ in the Assumption 3.2 (iii)

E[(Ya(X) + b(X))o(=Y f5 (X)X = ] = 2b(x) Jnf Qe(a) (n(2), y)-

(OA.2)

Therefore, the inequality in equation (OA.2) follows if we can show that
2b(z)(n(z) + c(z) — 2n(z)c(x)) < E[(Ya(X) + b(X))o(-Y f(X))|X = =].

But this follows from
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where the first inequality follows by the convexity of ¢ under Assumption 3.2 (i) and since
n+c—2nc > 0 under Assumption 3.1 (i)-(ii); the second inequality since ¢ is non-decreasing
under Assumption 3.2 (i) and 0 < sign(f(x))f*(x) = sign(f(z))sign(c(x) —n(z)) by Propo-
sition 3.1; and the last line since ¢(0) = 1 under Assumption 3.2 (i). O

Lemma B.3. For the logistic convezifying function ¢(z) = logy(1 + €7),

) (@) = (@)
”“*JgQrwmme'

Assumption 3.2 is satisfied with v =1/2 and C = \/21og?2.

Proof. Note that the minimum of y — Q.(x,y) is achieved at y* = log <C(’:1(1_;§3:> Put

A y(1—c)
ly = yi=c)+1-y)e

inf Qc(z,y) = z(1 — ¢)logy(1 + e™¥") + (1 — z)clogy(1+€”)
=

and 1 £ n,, and note that

z(l—rc¢)
l1—¢)+(1—2x)c l—c¢)+(1—2)c
= (z(1 =) + (1 —x)c) [=nlogyn — (1 — 1) logy(1 — n)].
For every y € [0, 1], put

L(y) 2 (2(1 = &) + (1 = @)e) [nlog, (1) + (1 — 1) logy (1 = n) = log, (1,) — (1 =) logy (1 =1, |

=(x(l—c)+(1—2x)c log| — )+ (1—-n)lo
(@(1 =)+ (1 = a)e) oy |t (L) + (1 = o (=2
and note that the equality in the first line implies that

L(c) = (x 4+ c—2xc) — ylgff{ Qc(z,y).

= —:L'(l — C) 10g2 .’IJ( - (1 - x)CIOgQ .’E(

By Taylor’s theorem there exists 1’ between 7 and 7, such that

n 1—mn 1 2
nlog<>+ 1—nlog< >= n—rn
w) PO ) T
22(77_7731)27

since 1’ € [0, 1]. This shows that for every y € [0, 1]

2
L(y) > 1— 1— —ny)?.
(1) 2 g (el =0 + (L= 2))n = )
In particular, for y = ¢,
2 2
> —_ —_ _
L(e) 2 oy a1 = )+ (1= a))(n = .
1 T—c 2
210g2($( ¢)+ {1 -a)e) <x(1 —c)+ (1 —x)c)
1 2
> — )2
~ 2log?2 (z—c)
Therefore, Assumption is verified with v = 1/2 and C' = /21og 2. O
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Lemma B.4. For the hinge convexifying function ¢(z) = (1+ 2)4,

-1 if n(z) < c(x).

Assumption 3.2 is satisfied with v =1 and C = 1.

o) = {1 if n(x) > c(a),

Proof. Note that the minimum of y — Q.(z,y) is achieved at

1 if z>c¢,
-1 if z<e

Then
Jnf Qc(z,y) = inf 2(1 =) —y)4 + (1 —2)A +y)+
= min{2z(1 — ¢),2¢(1 — x)}.
If x < ¢, then
(x 4+ ¢ —2xc) — yigngc(x,y) =(r+c—2xc) —22(1 —¢)
=(c—x).
If x > ¢, then
(x + ¢ —2xc) — yigngc(x,y) =(r+c—2xc) —2¢(1 — )
= (z —c).
Therefore,

-2 — inf c\4y = -
(z + ¢ — 2xc) ylgRQ(x y) =z —|

and Assumption 3.2 is satisfied with y =1 and C = 1.

Lemma B.5. For the exzponential convezifying function ¢(z) = €,

1 (10— efw)
=3 g((l—n@c»c(x))'

Assumption 3.2 is satisfied with v =1/2 and C = 2.

fo(x)

Proof. Note that the minimum of y — Q.(z,y) is achieved at
1 z(l—c)
| .
VTS ((1 = x>c>

inf Qu(z,y) = inf (1 —cle ¥ + c(1 — z)e¥
inf Qu(e,y) = inf o(1—c)e™ +c(l—a)e

=2/zc(1 —z)(1 —c).

Then
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Then

(x +c¢—2xc) — ylglf;Qc(x,y) = (24 ¢ —2z¢) — 2\/zc(1 —2)(1 — ¢)

= (\/1‘(1 —¢) — /(1 —:c)>2
(z = o) (@ = o
(Vr(l—c)+e(l—m)2 — 4

where last line is due to the fact z,c € (0,1). Therefore, Assumption 3.2 is satisfied with
v=1/2and C = 2. O

Lemma B.6. Suppose that Assumptions 5.1 (i) and 3.3 are satisfied. Then for every
measurable f: X — R

R(sign(f)) — R* = ¢y(2Cm) VP ({w: sign(f(2))f*(2) < 0}).
Proof. By Lemma B.1
Rsign(f)) = R* = Exgn( ) <o [b(X) 1(X) = e(X)]]
> 20, [ Lugntsn-r<oln(e) = (@)l dPx )

> 2equPx (o sign(f(@)f*(x) < 0} N {a : In(a) — o(2)| > u})
> 2cpuPx ({z : sign(f(x))f*(z) < 0}) — 2cpuPx ({x : |n(z) — c(z)| < u})
> 2c,uPyx ({z : sign(f(x))f*(x) < 0}) — 2¢,Cppu T,
where the first inequality follows under Assumption 3.1 (i); the second by Markov’s in-

equality for every u > 0; the third by Pr(A N B) > Pr(A) — Pr(B¢); and the fourth under
Assumption 3.3. The result follows from substituting u solving

Px ({z: sign(f(x)) f*(z) < 0}) = 2Cpu”
in the last equation. O

Lemma B.7. Suppose that Assumptions 3.1 (i)-(ii) are satisfied and that there exists a
constant F' < oo such that |f| < F for all f € F,. Then the exponential convexifying
function satisfies Assumption 4.1 with k = 1 and cy = cye, while for the logistic function
we have k =1 and cy = 2cped” (F V 1og((1 — €)cp/2eM)).

Proof. First note that for every f € %, by the law of iterated expectations

Ro(f) = 0-5E [(Ya(X) + b(X))¢(=Y f(X))] + E[d(Y, X)]
—05]E[ (X)(a(X) + (X))o (= f(X)) + (1 = n(X))(b(X) — a(X))¢(f(X))] + E[d(Y, X)]
E[b(X)n(X)(1 = c(X))p(—f(X)) + b(X) (1 — n(X))e(X)o(f(X))] + E[d(Y, X)].

Then, since f}(z) minimizes f — n(2)(1—c(z))p(—f) + (1 —n(x))c(x)p(f), by Taylor’s
theorem there exists 7 € [0, 1] such that for f; = 7f + (1 — T)f;;, we have

Ro(f) = Rg = %E [6(X) [(X) (1 = e(X))¢" (= f-(X)) + (1 = n(X))e(X)" (f-(X)] |F(X) = £5(X)P]
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Then for the exponential convexifying function since ¢"(z) = €* = ¢(z) and f;; minimizes

f =l = o= + (1 = n)ea(f)

b(X) X)L = e(X)o(— (X)) + (1= n(X)elX)e(f- (XN]F(X) = f5(OF]
b(X) {n(X)(l = o(X))e 5 (1= n(X))e(X)es ] F(X) = f5(X)P]
(1= (X)) —n(XNIF(X) = F5(X)P]

[\/77 )+ X)) — o)) — n(X)DIF(X) = f3(X)]
vellf - f¢||2,

&
=
=

|

&
o *

I

&=

vV
l\')\»—* H Nl -
=

=
Q
3

—

Y
o

n(l—c)
c(1-m)
a+b>2c and b —a > 2¢, under Assumptlon 3.1 (i), and n > € and 1 — n > € under

Assumption 3.1 (ii).
Similarly, for the logistic convexifying function,
Ro(f) = Ry = 2e4eE [¢" (f(X))| F(X) = f5(X)]
> 2cpeB [¢"(FV f5V = F)IF(X) = F5(X)]

> 2aed? (£ viog (0% ) Yy - g2

where the third line follows since f 5= 1 5 log ( ), see Lemma B.5; and the last since

where the first inequality uses ¢ (z) = W, so that ¢"(—z) = ¢”(2); the second since
—F A f; <fr<FV f; and ¢” is decreasing to zero; and the last since by Lemma B.3

which follows under Assumption 3.1. O

Lemma B.8. Suppose that |f| < 1. Then the hinge convezifying function satisfies
Ralf) =R = [ b17 = £3lIn—ciapx.
Proof. Since, |f| <1 and fj(z) = sign(n(z) — c(z)), see Lemma B.4, we have
Rs(f) — Ry = 05E[(a(X)Y + b(X))Y (f5(X) — f(X))]
= 0.5E[(a(X) — b(X) + 2n(X)b(X))
=E [0(X)(n(X) — (X)) (f3(X) — f
= [ bl = £l - clapx.
X
]

Lemma B.9. Suppose that Assumptions 3.1 and 3.3 are satisfied and that |f| < 1 for all
f € Fn. Then the hinge convezifying function satisfies Assumption 4.1 with Kk =1+ 1/«

and cy = 2_3/0‘_10507;1/(1.
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Proof. For every u > 0,
£ =3P <2 [ 17 = £5laP

2 [ fr-pglarcs2 [ |r-gglar
In—c|>u [n—cl|<u

1
< — [ b|f = f3]In — cldPx + 4Px(|n — ¢| < )
U J x
1
< —[R — Ry + 4Cnu”,
_cbu[ s(f) ol u

where the third line follows since b > 2¢, under Assumption 3.1; and the last line by
Lemma B.8 and Assumption 3.3. To balance the two terms above, we shall take u =

1/(14a) .
([R¢(f) — RZ]/(ZLCme)) , in which case

* 2 (0% * 1 (0%
= C—b<4cbcm>1/<1+ [Ro(f) — RO+,

yields the result with cg = 2_3/0‘_1ch7;1/'1 and k =1+ é 0

Proof of Theorem 4.1. By Theorem 3.1

y(a+1) y(a+1)
Rsign(f) = R* < Cy [Rofu) = R3] 77 2 Cy [Rolfa) = Rol(f) + £a] ™
(OA.3)

with A, £ Rg(fF) — R;. We will bound the stochastic term by Koltchinskii (2011),
Theorem 4.3. To that end, put #(§) = {fo f: Re(f) —Ry(fy) <9, f € F,} for some
d>0and (Yo f)(y,z) =w(y,z)d(—yf(x)). Then for every f € %, such that £o f € F(9)
1 EER E

Lf = Sl S UF = F3l + 1 = foll < e [Ro(f) = RG> +cy > A" (0A4)

N I X L 1. 1 '
<22, [Ry(f) — Ry + D) > <2872, (6 + 240,)] %,

where the second inequality follows under Assumption 4.1 and the third by Jensen’s in-
equality since z — /2% is concave on R, for k > 1. Therefore,

Z@) c {Lof i IIf = fill <205 (6/2+ Aa)]*, f € Fu (0A.5)

Under Assumptions 3.1 (iii) and 3.2 (ii) for all f1, fo € %, and all (y,z) € {—1,1} x X, we

have [(£o f1)(y,x) — (Lo fa)(y,x)| < ALM|fi(z) — f2(x)|. In conjunction with inequalities

in equations (OA.4) and (OA.5) this shows that the Lo-diameter of .7 (§) satisfies D(§) 2
1

SUPg, 9,7 (5) llg1 — g2]] < 8LM[cd_)1(5/2 + Ap)]2%, and whence

D? 1/ “1/k 1 1
(D?)’(c) 2 sup ) (8LM)2c, " sup 6% 1[0.5+ 0, /8]% < (S8LM)2c, "o [0.547]x,

>0 o >0
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where 7 = A, /0. Likewise, it follows from the equation (OA.5) that

on(0) £E| sup  |(Po—P)(g1—g)|| <2E| sup [(P,—P)(g—Lofr)l
91,92€.7 (3) gEF (9)
< 2E sup |(Pn— P)(lo f—Lofy)]
| FeFnill -3 l1<20e;  (6/2+00)) 7
< 4E sup |Rn(Co f— Lo fp)l
| FeFallf—F2lI<2le; (6/2+00)) 2
< 8E sup ) |Rn(f — )l
| FeFnill -3 1<20e;  (6/2+0m)) 7

= 84 (41c;1(0/2+ D07 Fn) |

where we use the symmetrization and contraction inequalities, see Koltchinskii (2011), The-
orems 2.1 and 2.3 since under Assumption 3.2 (i), ¢(0) = 1. This gives

58 84/, <45i [051(0.5 + T)]i ;3@)

¢ (0) = sup = < sup
520’ 520’ 6

x|

;yn>

W <45i 505+ 7)]

|-

< 3207 5105+ 7)] fi 165 5105+ 7)]

==

1 1
— 3207 [c;1(0.5 + 7)} "t <4ai [c;1(0.5 + 7‘)} > .
Next, by Koltchinskii (2011), Theorem 4.3, there exists ¢ > 1 such that for every ¢ > 0
Pr (R¢(fn) —Ry(f) <inf {o: V(o) < 1}) >1—cpe’

with ¢; = 45 Ve and

no no

" x \ x 2 05+ 7]xt  2qt
< 6dgo = [051(0.5 + 7')} Y (40~ [051(0.5 + 7')} > + 16LMgcg" % + i,
no< « no

which follows from our computations above. Note that if o > A,, then 7 = A, /o < 1,

1 1/k 1
. [453\ " 473 3\ 2 ¢ 2t
Vi(o) <16g0 = (=) ¢ 16gLM == -,
n(0) < 1690 <2c¢> ¥n 2¢4 + 10 2¢4 n02*%+n0
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and




Since all functions in this upper bound are decreasing in o, we have V(o) < 1 as soon as

1
o 26 2o %\ 3(48qLM)%r¢h 2T , 6at
T~ 4K3 T2q4% 2¢n’ n

Therefore, since inf{oc < A, : V(o) <1} < A,, we obtain with € = ¢;/(72¢4")

1
, 3(48qLM )5t~ 2n=1  6qt
mt{o: Vito) <1} < Stk (o v (MR v LA,
This shows that in conjunction with the inequality in equation (OA.3), for every ¢ > 0 with
probability at least 1 — c e

y(at+1)
~ya+1

1
. 2 3(48qLM)%rtE\ 2+—1 Gt
Risign(fn) ~ R* < Cy | o2 SUBaLM) ) vEon,

26 08 )y
Tt v (R

O
Proof of Theorem /.2. By Koltchinskii (2011), Proposition 3.2, for the linear class %, =
{fo(z) = Z] 10504(x) : 0 € RP}, the local Rademacher complexity is bounded as v, (; %) <
\/dp/n. This gives 9’ (o) < \/p/(on), and so wg,,{(e) < (p/(nez))ﬁil. Therefore, by The-

orem 4.1 for every t > 0,

P |:R . P * 'y’zgii) p 2;& 1 —t
r (sign(fn)) — R ] > K (5) Fitn T4 A, ) < cqe .

where we use t"/(25=1) < p v ¢ since k > 1, e, cq,C¢ > 0,q > 1/, as defined in the
yatl 71/ (26—1)
proof of Theorem 4.1, and put K = C’QZ(O‘H) ( Ty [M} V 6q\/2>.

4“3 26¢

Integrating the tail bound
. ya+1 R ya+1
E [(R(sign(fn)) R* Wl“)] = / ( (sign(fn)) — R*] e u> du

{ 7T [ Pzt —|—An] +/ cqetdt}
0

A ] + Kegn e 1,

| /\

<K [(n)

where the second line follows by the change of variables u = K [(%) e Ftn T 4 An]

and bounding the probability by 1 for ¢ < 0. Since v € (0, 1], by Jensen’s inequality, this
gives
y(atl)

B [Resien(f)) - R < {5 [(2) 77 4 5, 4 eguozr |
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C Boosting

In this section, we discuss some supporting theory for the weighted boosting procedure.
Boosting amounts to combining several “weak” binary decisions into more sophisticated
and powerful decision rules; see Friedman, Hastie, and Tibshirani (2001), Ch. 10. The
weak binary decision is typically constructed with shallow decision trees. An interesting
feature of boosting is that the ”"weak” decisions may be only slightly better than the random
guess while their combination may achieve the outstanding out-of-sample performance. For
the asymmetric loss function, the boosting amounts to solving the following empirical risk

minimization problem:
n

inf =3 w(Y Xo)o(—Yif (X))
=1

feZBn
with B = { L 0ipi(x) |0 <A @ €9, pe N}, where ¢ is a base class of weak
predictions. Exponential convexifying function ¢(z) = exp(z) is a popular choice, but

the logistic function is similar; see Friedman, Hastie, and Tibshirani (2001), Ch. 10.
The problem is then solved using a functional version of the gradient descent algorithm,
often with additional regularization and tuning. Let fn be a solution of the empirical risk
minimization problem described above, then:

Theorem C.1. Suppose that ¥ is a measurable class of functions from X to [—1, 1] with VC-
dimension V' > 1 and that ¢ is a logistic or exponential function. Then under assumptions
of Theorem 4.1

a+1
24V at2

CV 2(1+V)
— f R - R
(5) et

E [Rsign(f) - R*]

for some constant Cy > 0.

Proof of Theorem C.1. By Lemmas B.3, B.5, and B.7, v = 1/2 and x = 1. By Koltchin-

2+V
skii (2011), Example 5 on p. 87, wi’l(e) < (Cv/(ne?))?0+Y) for some constant Cy > 0
depending on V. Therefore, by Theorem 4.1, for every ¢ > 0 with probability at least
1-— cqe_t

24V
C¢ CV 2(1+V) 3(48qLM)2 t . %
——— 2 V6g)—+2 inf {R - R
( ) +< q) -+ férgB{ s(f) =R} :

. . <
(Slgn(f)) R C¢ 6 \ ne? 2¢c¢

where the constants €, cq, Cy > 0 and ¢ > 1 are as in the proof of Theorem 4.1. The result
follows from integrating the tail bound. O

In the special case of the symmetric binary classification and correctly specified boosting
class, Theorem C.1 recovers the bound discussed in Section 5.4 of Boucheron, Bousquet,
and Lugosi (2005). Note that the statistical accuracy of a binary decision is driven by
the complexity of the base class ¢, which should have as low VC dimension as possible to
minimize its impact on the first term and, at the same time, it should generate a sufficiently
rich class .# 2 to make the approximation error as small as possible.
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Ezample C.1. Let (Ry)X_| be a tree-structured partition of X with cuts parallel to coordi-
nate axes. Consider the class of decision trees with K terminal nodes

K
G = {mHZZle(m)—l}.
k=1

The VC-dimension of ¢4 is V' < dlog(2d), see Devroye, Gyorfi, and Lugosi (1996) and the
approximation error tends to zero as A — 00, see Breiman (2000).

D LASSO

In this section, we consider the uniform excess risk bounds for convexified empirical risk
minimization with LASSO penalty. For a vector 6 = (01...,6,) € RP, let |0], =
1/q
< o |9j]q> denote its £, norm when ¢ > 1 and let [0]o = >_%_; 1o, 40
Recall that the weighted convexified empirical risk is

~ 1<
Ro(f) = > w(Yi, X))~ Yif (Xi)).
i=1
For a finite dictionary {¢1,...,¢p} with ¢; : X — R, consider the function
P
fo(@) =Y bipj(x), §€O6CR?
j=1

and the corresponding binary decision rule sign(fy(x)). Note that this setting covers the
linear decision rules, fp(x) = Z§:1 Ojx;, as a special case. Consider the binary decision rule

sign(f;) with 6 solving the weighted empirical risk minimization problem with the LASSO
penalty R
int Ro(f0) + Anlol

where A\, | 0 is a sequence of regularization parameters as described in the following as-
sumption.

Assumption D.1. Suppose that for some ¢ > 1 and 6 € (0,1), the tuning parameter
satisfies
21og(1/0)

t4eLMF*y| 222
n

2log(2
A, > 8eLF | 21oe(2p)
n

where F* is a constant such that maxi<j<p |¢;(X)| < F* and the constants L, M are as in

Assumptions 3.1 and 3.2.

Put o(X) = (¢1(X),...,9p(X))". The following assumption states the identification
condition, known as the restricted eigenvalue condition; see Bickel, Ritov, and Tsybakov

(2009).
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Assumption D.2. For an integer s < p

ATE [o(X)p(X)T]A
A#0 |As3
|Agcl|i<co|As]1

> 0, VS C {1,...,p} with |S]| <s,

where for A € RP and S C {1,...,p}, we use Ag € RP to denote the vector with the
same coordinates as A on S and zeros on S¢, and co = (2¢+ 1)/(c — 1) with ¢ > 1 as in
Assumption D.1.

This condition is not very restrictive, and is satisfied whenever the matrix E [¢(X)p(X) "]
has the smallest eigenvalue bounded away from zero; see also Belloni, Chernozhukov,
Chetverikov, and Kato (2015). Let 68* be a solution to

2K
-1

2K
inf 6(2k — 1 v - - + 3[R _ R :
GZ‘SQ‘SS ( ) @(SQ)C;/QH [ ¢(f9) ¢]

where Sp = {1 < j <p:6; # 0} is the support of § € R”.

The following result describes the excess risk bounds for binary decisions obtained with
asymmetric LASSO; see also Chetverikov, and Sgrensen (2021), Belloni, Chernozhukov,
Chetverikov, Hansen, and Kato (2018), Van De Geer (2008), and Wegkamp (2007) for
related results.

Theorem D.1. Suppose that Assumptions 3.1, 3.2, 3.3, 4.1, D.1, and D.2 are satisfied.
Then with probability at least 1 — 0

y(at1)

R(Slgn(fé)) —R* 5 [(sAi)ﬁ +R¢(f9*) —R;:| yat1 .

Proof. Since 6 is a minimizer, for every 6 € ©, we have
Ro(f3) + Anlbl1 < Ro(fo) + Anlbhr- (OA.6)

In particular, for 8 = 0 we have

n

Ro(f3) + Maldh < % Z;w(Y%,XM(O) < 4M.

where the last inequality follows under Assumptions 3.1 (iii) and 3.2 (i). Therefore, |6]; <
AM /N, and we will restrict the parameter space in the definition of 0 and 6* to ©,, = {6 :
01 < 4M/\,}, so that |0 — 6|, < 8M/\, & K,,.

For gg(x,y) £ w(y, z)¢(—yfo(z)), put Poge = = > I, 96(X;, Vi) and Pgs = Egs(X,Y).
Consider the following class

gdo — go~ *
@, =190 79" . g-Re 96|, < K,
{\0—9*\1 6= }
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and let || P, — Pllg, = sup,eg, |(Pn— P)g| be the supremum of the empirical process indexed

by %,. With this notation, note that 7€¢(f9) = P,gp and Ry (fo) = Pgo.
By Lemma D.1 and Assumption D.1 with probability at least 1—d, we have || P,,—Pll¢, <
An/c. Therefore,

Ro(f3) + Malfli = (Pn — P)(g0+ — 95) + Ro(for) + Pulgz — go=) + Mal0)1
< (Pn = P)(go~ — 95) + Ro(for) + Anl0*|1
< ||Py = Plig, |0 — 0%y + R (fo-) + Mnl6*|1

IA

)\n ) * *
?|9—9 l1 + Ry(for) + Anl07|1,

where the second lines follows from equation (OA.6) with 6 = 6*.

Let S, = Sg- be the support of #*. Put A £ § — §* and note that |A|; = |Ag, |1 +
|Asel1, VA € RP. Note also that |[Age|; = |955]1 and that |01 = |0 |1. Using these
properties, we obtain

An . A
Ro(fp) + MalBsels < 2 {|As. 1 + |Ascli} + Ro(fo) + n { 105,11 = 10s.11 }

By the triangle inequality |05 |1 — |95 1 < |Ag,|1, and so
c[Ro(fz) — Ry) + (¢ = DAnlAselt < c[Ry(for) — Ry] + (¢ + 1)An|Ag, 1. (OA.7)
If An|As. [1 < Ry(for) — R}, then equation (OA.7) implies
. _ 2c+1 N
Ry(fy) — Ry < [Ro(for) — Ryl (OA.8)

Suppose now that A, [Asg, |1 > [Rg(fp+) —R}]. Then equation (OA.7) implies (c—1)A,[Ase 1
< (2¢+1)Au|As, |1. This shows that [Age|1 < co|Ag, |1 with cg = (2¢+1)/(c—1). Therefore,
by the Cauchy-Schwartz inequality under Assumption D.2

2
p
S S S
|Ag, [T < s]Ag, 5 < @ATE [SD(X)SO(X)T} A=53 > Ajgs|| = 2o~ foel?,
* * =1 *

where we put ®, = ®(S,). Then by adding (¢ — 1)\,|Ag, |1 both sides, we obtain from
equation (OA.7): c[Ry(fy) — Ry] + (¢ — DAn|Af1r < 3ehn|Ag,[1 < 3c‘/§i" 1f5 = fo-ll.
By the triangle and Jensen’s inequalities and Assumption 4.1

1fg = forll < Ifg = F5ll + 1l fo- = S5

1/2k 1/2x
<{e' Rotrp) R} 4 {e! [Rolio) ~ R3]
91-1/2x . «711/2K
< L [Rolly) = R+ R(fy) ~ R3]
¢
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Therefore, since k > 1

dRM@%—RE+@—1MMAh§&é¢M”2”%P%Uw—R2+RMhd—Rﬁ”%

1/2k
*C¢
2 )\ 2251
< 1.5¢(2k — 1) \/f/;;
¢*c¢

3
+ T [Rolfy) =R+ Ro(for) = R3] |

. . . 2K — 2k . .
where we use the convex conjugate inequality uv < 5- + %v 2x—1. Rearranging this

inequality

2K
2k—1

Ac—1 2/5An .
(Cc ))\n|A\1§6(2n—1) <1>\/§/2“ +3[Ry(for) — RS (OA.9)
*C¢

R¢(fé) — 'R; +

Combining this equation with the inequality in equation (OA.8), since (2¢+ 1)/c < 3 we
always have

2k—1

VI 3R (fe) — R,

1/2k
<I>*c¢

Ro(f;) — Ry < 6(25 — 1)

Lastly, under Assumptions 3.1, 3.2, and 3.3, by Theorem 3.1

y(ot1)

R(sign(fy)) — R* < Cy [Ry(fy) — Ry =+ .

This gives
) . 2y/8An N
Risian(f;) = R* < Cy [02n 1) (2500 | 3(Ru(p) - Ry
C
*“¢

O]

Lemma D.1. Suppose that Assumptions 3.1, 3.2, and D.1 are satisfied. Then with proba-
bility at least 1 — 6 |P, — Pllg, < 22, where || P, — P|l¢, is as in the proof of Theorem D.1.

= "o

Proof. By Koltchinskii (2011), Theorem 2.5, for every ¢ € (0, 1)

n

2log(1/6
Pr <||Pn — P|lg, < E||P, — Pl|g, +ALMF* Og(/)> >1-34,
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where we use the fact that

sup |96 — 9*0*| — s |w (Y, X)| |¢(—Yf9(X)*) — d(=Y fo- (X))
0:10—0+ | <K, 10— 01 60—+, <K, 0 — 6*|1
< appg o (X) = fo(X)
|60 — 0%|1
< ALMF*,

which follows under Assumptions 3.1 (iii), 3.2 (i)-(ii), and D.1. Let (&;)}_; bei.i.d. Rademacher
random variables. Then by the symmetrization, see Koltchinskii (2011), Theorems 2.1,

EHPn o PH%I < IR sup ‘ 1 = 1 Eiw (}/’HXl) [Qs(_Y:LfQ(Xl)) - ¢(_}/Zf9* (X’L))”

0:10—0*|1 <K, ’9 — 0*‘1
1
* X
<8LE  sup |5 iy i (fo(X *) fo- (X3))]
0:10—6* |1 <K, |60 — 6%,
< 8LE
= [m nZw ]

where the second line follows by the contraction inequality, see Bithlmann, and Van De Geer
(2011), Theorem 14.4 and Koltchinskii (2011), Theorem 2.3, since under Assumptions 3.1

(iii) and 3.2 (i), |w(Yi, X3) [p(=Yifo(Xi)) = ¢(=Yifor (X0))]| < ALM|fo(Xi) = fo- (Xi)[; and
the third by Holder’s inequality.
By Biihlmann, and Van De Geer (2011), Lemma 14.14

n E EZ(PJ

which under Assumption D.1 shows that with probability at least 1 — 4, ||P, — Pllg, <

SLF*\/ 280 gy pppey /210800 < A 0

2log(2p)

<F" ;
n

max
1<5<p
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SUPPLEMENTARY MATERIAL

SM.1 Monte Carlo simulations

Anticipating the empirical application to the economic prediction of recidivism, we report
on a simulation study pertaining to pretrial detention decisions. As explained in the next
section, we present a design pertaining to judges who needs to decide whether to release an
offender, facing the possibility that the defendant might commit other crimes versus keeping
in jail a defendant who would obey the law and the terms of the release. There are two
groups, G = 0 and 1, with one group assumed to be a protected segment of the population.
We set Y = -1 if the person does not commit a crime upon pretrial release, and ¥ = 1
otherwise. This is a much studied topic and we approach it from a social planner point of
view using a simplified stylized example for the purpose of a Monte Carlo simulation study
with a loss function from Example 2.2:

G=0 G=1
f0,2) =1 f(0,2) =—1 f,2)=1 f(1,2)=-1
Y=1 0 Yo 0 (1
Y =-1 ©0 0 ®1 0

where z is a vector of observable characteristics and 4, o, > 0 for g € {0,1}. From the
above, we do not suffer any losses (or gains) when a defendant being released becomes a
productive member of society or when a defendant who would commit another crime is kept
in jail. This is of course a simplification for the purpose of keeping the simulation design
simple.

Keeping someone in jail not intending to commit another crime comes with costs ¢,
depending on the group membership g € {0,1}. If 1 > ¢g, then the cost of keeping an
individual in jail not indenting to commit another crime is higher if that individual is in
the group g = 1. Similarly, releasing a recidivist comes with costs 14, g € {0,1}, so that if
1 # g, the costs of releasing a recidivist is different for the protected group and everyone
else.?

According to equation (3.2), the threshold between the two binary decisions is:

Pg
_— g€ {0,1
Py {0,1}

12Tt is worth mentioning that in the credit risk applications, the bank might care more about
the false negative mistakes (failing to predict defaults), while the social planner might be more
concerned with the false positive mistakes (failing to predict that the loan will be repaid) and equal
credit opportunities regardless of the group membership. Since our general framework can be applied
to different economic binary prediction problems, in this simulation study, we will look at how both
mistakes change with ¢, and ¢, for g € {0,1}.

c(g,z) =
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and according to Proposition 3.1 the optimal decision rule is f*(g, z) = sign(n(g, z) —c(g, 2))
with 7(g,2) = Pr(Y = 1|G = g,Z = z). Note also that a(g,2) = ¥y — ¢4 and b(g, z) =
—(tg + ¢g). The design of the data generating process is

Y =21 —1,

264247 (5 s 234221505 25) 20

where ¢ ~ N(0,1), G ~ Bernoulli(p), and Zi,...,Z4 ~;;a N(0,1). Therefore, the pro-
tected segment is a fraction p of the population (determined by the Bernoulli distribution
parameter) and the conditional probability is

n(g,z) =Pr(Y =1|G =g,Z = 2)

d d
1 SM.1
=0 (2G+Z1y+7 (5D Z7+224) 7|, (SM-1)
j=1 j=2

where @, is the CDF of N(0,0?). Note that the DGP may feature a very simple example
of nonlinearities with quadratic terms and interactions with Z; and that setting 7 = 0, we
obtain the linear model. Lastly, we also set v = (1,0.9,0.8,0,0,...,0)" and the dimension
d of covariates Z is set to 15.

Let (Y;,G;, Z;)!, be iid. draws of (Y,G,Z). To evaluate the performance of our
approach, we split the sample into the training or estimation sample (Y;, G;, Z;);¢; and
the test sample (Yi,Gi,Zi)?:ne 41- For parametric predictions, we estimate the decision
rule solving the weighted logistic regression over the class of linear functions {(g,z) —
Op + 619+ 2z v : 6,01 € R,y € R} Note that according to our theory if 7 = 0, then
the weighted linear logistic regression provides valid binary predictions even if the choice
probabilities are not logistic, cf. equation (SM.1). However, since in practice we typically
do not know the parametric class that can capture all the relevant nonlinearities (i.e., that
T # 0), we would often estimate the linear prediction rule

Ne

! T
min Y; - )+ 4+ ) lo (1 + e~ Yi(Bo+0:1Gi+Z; 7)) .
(00,01,7)ERI*2 Tl ¢:1( i(Ve, —ve) + (Ye, +¢a,))log

Then the estimated prediction rule is (g, z) — sign(fy + 019 + 2z '4), where (0g, 61,7) are
estimated above, and the binary predictions evaluated on the test sample are

Slgn(éo—FélGl—FZZT’a/), 1=ne+1,...,n.

To obtain binary predictions with neural networks, we solve

JRR
(i, %;m(m — pa,) + (ba, + 96 (1 = Yif (Gi, Z0))+,

where .Z N is a relevant neural network class. Then the estimated prediction rule is (g, z)

sign(f(g,2)), and the binary predictions evaluated on the test data are

sign(f(Gi, Zi)), i=ne+1,...,n.
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We set n = 100 and 1,000 with 30 % set aside as test sample in the simulations -
corresponding to a relatively small sample compared to what is often found in applications.
Hence, the design emphasizes how good our asymptotic results are in small samples.

To benchmark our asymmetric binary choice approach, we focus first on the unweighted
approach with the logistic regression, gradient boosted trees, shallow and deep learning,
and support vector machines. For each method, we compute the grouspecific false positive
(FP) and false negative (FN) mistakes estimating

FP, = Pr(sign(f(X)) =1,Y = —1|G = g)

A~

FN, = Pr(sign(f(X)) = —1,Y = 1|G = g)

for g € {0,1} on the test sample. We also compute the total misclassification error estimat-
ing
Error = Pr(sign(f(X)) #Y)

on the test sample. We use TensorFlow, scikit-learn, and XGBoost packages in Python to
compute machine learning methods. We consider the simple linear Logit, Logit with cubic
polynomial and LASSO penalty, XGBoost, support vector machines, as well as shallow and
deep learning. We use the 10-fold cross-validation to select the LASSO tuning parameter.
The gradient boosted trees are computed with the number of trees selected using 10-fold
cross-validated. All other parameters are kept to their default values in the XGBoost
package. The regularization parameter of the support vector machines is computed using
the 10-fold cross-validation. We also use the radial basis function and the default value
of the scaling parameter in the scikit-learn package. The neural networks have width of
15 neurons and all other parameters are set at their default values (batch size, number of
epoch, etc). It is worth stressing that we use the architectures described in Figures 2 and
SM.2 with two outer ReLLU units and that we do not use additional regularization (¢ /s
or dropout). For the shallow learning, we use the sigmoid activation function. The deep
ReLU neural network has 5 hidden layers.

Results appear in Table SM.1. We find that in terms of the total misclassification error,
the ML methods outperform the logistic regression for the nonlinear DGP. Interestingly, the
neural networks outperform the logistic regression when we only have n = 100 observations.
In this case, we observe almost 4-fold reduction in the total misclassification error for
the nonlinear DGP and, strikingly, the neural networks outperform the logistic regression
even for the linear DGP. The deep learning and the shallow learning perform similarly in
general, except for the case of the linear DGP with p = 0.5.' Importantly, we observe the
disproportionate number of false positive and false negative mistakes across two groups in
many cases.

Next, we investigate whether grouspecific misclassification rates can be equalized across
two groups with weighted ML methods. For simplicity, we focus on the the setting with
7T =20, p=0.2, and n = 1,000, as in this case we observe a disproportionate number
of FP and FN across the two groups. Figure SM.1 shows that the asymmetric weighted
logistic regression can equalize the FP probabilities across the two groups for ¢y ~ 1.65

13In our experience, the deep ReLU network is computationally more stable with less variability
across MC experiments as opposed to the shallow a single layer sigmoid network.
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and FN probabilities across the two groups for ¥)9 =~ 3. Note that equalizing the FP
probabilities comes with the increase in FN probabilities in the group G = 0 and equalizing
the FN probabilities comes with the increase in the FP probabilities in the group G = 0.
Therefore, the decision maker or the social planner has to think carefully about all these
trade-offs when calibrating the asymmetric loss function.'* The results for the gradient
boosting are similar, except for the fact that larger weight factors are required to equalize
FP/FN probabilities across groups.
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Figure SM.1: Asymmetric binary choice. The figure shows that introducing asym-
metries in the loss function can equalize the False Positive and the False Negative
mistakes across groups. Setting: p = 0.2, 7 = 0, n = 1,000. Results based on 5,000
Monte Carlo experiments.

Lastly, we compare the performance of the standard logistic regression approach, which
ignores the asymmetric loss function, with the asymmetric logistic regression in terms of
the average loss of a social planner. The social planner loss for the former will be denoted
by £104i¢ While our new estimator yields £y, _jogst-

4Note that we estimate the FP and FN probabilities splitting the sample into two parts, also
known as the validation set approach. In practice, the K-fold cross-validation may provide better
estimates of these probabilities.
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Simulation results are reported in Table SM.2. We report several measures to appraise
the findings. First, we report P({iogit > lw—iogit) Which is the percent that the standard
logistic regressions generate larger social planner costs compared to our weighted regression.
Hence, this measure reports how often our estimator outperforms the standard procedure,
where the probabilities are computed from the Monte Carlo simulated samples. Next, we
report summary statistics for the ratio €104t /Cuw—iogit- When the ratio is above 1.00 then the
weighted logistic approach is better. We report the minimum, maximum, mean, and three
quartiles of the simulation distribution. All simulations involve 5000 replications.

We start from a baseline case for the parameter setting, namely: ©¥g = 3, 1 = 1, ¢o
= 1.7 and finally ¢ = 1. For the baseline case and n = 1,000, P(€;ogit > Cuw—iogit) is 0.73,
meaning that in a large majority of cases our procedure is superior (lower social costs) to the
standard logistic regression. According to the summary statistics for the ratio £;ogit/Cw—iogit
the mean and median is roughly 1.07/1.06, meaning a 6-7 % reduction in costs, with a max
of 1.61 (60% reduction) and a min of 0.74. We also examine various deviations from the
baseline case. For the larger sample size n = 5,000 the gains are similar, although with
larger values for P({jogit > €uw—iogit), Which is now 0.94, meaning that the probability that
the symmetric logistic regression leads to larger losses increases as we get more data. Note
that the min and max of the distribution move in opposite direction, with the latter now
1.29.

Next we report two columns in Table SM.2 where we change the fraction of protected
population from 0.2 to respectively 0.5. These changes do not seem to have a significant
impact on any of the results. In contrast, however, if we change the cost structure we see,
as might be expected, more variation. More precisely, introducing more asymmetries in the
loss function implies better performance of the asymmetric logistic regression.

Lastly, we compare the performance of the weighted ERM decisions to the plug-in
rules. Note that in the special case of the symmetric binary classification with the logistic
convexification, the plug-in decisions are actually equivalent to the ERM decision since

n(x)

However, this equivalence does not hold in our asymmetric setting. In addition, some of
the popular and successful machine learning techniques, e.g., the support vector machines
and neural networks with hinge convexification, are ERM-based and do not estimate 7.
For simplicity, we focus on the parametric case and compare the asymmetric Logit to the
asymmetric plug-in rules based on the symmetric Logit. These results are presented in
Table SM.3. As can be seen, the plug-in rules tend to have higher total costs, which is more
pronounced in small samples.

SM.2 Pretrial detention costs and benefits

In this section we provide a summary of the cost benefit analysis reported by Baughman
(2017) to build a preference-based approach for the empirical application appearing in
Section 5. In Table SM.6 we provide the key elements of the aforementioned study, which
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Table SM.1: Monte Carlo Simulation Results: ML Prediction

The Monte Carlo simulation design is presented in Section SM.1, which represents a stylized social
planner facing disproportionate number of false positive and false negative mistakes across two
groups with the standard ML classification approach. The population consists of two groups, G =
0 and 1. Constituents of group G = 1 are a fraction p. Moreover, the dimension d of covariates
Z is set to 15 and the scale parameter is ¢ = 1. FP and FN are false positive and false negative
mistakes computed as a share in the corresponding group, Total = misclassification rate. Logit =
logistic regression, GB = Gradient Boosted trees, SL = shallow learning, DL = deep learning, SVM
= support vector machines. All results are based on 5,000 MC experiments.

Nonlinear DGP: 7 =1 Linear DGP: 7 =0
p=02 p=0.5 p=0.2 p=0.5
G FP FN  Error FP FN  Error FP FN  Error FP FN  Error

Sample size n = 1,000

Logit 0 028 012 037 028 0.12 033 0.10 0.09 0.17 0.10 0.09 0.14
1 025 0.02 0.25 0.01 0.06 0.04 0.07 0.03
LASSO 0 0.11 0.06 0.16 0.11 0.06 0.14 0.11 0.09 0.19 0.12 0.09 0.16
1 0.06 0.06 0.08 0.03 0.04 0.11 0.07 0.04
GB 0 0.15 0.09 022 017 0.08 021 012 0.10 0.2 012 0.10 0.17
1 0.12 0.06 0.12 0.05 0.08 0.05 0.08 0.04
SVM 0O 013 0.08 02 014 008 0.18 0.14 008 0.2 016 0.07 0.17
1 0.10 0.05 0.10 0.04 0.04 0.11 0.07 0.05
SL 0 0.07 0.03 009 004 006 0.08 010 0.08 0.17 0.10 0.08 0.14
1 0.04 0.02 0.03 0.03 0.07 0.03 0.07 0.03
DL 0 0.06 0.05 010 0.06 004 0.08 010 0.09 0.18 0.28 0.05 0.23
1 0.04 0.03 0.04 0.03 0.06 0.05 0.10 0.02

Sample size n = 100

Logit 0 025 020 043 025 0.19 039 0.14 0.10 0.23 0.17 0.09 0.20
1 019 0.16 0.20 0.13 0.04 0.14 0.06 0.08

LASSO 0 023 021 044 026 0.18 040 0.17 0.13 030 022 0.11 0.28
1 014 0.26 0.16 0.20 0.02 0.32 0.06 0.16

GB 0 025 017 041 027 0.15 037 018 0.11 029 021 0.11 0.24
1 0.16 0.20 0.18 0.14 0.05 0.22 0.09 0.07

SVM 0 030 0.10 038 0.33 007 033 021 009 029 029 0.06 0.25
1 019 0.10 0.21 0.06 0.05 0.18 0.08 0.08

SL 0 0.08 0.03 010 0.04 0.07 0.09 010 0.09 017 0.11 0.08 0.14
1 0.05 0.02 0.03 0.04 0.06 0.03 0.07 0.03

DL 0O 0.08 0.04 011 0.09 003 0.10 0.15 0.06 0.19 0.09 0.11 0.15
1 0.06 0.02 0.06 0.02 0.08 0.02 0.06 0.04
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Table SM.2: Monte Carlo Simulation Results: symmetric vs. asymmetric Logit

The Monte Carlo simulation design is presented in Section SM.1, which represents a stylized social
planner with a loss function from Example 2.2 featuring asymmetries for false positives and false
negatives. The population consists of two groups, G = 0 and 1, with the former assumed to be a
protected segment of the population. Constituents of group G = 1 are a fraction p. The baseline
case has the loss function with the following setting: 11 = 1 =1, o = 1.7, and 19 = 3. We also set
p=0.2,0=0.3, and 7 = 0. We compare the performance of a standard logistic regression approach,
which ignores the asymmetric loss function, with our convexified weighted logistic model appearing
in equation (SM.1). The social planner loss for the former will be denoted by £;04;+ While our new
estimator yields £y,_jogit. We report P(€1ogit > ly—10gi¢) Which is the percent that standard logistic
regressions generate larger social planner costs compared to our weighted regression. Hence, this
measure reports how often our estimator outperforms the standard procedure, where the probabilities
are computed from the Monte Carlo simulated samples. Next, we report summary statistics for the
ratio €iogit /lw—10git- When the ratio is above 1.00 then the weighted logistic approach is better. We
report the minimum, maximum, mean, and three quartiles of the simulation distribution. Columns
with g, ©1,%0, or 11 as headers represent deviations from the baseline case.

Baseline P T ©o ©1 p1 o (0 (0
case 0.5 1 2 2 3 4

Sample size n = 1,000
P(liogit > Lw—10git) 0.57 0.46 093 05 069 0.76 0.67 0.68 0.75

Summary statistics for €piugin/lw—iogit

Mean 1.05 1.02 115 1.02 1.09 114 111 1.09 1.14
Min 0.58 033 085 0.56 048 043 050 041 0.53
1st Quantile 0.94 091 1.07 094 097 1.00 096 097 1.00
Median 1.03 1.00 1.14 1.00 1.07 1.12 1.08 1.07 1.12
3rd Quantile 1.14 1.10 121 109 1.19 125 123 1.19 1.25
Max 2.11 221 1.63 193 222 269 266 233 2.69

Sample size n = 5,000
P(liogit > lw—1ogit) 0.76 0.67 099 062 080 0.86 091 0.81 0.85

Summary statistics for €1ogit/lw—iogit

Mean 1.06 1.04 1.10 1.02 1.07 1.09 1.14 1.07 1.09
Min 0.81 0.79 095 083 079 0.81 081 0.81 0.85
1st Quantile 1.00 0.98 1.06 098 1.01 1.03 1.06 1.02 1.03
Median 1.05 1.04 110 1.02 1.07 1.09 1.13 1.07 1.09
3rd Quantile 1.11 1.09 113 106 1.12 1.15 121 1.12 1.15
Max 1.36 141 129 130 143 148 1.61 1.48 1.46
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Table SM.3: Monte Carlo Simulation Results: plug-in vs. asymmetric Logit

The Monte Carlo simulation design is presented in Section SM.1, which represents a stylized social
planner with a loss function from Example 2.2 featuring asymmetries for false positives and false
negatives. The population consists of two groups, G = 0 and 1, with the former assumed to be a
protected segment of the population. Constituents of group G = 1 are a fraction p. The baseline
case has the loss function with the following setting: 11 = 1 =1, o = 1.7, and 19 = 3. We also set
p=0.2,0=0.3, and 7 = 0. We compare the performance of a standard logistic regression approach,
which ignores the asymmetric loss function, with our convexified weighted logistic model appearing
in equation (SM.1). The social planner loss for the former will be denoted by €pgin While our new
estimator yields £y,_jogit- We report P(€piugin > lw—iogit) Which is the percent that standard logistic
regressions generate larger social planner costs compared to our weighted regression. Hence, this
measure reports how often our estimator outperforms the standard procedure, where the probabilities
are computed from the Monte Carlo simulated samples. Next, we report summary statistics for the
ratio £piugin /lw—1ogit- When the ratio is above 1.00 then the weighted logistic approach is better. We
report the minimum, maximum, mean, and three quartiles of the simulation distribution. Columns
with g, ©1,%0, or 11 as headers represent deviations from the baseline case.

Baseline p T ©o »1 P1 o (0 (3
case 0.5 1 2 2 3 4 2 3

Sample size n = 1,000
P(lpiugin > Cw—1ogit) 0.67 0.67 048 0.59 0.66 0.64 0.69 0.65 0.66

Summary statistics for £prugin /fw—iogit

Mean 1.08 1.10 1.00 1.056 1.07 1.06 1.11 1.07 1.07
Min 0.48 0.42 088 0.48 057 0.58 049 0.50 0.47
1st Quantile 0.96 096 099 095 096 095 097 096 0.96
Median 1.07 1.08 1.00 1.04 1.06 1.05 1.09 1.06 1.06
3rd Quantile 1.18 1.22 102 114 1.16 1.16 123 1.16 1.17
Max 1.98 284 1.09 193 217 205 234 211 198

Sample size n = 5,000
P(lprugin > lw—iogit) 0.55 0.56 0.66 0.52 054 0.53 0.57 0.53 0.54

Summary statistics for £piugin/lw—1ogit

Mean 1.01 1.01 1.00 1.00 1.00 1.00 1.01 1.00 1.01
Min 0.81 0.81 097 0.87 083 0.82 0.81 0.83 0.85
1st Quantile 0.97 0.97 1.00 098 097 098 097 097 0.98
Median 1.01 1.01 100 1.01 1.01 1.00 1.01 1.00 1.01
3rd Quantile 1.04 1.06 1.01 1.03 1.04 1.03 1.05 1.03 1.03
Max 1.18 1.24 1.03 123 1.18 1.19 132 1.22 1.20
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will serve as inputs to the EBD(c;), ECD(d;) and C(x;,¢;) appearing in equation (5). In
particular, based on Table SM.6 we define:

EBD (Cz) = Z 1 crimetype=c; EBDcm'metype

crimetype

where EBD cpimetype is obtained from averaging the entries to Panel B in Table SM.6 (and
dividing by 1000) and adding the entries of Panel C. These entries are summarized in Table
SM.5. The function is scaled by 0.05 to balance the costs.
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Table SM.4: Summary Statistics Data

Summary statistics of recidivism data set from Broward County, Florida originally compiled by
ProPublica (see Larson et al. (2016)). We use an excerpt of the original data, considering only black
and white defendants who were assigned COMPAS risk scores within 30 days of their arrest, were
not arrested for an ordinary traffic offense, and defendants who spent at least two years (after their
COMPAS evaluation) outside a correctional facility without being arrested for a violent crime, or
were arrested for a violent crime within this two-year period. The entry is_recid pertains to the
binary outcome of recidivism, Decile Score refers to the COMPAS score.

Gender Male Female
8972 2209
is_recid 0 1
7486 3695
Race African Asian Caucasian Hispanic Native
American American Other
5751 52 3822 910 30 616
Crime Aggravated Arson Fraud Household Larceny
Assault Burglary Theft
2771 6275 224 577 1028
Rape Robbery Murder Motor Vehicle
Sexual Assault Theft
38 82 9 177
Min. 25% Quantile Median Mean 75% Quantile  Max
Decile Score -1 2 4 4.577 7 10
Prior crime count 0 0 1 3.263 4 38
Age 18 25 31 34.33 42 96
Detention Days 0 0 1 21.69 8 2152

The function C(z;,C;) is computed as the median of future recidivism costs, which is
23. Finally, from Panel D in Table SM.6 we calculate EC'D(d;), using both individual and
public costs, again scaling by 1000. Namely (assuming m; = 30d;), which yields 0.347d;
namely:

1 (1036 + 590 1565
ECD di = di
(d:) 1000 | 90 +30}
Individual Costs I
1 [31028+1938 + 103670 « (.17) + 136191 + (.032)] N
1000 ~ | 365 ‘
Individual Costs II
1 [31406+5142 1249 + 82937
1000 ~ | 365 '

Public Costs
= 0.347d;
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Table SM.5: Economic costs and benefits - Summary entries for EBD and ECD
functions

CTim@type Ccrimetype EBDcrimetype
Murder 10,754 11,732
Rape/Sexual Assault 266 353
Aggravated Assault 126 127
Robbery 48 230
Arson/Other 23 292
Motor Vehicle Theft 11 53
Household Burglary 7 64
Forgery/Counterfeiting 5 46
Fraud ) 49
Larceny /Theft 3 43

SM.3 Empirical results

We consider the following empirical model specifications: (1) logistic regression covered
in Section 4.1, (2) shallow and deep learning in Sections 4.2 and Section SM.4, and (3)
boosting covered in Section C. In each case we compare symmetric versus asymmetric
costs, with the latter involving two costs schemes. In all specifications we use as dependent
variable a dummy of Recidivism occurrence. The explanatory variables are: (a) race as
a categorical variable, (b) gender using female indicator, (c¢) crime history: prior count
of crimes, (d) COMPASS score, (e) crime factor: whether crime is felony or not and (e)
interaction between race factor and compass score.

The results are reported in Table SM.7 compliment those in the main paper. We report
respectively: (a) True & False Positive/Negative Costs, (b) overall cost, (c) True & Posi-
tives/Negatives, (d) True/False Positive Rates, (e) area under the ROC curve (AUC) during
the training and testing sample. For each estimation procedure we compare side-by-side
the unweighted, i.e. traditional symmetric, and weighted procedure.

The Boosting model yields results that are worse, both in terms of weighted versus
unweighted and vis-a-vis the logistic regression, although the AUC results are overall better
than for the logistic regression.
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Table SM.6: Economic costs and benefits

This table uses inputs from Baughman (2017) Tables 1 through 3 to construct the costs and benefits

used in our empirical applications.

Panel A:
Total Per-Offense Cost
for Different Crimes ($)

Panel B:
Economic Benefits
of Detention ($)

Type of Offense

Low Estimate High Estimate

Murder 10,754,332 4,602,326 18,780,120
Rape/Sexual Assault 266,332 136,191 488,243
Aggravated Assault 126,585 14,715 158,250
Robbery 48,589 12,523 364,898
Arson/Other 23,839 75,453 426,571
Motor Vehicle Theft 11,936 5949 19,299
Household Burglary 7175 2192 44,875
Forgery/Counterfeiting 5821 5731 10,439
Fraud 5563 3950 5478
Larceny/Theft 3906 580 3839
Panel C: Benefit Categories

Avoidance of Felony for Which

No Arrest Is Made 40,338
Avoidance of Failure to Appear 518

Panel D: Economic Costs of Detention
Individual Costs per individual

Loss of Freedom ($1036/90)d;
Loss of Income ($31,028/365)d;
Loss of Housing $1565m;
Childcare Costs ($1938/365)d;
Stolen or Lost Property (8590/3)m;

Strain on Intimate Relationships

Possibility of Violent or Sexual Assault

Prison Operation Costs

Loss of Federal Tax

Loss of State Tax

Welfare for Detainee’s Family

($103,670(.17)/365)d;
($136,191(.032)/365)d;

Public Costs
($31,406/365)d;
(5142/365)d;

($1249/365)

($8293/365)

i

d
di
d
d

?
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Table SM.7: Empirical Results

Empirical results with (1) logistic regression covered in Section 4.1, (2) shallow and deep learning in

Section 4.2 and Online Appendix Section SM.4, and (3) boosting covered in Section C. The setting
involves two groups with cost structure appearing in Table 1.

Logit Boosting
Unweighted = Weighted  Unweighted  Weighted

True Positive Cost -1310 -2150 -1674 -2332
False Negative Cost 5575 4771 5141 4085
True Negative Cost 0 0 0 0
False Positive Cost 2415 3289 3036 3680
Overall cost 6680 5909 6503 5433
TP 178 206 228 228
FN 577 549 527 527
TN 1438 1400 1411 1383
FP 105 143 132 160
TP Rate 0.24 0.27 0.30 0.30
FP Rate 0.07 0.09 0.09 0.10
AUC_train 0.69 0.67 0.73 0.71
AUC_test 0.69 0.67 0.7 0.68

No Hidden Layer

Hinge Convexification Logistic Convexification
Unweighted  Weighted  Unweighted = Weighted
True Positive Cost -1930 -2360 -1310 -2150
False Negative Cost 4395 3971 5575 4771
True Negative Cost 0 0 0 0
False Positive Cost 4646 4186 2415 3289
Overall cost 7111 5797 6680 5909
TP 247 251 178 206
FN 508 504 577 549
TN 1341 1361 1438 1400
FP 202 182 105 143
TP Rate 0.33 0.33 0.24 0.27
FP Rate 0.13 0.12 0.07 0.09
AUC_train 0.7 0.69 0.69 0.67
AUC _test 0.69 0.68 0.69 0.67
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Table SM.7 continued

Shallow Learning - One Hidden Layer

Deep Learning: Two Hidden Layers

Hinge Convexification Logistic Convexification
Unweighted =~ Weighted = Unweighted = Weighted
True Positive Cost -1677 -2266 -2045 -2149
False Negative Cost 5288 4488 5232 4763
True Negative Cost 0 0 0 0
False Positive Cost 2645 3220 3335 3381
Overall cost 6256 5442 6521 5994
TP 202 236 229 203
FN 553 519 526 552
TN 1428 1403 1398 1396
FP 115 140 145 147
TP Rate 0.27 0.31 0.3 0.27
FP Rate 0.07 0.09 0.09 0.1
AUC_train 0.64 0.62 0.7 0.69
AUC _test 0.65 0.64 0.7 0.68

Deep Learning: Three Hidden Layers

Hinge Convexification Logistic Convexification
Unweighted  Weighted  Unweighted  Weighted
True Positive Cost -1774 -2379 -2272 -2500
False Negative Cost 5495 4652 5642 4967
True Negative Cost 0 0 0 0
False Positive Cost 2530 3220 3427 3864
Overall cost 6251 5493 6796 6331
TP 192 235 234 217
FN 563 520 521 538
TN 1433 1403 1394 1375
FP 110 140 149 168
TP Rate 0.25 0.31 0.31 0.29
FP Rate 0.07 0.09 0.1 0.11
AUC_train 0.64 0.62 0.71 0.69
AUC _test 0.65 0.62 0.7 0.68

SM.4 Shallow learning

The shallow learning amounts to fitting a neural network with one or two hidden layers.
Neural networks are widely used in econometrics at least since Gallant and White (1988).1°
We focus on a very simple neural network class consisting of two hidden layers. Following
the recent trends in big data applications, we refer to this approach shallow learning which
in contrast to the deep learning does not allow for the number of layers to scale with the
sample size. Consider a single layer neural network class

P
0 ={z— ijao(a;x%—ao) +by, a€ R b1 < vn g,

n
J=1

15Conceptually, neural networks can be traced to early mathematical models of the brain, see
McCulloch and Pitts (1943) and Rosenblatt (1958). Among the early econometric applications, we
may quote the nonlinear time series modeling and forecasting; see Granger (1995), Lee et al. (1993),
Gallant and White (1992), White and Racine (2001), and Chen et al. (2001); and asset pricing, see
Hutchinson et al. (1994) and Chen and Ludvigson (2009), among others.
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where a = (ag,a1,...,aq) and b = (b, b1,...,bp,) are parameters to be estimated, o¢ is
some smooth function, and |.|; is the ¢; norm. Our shallow learning class is defined as a
hybrid network
F = {z+—o((z)+c(x)d+1) —o(B(z) +c(z)d—1)—1: 0 € 05, |d| < n},

where ¢(x) pertains to asymmetry (see equation (3.2)) and o(z) = (z)4 is the Rectified
Linear Unit (ReLU) activation function. The shallow learning class can be visualized on
a directed graph, see Figure SM.2. All covariates are fed first into the hidden layer 1
corresponding to ©F. This network class consists of p, neurons with a smooth activation
function og. The output produced by the hidden layer 1 is fed subsequently into the two
neurons with the ReLU activation function o. Note that this last layer has a single free
parameter b. The output f € [—1,1], is obtained from summing up the two neurons from
the ReLU layer. The final binary decision is sign(f).

Input Layer 1 2 ReLLU Output

Figure SM.2: Directed graph of the shallow learning architecture with d = 3 covari-
ates, single hidden layer with 4 neurons, and 2 outer ReLLU neurons. The yellow
neuron takes covariates X € R? as an input and produces ¢(X) € R, which is fed
directly in 2 ReLLU neurons.

The soft shallow learning prediction fn : X — [—1,1] is a solution to the convexified
empirical risk minimization problem with hinge convexifying function'¢

n

inf -+ D w(V, Xi) (1= Yaf (X))

feFsE M

16Qur focus on the hinge convexification function is motivated by the objective of achieving the
minimax optimal convergence rates. The construction with 2 ReLLU neurons in conjunction with
the hinge function allows approximating the risk R} sufficiently fast. It is not obvious whether
the logistic convexification can achieve the minimax optimal convergence rate and we leave more
detailed investigation of this for future research.
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~

To describe the accuracy of the shallow learning binary decision sign(fy,), consider the
Sobolev ball of smoothness 5 € N and radius M € (0, 00)

WP (x) = {f X =R mi)éesssupmexlef(x)\ < M},

where we use the multi-index notation k& = (ky,...,kq) € N¢, |k| = ki + --- + kg, and
ke Ikl
DFf= 2"y,

kq kq
zi"...0T,
The following assumption imposes some mild regularity conditions on the activation
function ¢ and the Sobolev smoothness of the conditional probability 7.

Assumption SM.4.1. (i) op : R — [=b,b] is non-decreasing and Lipschitz continuous,
infinitely differentiable on some open interval containing some xq with D¥oq(xq) # 0 for all
keZy; (ii)ne Wj\ﬁ/joo(?() for some 3 € N and 0 < M < oo, where X C R® is a Cartesian
product of compact intervals; (iii) p, and 7, are of polynomial order.

Assumption SM.4.1 (i) rules out polynomial activation functions and allows for the
sigmoid function og(x) = (14+e7%)~L. It also rules out the ReLU activation function, which
is a more natural choice for the deep learning problems and is considered in the subsequent
section.

Theorem SM.1. Suppose that (Y;, X;)i, is an i.i.d. sample following a distributions
satisfying Assumptions 3.1, 3.2, 3.3, and SM.4.1, and denoted P(a, ). Then there exist
¢, C > 0 such that for every t > 0 with probability at least 1 — ce™t

1ta 1+«

£ nl 2 o t\ 2ta t

R(sign(fn)) —R* < C <pogn> + p,, (IFe)B/d () + -

n n n

uniformly over P(«, 8). In particular,
. log?n %
ow B [Risien(f) - =] £ (<57
PeP(a,B) n

d
provided that p, ~ (n/ log? n) @te)f+d,

It is worth noting that the convergence rate of the excess risk of the shallow learning
prediction can be anywhere between the slow nonparametric rate O(n=?/(2f+d)) and the
fast rate O(n~!) depending on the margin exponent . In particular, we can partially offset
the curse of dimensionality if « is sufficiently large, e.g., for a = d/3, the rate is O(n~1/2).
This is another manifestation of the fact that predicting a binary outcome is easier than
predicting real-valued variables. Note also that the smoothness of the decision boundary
itself {x € [0,1]¢: n(x) — c¢(x) = 0} does not directly play a role and only the smoothness
of 1 is important. This is probably not surprising in light of the fact that ¢ is known to the
decision maker.
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In the special case when the loss function is symmetric, under the mild assumption
that the density of covariates is uniformly bounded, it follows from Audibert and Tsybakov
(2007), Theorem 4.1 that there exists C' > 0 such that for every n > 1

~ __(4+o)B

inf sup Ep [R(fn) - R*} > Cn @te)ftd, (SM.2)
fn PEP(a,B)

where the infimum is taken over all binary decisions fn : X — {—1,1} computed from an

i.i.d. sample (Yj, X;)!_,. Therefore, apart for a logn factor, our result shows that binary

decisions produced by the shallow learning are optimal from the minimax point of view.

Proof of Theorem SM.1. By Theorem 4.1, for every ¢ > 0 with probability at least 1 —c,e™*

lta
. N " § t 2+a t . N
Rsign(f)) = R S 100+ (1) 414 inf Ru() - R,
where we use the fact that v = 1 and k = 1 + 1/a by Lemmas B.4 and B.9. By Lem-
mas SM.5.1 and SM.5.3

1+a

i <C pnIngnl n 2+
Yniral9) < < n %\ palogpn '

Next, under Assumption SM.4.1 (ii), by Mhaskar (1996), Theorem 2.1, there exists 1, € 09
such that

177 — 1lloo < Cprjﬁ/d £ en.

o) (nn(x) el 1)+ ) <nn<x> ~clz) 1>+ »

Define

€ En

and note that f, € .Z5. Note also that

1, if p,(x) —c(z) > e,
falw) = § BEEEE i | (2) — ()] < e
-1, if np(z) — c(z) < —ey,

and that on the event {z € [0,1]? : |n(x) —c(z)| > 2¢,} we have f, = f§- To see this, recall
that by Lemma B.4, f7 = sign(n—c). Then ifn—c > 0, we have n,—c = (n—c)—(n—mn) > &,
while if n — ¢ < 0, we have 1, —c = (n — ¢) + (9, — 1) < —ey,. Therefore, by Lemma B.8

inf Ry(f) — Ry = inf /[Ol]db|f—f;|]n—c|dPX

feFs fezs

S
1]d

[0’

=/ b fu — F3ln— cldPy
[n—c|<2en

< 8M€n/ bl fn — fildPx
In—cl<2en

< 16Me, Px(|In — ¢| < 2ey,)
<2 elte
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where the last two lines follow under Assumptions 3.1 (iii) and 3.3. Therefore, for every
t > 0 with probability at least 1 — c,e™"

1+a 1+a
R log2 2+a t\2te ¢
R(sign(fn)) —R" < <pn (T)lg n> + p,, (HB/d | otteprc, ol (n) + o

The second statement follows from integrating this tail bound in the same way as in the
proof of Theorem 4.2. The uniformity follows from the fact that all constants do no depend
on the specific distribution of (X,Y") in P(a, 3). O

SM.5 Fixed points of local Rademacher complex-
ities

In this section, we obtain useful bounds on fixed points of local Rademacher complexities
for shallow and deep neural network classes.
Next, we consider the shallow learning class

97?:{a(9+cd+1)_g(9+cd—1)—1: 96@%, Id\én},

where o(z) = max{z,0},

Pn Pn
6781 =L T+ ijao(aij + ao’j) +bo, aj;€ Rd, Z ’b]| <Y/,
J=1 J=0

The following result bounds the local Rademacher complexity of the shallow learning

class .Z5 in terms of the number of neurons p,, in the inner neural network class ©3.

Lemma SM.5.1. Suppose that (i) oo : R — [—b,b] is non-decreasing with Lipschitz con-
stant Lo < oo; (i) pp, = Cin® and ~, = Con® for some constants c;,C; > 0,5 = 1,2; (iii)
llclloo < € and vy, > 2/Lg. Then for a, A, K >0,

\/pn5(1 V log(Ana /61/2)) \/ pn(1V log(Ana/(sl/Q))]

n n

Proof. Put
Fa®) 2 {1 1i: fEFE - 1l <o)

and o2 £ SUPge 7, (5) P,g*. By Dudley’s entropy bound, see Koltchinskii (2011), Theorem
3.11, for some numerical constant Cy

¢n(5;ﬁS) =K ! sup |Rpg|
9EFn (9)

(SM.3)

20,
< S%E /D /108 N(Zn (). Lo (Bn), £)de
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and by the symmetrization and contraction inequalities, see Koltchinskii (2011), Theorems
2.1 and 2.3

Eo2 <E| sup }(Pn —P)@*|| + sup Pg?
gGyn((S) geyn(é)
<2E| sup |Rng*|+6
gEfnw)
< 164 (6 ) +0
£ B,
where the third line follows since || f||oo < 1,Vf € .Z5. Next, for a sequence x = (1, ...,2,) €

X" and a class of functions from X to R, denoted .#, we consider the class .Z|, =
{(f(x1), f(xa),..., f(zn)): fE€F} CR" Fore >0, let N(F|z,lxo,€) be the e-covering
number of .Z |, with respect to the £, distance. The uniform covering number is defined as

Noo(Zn(6),n,€) 2 max{N(Zn()|z, loo,€) : € X"}
By Anthony and Bartlett (2009), Lemma 10.5, we can bound the La(P,) covering numbers
as follows
N(Fn(6), La(Pn),€) = N(Fn(9)|xy,... X, 2 €)
< max{N( FD| g la,e): € XM}
< Noo(F, 0y €)
Note that for f1, fo € Z53, we have f;(z) = o(6;(x) +c(x)d; + 1) — a(0;(2) + c(x)d; — 1) — 1
for some 6; € ©5 and |d;| < n with j = 1,2. Since z + o(z + 1) — o(z — 1) — 1 is Lipschitz
continuous with Lipschitz constant 1

max |1(X0) = f2(X0)] < ma [01(X0) = 02(X0)] + [lellclds — |

1<i<n
Since the e-covering number of [—n,n| is n/e,

2cn

NOO(yS n,S)SiN ( 781777'75/2)

n’

<

2¢n (8ebn[(d + 1)pn + 1](Loyn)? (d+1)pn+1
€ E(LO’Yn - 1)

c (d+1)pn+1
2en (16eb(d + Z)Lonpn7n>

< ;

9 &

where the second inequality follows by Anthony and Bartlett (2009), Theorem 14.5 for all
e < 4b A 2¢/e; the third since (Lovn)?/(Lovn — 1) < 2Lo7y, under (iii). In conjunction with
the inequality (SM.3), this shows that

(65 Z, ) < @E o \/log (2en/e) + [(d + 1)pp + 1] log(16ebLo(d + 2)npyyn/e)de

/ d Dpn g 27"
Ad+ Dpn / V1og((28) V (16ebLo(d + 2)ppyn)n/c)de
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Note that for A >0

20n

E V1og(A/e)de < /2 i V1og(A/e)de
0 0
2vB/A
< A/O V1og(1/u)du

§4\/§{1V\/M}7

where the first line follows by Jensen’s inequality since t fg h(u)du is concave whenever
h is non-decreasing; and the last since § < B.
Therefore,

Va8, F5) < C % {1V log(An®/51/2)} (4\/1#”((5;5‘\7%) + \/S> ,

with C' = 4Cp+/2(d+ 1), A = ¢V (8ebLo(d + 2)C1C>), and a = ¢1 + c2 + 1. Solving this
inequality for v, (0;.%5) gives

Un(8:. F) < 8O(CV 1) [\/ 01V log(An®/812)} puf1 logslAna/W)}] |

Next, we consider the deep learning class
FDNN {50+ cd+1)—o(@+ed—1)—1: |d] <n, § € OONN}
where
OPNN _ [ #(z) = Apon, 0 Ap_10b, , 0+ 0 A1op, 0 Aoz, || fllee < F}

is a deep neural network class such that {4;,b;: 1 <1 < L} and Aj are unrestricted free
parameters.

The following result bounds the local Rademacher complexity of the deep learning class
FDPNNin terms of the pseudo-dimension of the class OPNN. To define the pseudo-dimension,
let © be arbitrary class of functions from X to R. The pseudo-dimension of © is the largest
integer m for which there exists (z1,...,Zm,y1,...,Ym) € X" x R™ such that for every
(b1,...,bm) €{0,1}™, there exists § € O such that

G(xi)>yi<:>bi:1, Vi<i<m.

Lemma SM.5.2. Suppose that ||c||cc < € and that OPNN has pseudo-dimension V < n.
Then for A, K >0

\/v5(1 V log(An/81/2)) V V(1 V log(An/8'/2))

wn((s;ﬁr?NN) <K
n n
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Proof. Most of proof follows from the same steps as in Lemma SM.5.1. The bound on
uniform covering number is now

-
Nool ZN,m,2) < =2 Noo (0N, 1, 2/2)
2en <8en>v
<— | = )
~ € eV

where we bound the uniform covering numbers relying on Anthony and Bartlett (2009),
Theorem 12.2. In conjunction with the inequality (SM.3), this shows that

20
Y (8; FONN) < \C/’%E Viog(2en/e) + Vlog(16eFn/eV)de
0

20n
< CO\/?E/O V1og(2(¢V (8¢F))n/e)de

< C\/‘Tj {1V log(An®/5'/2)} (4\/1/171(5;9,?1\“\]) + \/3) ,

Lemma SM.5.3. Suppose that

\/Vn5(1 V log(Ana /61/2)) \/ Vi (1V log(Ana/51/2))]

n n

for some V,, = o(n), n > 1, and a,0,A > 0. Then there exists C > 0 such that

Vi, log(n/Vy,) > 2w
e .

RCELE]
Proof. Under maintained assumption

\/ Va(1 Vlog(An®/a'/2)) V Va(1v 1og(Ana/al/2))]

an an

¢n(5a yn) <K

Uy (o) = sup
>0

and whence

’(/J,EL,N<€) = inf {0 >0: o/l (/") < e}

. Vn Vi log(Ana/al/25) \ Vi \ Vi, log(An® /at/2r)
<1nf{a>0:\/ 1/"”"71\/\/ oy \/%\/ o <e¢/K ;.

o2

Since the four functions inside the infimum are decreasing in o, we have w%ﬁ(e) < o1V
o9 V o3V 04 with o1 and o9 solving

=¢/K.

a —1/2k a —1/2k
nmwMH>:&W g Valog(dntoy ')

2—1/k
noj / noa
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and o3 and o4 solving

Vn Vn
Y =¢/K and — =¢/K.
0-3 n a4qn
To bound o1 and o9, note that
vlog(c/x) v abe®\ \ 1/
ey (2 ()
@ ab v

where Wy is the Lambert W-function. Since Wy(z) < log z,Vz > e and Wy(z) < 1 for all

€ (0, e], this yields
v\ la v abe\ \ /¢
< (= —1
x‘(ab) \/<ab 0g< v >>
Therefore,

K2V, T K2V, 2(2#& _ 1)62n (Ana)Z(Qn—l) T
i < n n
V(o) < < e2n > Vv < 2¢2n 1°g< K2V, V

\/ KV, \/ KV, log(2ken(An®)?* /K V,,)
ne 2Kkne

and whence since V,,/n = o(1) and k > 1

v, 1og(n/vn>> ZT

n

RCH
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