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Abstract

The communication revelation principle of mechanism design states that any out-
come that can be implemented using any communication system can also be imple-
mented by an incentive-compatible direct mechanism. In multistage games, we prove
that the communication revelation principle holds for conditional probability perfect
Bayesian equilibrium (CPPBE), but fails for sequential equilibrium. Our main re-
sult is that, nonetheless, the following implementation revelation principle holds: an
outcome is implementable in sequential equilibrium if and only if it is implementable
in (canonical) CPPBE, or equivalently if and only if it is a sequential communication
equilibrium outcome as defined by Myerson [Myerson, R.B. (1986), “Multistage Games

with Communication,” Econometrica, 54, 323-358|.
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1 Introduction

What we will call the communication revelation principle states that any social choice func-
tion that can be implemented by any mechanism can also be implemented by a direct mech-
anism where communication between players and the mechanism designer or mediator takes
a circumscribed form: players communicate only their private information to the mediator,
and the mediator communicates only recommended actions to the players. This result was
developed throughout the 1970s, reaching its most general formulation in the principal-agent
model of Myerson (1982), which treats one-shot games with both adverse selection and moral
hazard. The importance of the communication revelation principle mostly comes from its
usefulness in characterizing the set of implementable outcomes. The revelation principle thus
does two things at once: it characterizes implementable outcomes, and it characterizes the
minimal communication system required for implementation.

More recently, there has been a surge of interest in the design of dynamic mechanisms and
information systems.! The standard logic of the revelation principle applies immediately to
dynamic models, if these models are studied under the solution concept of Nash equilibrium
(NE): this approach leads to the concept of communication equilibrium introduced by Forges
(1986). But NE is not usually a satisfactory solution concept in dynamic models: follow-
ing Kreps and Wilson (1982), economists prefer solution concepts that require rationality
even after off-path events and impose “consistency” restrictions on players’ beliefs, such as
sequential equilibrium (SE) or various versions of perfect Bayesian equilibrium (PBE). And
it is unknown whether the revelation principle holds for these stronger solution concepts,
because—as we will see—expanding players’ opportunities for communication expands the
set of consistent beliefs at off-path information sets.

The contribution of the current paper is to resolve this question by establishing revelation
principles for PBE and SE in multistage games. We will show that the communication
revelation principle holds for PBE but fails for SE. Nonetheless, our main result establishes

that the implementation side of the revelation principle remains valid even for SE.

'For dynamic mechanism design, see for example Courty and Li (2000), Battaglini (2005), Esé and
Szentes (2007), Bergemann and Vilimiki (2010), Athey and Segal (2013), and Pavan, Segal, and Toikka
(2014). For dynamic information design, see for example Kremer, Mansour, and Perry (2014), Ely, Frankel,
and Kamenica (2015), Che and Hérner (2017), Ely (2017), and Renault, Solan, and Vieille (2017).



The key prior paper on the revelation principle (“RP” henceforth) in multistage games
is Myerson (1986). In this beautiful paper, Myerson introduces the concept of sequential
communication equilibrium (SCE), which is a kind of PBE—what we will call a conditional
probability perfect Bayesian equilibrium (CPPBE)—in a multistage game played with direct
communication: in every period, players report their private information, and the mediator
recommends actions. Myerson discusses how the logic of the RP suggests that restricting
attention to direct communication is without loss of generality, but he does not state a
formal RP theorem. His main result instead provides an elegant and tractable characteri-
zation of SCE: a SCE is a communication equilibrium in which players avoid codominated
actions, which are actions that cannot be motivated by any belief consistent with a player’s
own information and the presumption that her opponents will avoid codominated actions
in the future.? Myerson’s paper also proves an equivalence between conditional probability
systems—the key objects used to restrict off-path beliefs in his solution concept—and limits
of beliefs derived from full-support probability distributions over moves. This result estab-
lishes an analogy between Myerson’s belief restrictions and the consistency requirement of
Kreps and Wilson. However, the analogy is not exact, because the probability distributions
over moves used to generate beliefs in Myerson’s approach need not be strategies: for exam-
ple, some conditional probability systems can be generated only by supposing that a player
takes different actions at two nodes in the same information set.?

Myerson’s paper thus leaves open two important questions: First, when one formu-
lates the CPPBE concept more generally—so that it can be applied to any communication
system—is it indeed without loss of generality to restrict attention to direct communication?
Second, is there an equivalence between implementation in CPPBE and implementation in
SE, so that Myerson’s characterization still applies under the more restrictive consistency
requirement of Kreps and Wilson?

We answer both of these questions in the affirmative: we prove the communication RP
for CPPBE, and we prove that implementation in CPPBE is equivalent to implementation in

SE. The first of these results may be viewed as a formalization of ideas implicit in Myerson.

2We review Myerson’s characterization and the definition of codomination in Section 2.5.
3This gap between Myerson’s solution concept and sequential equilibrium has been noted before. See, for
example, Fudenberg and Tirole (1991).



The second—which we refer to as the implementation revelation principle for SE—is quite
subtle and (to us) unexpected. Indeed, we show that the communication RP fails for SE.!

We thus show

SCE = CPPBE(C*)= |J CPPBE(C) = |J SE(C)=SE(C*)2SE(C*), (1)
ceC ceC

where “solution concept(C')” means the set of equilibrium outcome distributions with com-
munication system C', C* is the direct communication system, C is the set of “all” commu-
nication systems, and C** denotes a particular “quasi-direct” communication system, which
we describe later on.

Our results have a concise and practical message for applied dynamic mechanism design:
to calculate the set of outcomes implementable in sequential equilibrium by any communica-
tion system, simply calculate the set of outcomes implementable in Nash equilibrium without
codominated actions, using direct communication. These two sets are always the same, even
though actually implementing some outcomes as sequential equilibria might require using
the richer communication system C**.

Let us preview the intuition for our main result: the implementation RP for SE, or
SCE C Ugee SE (C).” By Myerson’s result, a SCE is a communication equilibrium where
all actions that are ever played (on or off path) can be motivated by some belief consistent
with a player’s own information. Such a belief can be generated in accordance with Kreps-
Wilson consistency by specifying that all players tremble with substantial probability (along
a sequence of strategy profiles converging to the equilibrium) and then honestly report their
trembles to the mediator, and the mediator appropriately conditions his recommendations

on the reported actions. An obstacle to this construction is that a player who trembles

4This failure has nothing to do with the failure of revelation principle-like results in settings with hard
evidence (Green and Laffont, 1986), common agency (Epstein and Peters, 1999; Martimort and Stole, 2002),
limited commitment (Bester and Strausz, 2000, 2001), or computational limitations (Conitzer and Sandholm,
2004). More relevant are Dhillon and Mertens (1996; Example 1), who show that the communication RP
fails for the solution concept of “perfect correlated equilibrium,” which describes outcomes that can be
implemented in trembling-hand perfect equilibrium; and Gerardi and Myerson (2007), who show that both
the communication and implementation RPs fail for SE when the mediator cannot tremble (see Section 5.2).

The reverse inclusion is a corollary of the (simpler) communication RP for CPPBE: (oo SE (C) C
Ucee CPPBE (C) because SE is a refinement CPPBE, and (J,., CPPBE (C) = CPPBE (C*) = SCE
by the communication RP for CPPBE.



to an action for which she must be punished in equilibrium will not honestly report her
deviation. To circumvent this problem, the mediator may (with probability converging to
0) promise in advance that he will disregard a player’s report almost-surely. However, to
afford the mediator the ability to make such an advance promise, the communication system
must be enriched with an extra message. This augmentation results in the quasi-direct
communication system C**. Note that the mediator’s “promise to ignore reports” is made
with equilibrium probability 0, so our construction is “canonical on path.”6

The failure of the communication RP for SE can be avoided if the game satisfies ap-
propriate full support conditions. We clarify what conditions are required. In particular,
the communication RP is always valid in single-agent settings, as well as in settings with
adverse selection but no moral hazard (a class of games which encompasses much of the
recent literature on dynamic mechanism design).

By way of further motivation for the paper, we note that there seems to be some uncer-
tainty in the literature as to what is known about the RP in multistage games. A standard
approach in the dynamic mechanism design literature is to cite Myerson and then restrict
attention to direct mechanisms without quite claiming that this is without loss generality.

Pavan, Segal, and Toikka (2014, p. 611) are representative:

“Following Myerson (1986), we restrict attention to direct mechanisms where,
in every period t, each agent ¢ confidentially reports a type from his type space
O;:, no information is disclosed to him beyond his allocation x;, and the agents
report truthfully on the equilibrium path. Such a mechanism induces a dynamic
Bayesian game between the agents and, hence, we use perfect Bayesian equilib-

rium (PBE) as our solution concept.”

Our results provide a foundation for this approach, while also showing that Nash and

PBE are outcome-equivalent in pure adverse selection settings like this one.”

6In our definition of sequential equilibrium, therefore, it is important to allow the mediator to tremble.
See Section 5.2 for a discussion of what happens if the mediator cannot tremble.

TA caveat is that much of the dynamic mechanism design literature assumes continuous type spaces to
facilitate the use of the envelope theorem, while we restrict attention to finite games to have a well-defined
notion of sequential equilibrium. We discuss this point in Section 5.2.



For variants of other well-known models, naively applying the RP can produce serious
mistakes. For example, Kremer, Mansour, and Perry (2014) consider a setting where an
information designer wants to facilitate social learning by encouraging players to explore a
risky option; a leading example is persuading commuters to explore different routes.® The
authors claim that the communication RP is established for their setting by Myerson. In
fact, it is valid only because of special features of the model, especially the absence of payoff
externalities among the players. In a variant of their model where commuters choose routes
repeatedly and face congestion externalities, the communication RP for SE is not guaranteed.
However, our theorem implies that the implementation RP remains valid.

More generally, our simple positive results for single-agent settings and settings with
adverse selection but no moral hazard imply that the subtleties at the heart of our paper
are most relevant for multi-agent, multi-stage games with moral hazard: that is, multi-agent
dynamic information design. Papers on this topic include Gershkov and Szentes (2009),
Aoyagi (2010), Halac, Kartik, Liu (2014), Kremer, Mansour, and Perry (2014), Che and
Horner (2017), Sugaya and Wolitzky (2017), Ely (2017), Doval and Ely (2019), and Makris
and Renou (2019). We hope our work will allow this emerging literature to use the RP with
more confidence. To this end, we provide a compact summary of our results at the end of

the paper.

1.1 Example

Before presenting the model, we give an example that illustrates how letting the mediator
make advance promises to disregard players’ reports can expand the set of implementable
outcomes. This phenomenon is the basic explanation both for why (for SE) the communi-

cation RP fails and the implementation RP holds.

There are two players (in addition to the mediator) and three periods.

In period 1, player 1 takes an action a; € {A, B,C'}.

In period 2, player 1 observes a signal 6 € {n,p}, with each realization equally likely.
Then, the mediator (“player 0”) takes an action ag € {A, B}.

8See also Che and Horner (2017).



In period 3, the mediator and player 2 observe a common signal s € {0,1}, where s = 1
if and only if ag # a1. Then, player 2 takes an action a; € {N, P} (“Not punish,” “Punish”).

Player 1’s payoff equals 1{4)20;ra1 20} — L{as=P} — 3 X 1{a,—c}, and player 2’s payoff equals
—1{(a1,0)#(Cp)} L {ao=pP}. In particular, player 1 wants to mismatch her action with the medi-
ator’s action; action C' is strictly dominated for player 1; and player 2 is willing to punish
player 1 iff a; = C and 6 = p.

Consider the outcome distribution £ (A, A, N) + 3 (B, B, N). It is trivial to construct
a canonical NE (i.e., a NE with direct communication where in equilibrium players report
their information honestly and obey the mediator’s recommendations) that implements this
outcome: the mediator sends message/recommendation m; = A and m; = B with equal
probability, plays ag = m;, and recommends ms = N if s = 0 and my = P if s = 1;
meanwhile, players are honest and obedient. Moreover, this NE is sequential iff player 2
believes with probability 1 that (a1,60) = (C,p) when s = 1 and my = P. Thus, 35 (4, A, N)+
% (B, B, N) is implementable in sequential equilibrium iff this belief is consistent.

Myerson shows that any NE outcome where players do not take codominated actions at
any (possibly off-path) history is a SCE outcome. Our main result is that exactly the same
set of outcomes is implementable in SE, but we may need to allow non-canonical equilibria.
In this example, the action as = P is not codominated at the history following following
signal s = 1, because a; = P is an optimal action for player 2 if (a;,60) = (C,p). Our main
result thus implies that 3 (A, 4, N) + 3 (B, B,N) is implementable in some SE. We now
explain intuitively why % (A,A,N) + % (B, B, N) is not implementable in any canonical SE,
but is implementable in a non-canonical SE.’

Impossibility for canonical SE: In a canonical SE, player 1 obeys all recommendations
from the mediator. Since a; = C' is strictly dominated, this implies that the mediator can
only ever recommend m; € {A, B}. If player 1 mistakenly plays the strictly dominated
action C' after such a recommendation, she will subsequently (for each possible realization

A

of ) make whatever report <d1,9> minimizes the probability that my = P. Since s = 1

whenever a; = C, Bayes’ rule then implies that Pr((a,6) = (C,p)|s =1,my = P) = 1.

Hence, player 2 will not follow the recommendation ms = P when s = 1, so the desired

9For the details, see the proof of Proposition 5.



outcome is not implementable in a canonical SE.

Possibility for non-canonical SE: Why does enriching the communication system
overturn this negative result? Suppose the mediator can tremble by giving a “free pass”
to player 1 in period 1. If player 1 gets a free pass in period 1, the mediator will always
recommend my = N, barring another mediator tremble. Now, when player 2 is recommended
mo = P, he can believe that the mediator trembled by giving player 1 a free pass in period 1,
player 1 trembled to a; = C, player 1 honestly reported (&1, @) = (C,p), and the mediator
trembled again by recommending my = P. This new possibility can rationalize player 2’s
belief that (a1, 6) = (C, p).

More precisely, consider the following sequence of strategy profiles, indexed by k£ € N:

Mediator’s strategy: In period 1, the mediator recommends A and B with equal prob-
ability, while trembling to a third message, “¥” (the “free pass”), with probability % In
period 2, if m; € {A, B}, the mediator plays mo = my; if m; = «, he plays A and B with
probability % each. In period 3, if m; € {A, B}, the mediator recommends my = N if s =0
and my = P if s = 1; if m; = %, with probability 1 — % he recommends my = N (regardless
of (dl,@> and s), and with probability % he recommends my = P if <d1,9> = (C,p) and
mq = NN otherwise.

Players’ strategies: If my € {A, B}, player 1 takes a; = m; and trembles to each other
action with probability 1%4; if my; = x, she plays A and B with probability % each, while
trembling to C' with probability % Player 1 always reports her action and signal honestly.
Player 2 always takes as = ms.

Note that honesty is always optimal for player 1: if m; € {A, B}, then any deviation
from a; = m; leads to ay = P with probability 1 regardless of player 1’s report; while if
my = %, then as = N with probability 1 regardless of her report.

Now suppose player 2 observes s = 1 and my = P. There are two possible explanations:
either (i) player 1 trembled after m; € {A, B}, or (ii) the mediator trembled to m; = «,
player 1 trembled to a; = C, player 1 honestly reported (&1, 9) = (C,p), and the mediator
trembled again to my = P. Case (i) occurs with probability of order 4, while case (ii) occurs
with probability of order k—lg Hence, player 2 believes with probability 1 that (aq,0) = (C, p).

This belief rationalizes as = P, as is required to implement the desired outcome.



The remainder of the paper is organized as follows. Section 2 defines the model and
solution concepts and presents the main theorem, which collects results from Sections 3
and 4. Section 3 presents the (positive and negative) communication RP results. Section 4
presents the implementation RP for SE. Section 5.1 summarizes our results, and Section 5.2

discusses possible extension. Proofs are deferred to the appendix.

2 Multistage Games with Communication

2.1 Model

As in Forges (1986) and Myerson (1986), we consider multistage games with communication.
A multistage game G is played by N + 1 players (indexed by i = 0,1,..., N) over T periods
(indexed by t = 1,...,T). Player 0 is a mediator who differs from the other players in three
ways: (i) the players communicate only with the mediator and not directly with each other,
(ii) the mediator is indifferent over outcomes of the game (and can thus “commit” to any
strategy), (iii) “trembles” by the mediator may be treated differently than trembles by the
other players.!? In each period ¢, each player i (including the mediator) has a set of possible
signals .S; ;, a set of possible actions A, ;, a set of possible reports to send to the mediator R; ;,
and a set of possible messages to receive from the mediator M, ;. These sets are all assumed
finite. This formulation lets us capture settings where the mediator receives exogenous signals
in addition to reports from the players, as well as settings where the mediator takes actions
(such as choosing allocations for the players). Note also the artificial assumption that the
mediator “communicates with himself,” which simplifies notation. Throughout the paper,
for any set Y;,; indexed by i and t, we let Y = [['_} Yir, Vi = [, Yis, Y = [[.Z} ¥, and
Y = YT*! For example, Y is the vector of Y,’s at the beginning of period t.

Let H' = S* x R' x M! x A! denote the set of possible histories of signals, reports,
messages, and actions (“complete histories”) at the beginning of period ¢, with H! = (. Let
Z = HT*! denote the set of terminal nodes of the game. Let X* = S x A! denote the set

of possible histories of signals and actions (“payoff-relevant histories”) at the beginning of

10We also use male pronouns for the mediator and female pronouns for the players.



period ¢. Given a complete history h' = (s*,rf, m' a') € H', let ht = (s',a') denote the
projection of h! onto X!. Let X = X771 = S x A denote the set of payoff-relevant outcomes
of the game. Let u; : X — R denote player i’s payoff function, where u is a constant
function.

The timing within each period ¢ is as follows:

1. A signal s; € S; is drawn with probability p (s;|2'), where 2! € X' is the current

payoff-relevant history. Player i observes s;;, the i'" component of s;.
2. Each player ¢ chooses a report 7;; € R;; to send to the mediator.
3. The mediator chooses a message m;, € M;, to send to each player 7.

4. Each player ¢ takes an action a;; € A; ;.

We refer to the tuple I' := (N,T,S,A,u,p) as the base game and refer to the pair
C := (R, M) as the communication system. Assume without loss of generality that S;; =
U,texe suppp; (+|2*) for all i,t, where p; denotes the marginal distribution of p. The imple-
mentation problem asks, for a given base game I' and a given equilibrium concept, which
distributions p € A (X) arise in equilibrium for some communication system C'7

We now introduce histories, strategies, and beliefs. For each i, let Hf = S! x Rl x M} x Al
denote the set of player i’s possible histories of signals, reports, messages, and actions at
the beginning of period t. When a complete history h' € H' is understood, we let hf =
(st, 7, m!, al) denote the projection of h! onto H!. Similarly, hf = (s, a’) denotes the payoff-
relevant component of i . We also let H*" = H! x S;, and H*' = H™" x R;, x M;, denote
reporting and acting histories for player i, respectively.

A behavioral strategy for player i is a function o; = (of,07') = (Uft,aft);[:l, where
off H* — A(R;;) and oy H* — A(A;,). This standard definition requires that a
player uses the same mixing probability at all nodes in the same information set. Let Y; be
the set of player i’s strategies, and let ¥ = Hz']io DIR

A belief for player i # 0 is a function 3, = ( R B-A) = ( R ﬁf}t)T where b’ft : Hf’t —

IR 1,19 t=1"



A (H®™) and B HM — A (HAY).M We write off, (ri7tlhf’t) for off (hZR’t> (ri4), and
similarly for Uf}t, Bf‘t, and Bf}t. When the meaning is unambiguous, we omit the superscript
R or A and the subscript ¢ from o; and f3;, so that, for example, o; can take as its argument

either 2" or M.

A mediation plan is a function f = (f,)__,, where f, : R™*' — M, maps a profile of
reports up to and including period ¢ to a profile of period-t messages.'?> A mized mediation
strategy is a distribution p € A (F'), where F' denotes the set of pure mediation plans. A
behavioral mediation strategy is a function ¢ = (¢t)tT:1, where ¢, : R x M* — M, maps
past reports and messages to current messages. Since the mediator can receive signals and
take actions in our model, he must choose both a mediation plan f and a report/action
strategy 0. However, we can equivalently view the mediator as choosing only f, while a
separate “dummy player” chooses o¢. The distinctive feature of the mediator is thus the
choice of f, while the strategy oo plays no special role in the analysis and is included only
for the sake of generality. As we will see, whether it is most convenient to view the mediator
as choosing a pure, mixed, or behavioral mediation strategy depends on the solution concept
under consideration. All three perspectives will be used in this paper. In contrast, we always
view players (including player 0) as choosing behavioral strategies.

Denote the probability distribution on Z induced by behavioral strategy profile o and
mediation plan f by Pr°/, and denote the corresponding distribution for a mixed or behav-
ioral mediation strategy by Pro* or Pr°?, respectively. Denote the corresponding probability
distribution on X (the “outcome distribution”) by p”/, p”*, or p”?. As usual, probabili-
ties are computed assuming that all randomizations (by the players and the mediator) are
stochastically independent. We refer to a pair (o, f), (o, 1), or (o, ¢) as simply a profile.

We extend players’ payoft functions from terminal histories to profiles in the usual way,
writing u; (o, f) for player i’s expected payoff at the beginning of the game under profile
(0, f), and writing @; (o, f|h') for player i’s expected payoff conditional on reaching the
complete history h'. Note that @; (o, f|h') does not depend on player i’s beliefs, as h' is a

single node in the game tree. The quantities u; (o, i), 4; (o, ¢), and u; (o, ¢|h') are defined

1Gince the mediator is indifferent over outcomes, there are no optimality conditions on the mediator’s
strategy, and hence no need to introduce beliefs for the mediator.
12Myerson (1986) calls such a function a feedback rule.
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analogously. In contrast, we avoid the “bad” notation u; (o, u|h'), as this cannot be defined
when Pr?* (h') = 0.

A Nash equilibrium (NE) is a profile (o, u) such that @, (o, p) > u; (0}, 0-;, p) for all
i # 0,0, € 3;. (Or put ¢ in place of y; the definitions are equivalent by Kuhn’s theorem.) In
the context of games with communication, a NE is also called a communication equilibrium

(Forges, 1986).

2.2 Conditional Probability Perfect Bayesian Equilibrium

We consider perfect Bayesian equilibria in which beliefs are derived from a common con-
ditional probability system (CPS) on F' x Z. Recall that a CPS on a finite set € is a
function g () : 2% x 2\0 — [0,1] such that (i) for all non-empty C C Q, u(-|C) is a
probability distribution on C, and (ii) for all A € B C C C Q with B # ), we have
w(A|B)u(B|C) = p(A|C). Given a CPS pon Fx Z, f € F, and Y,Y' C Z, we write
B(f) =2 ezt (f,2) and p(Y[f,Y') = > oy i (ylf,Y'). A conditional probability perfect
Bayesian equilibrium (CPPBE) is a profile (o, i) together with a CPS i on F' x Z such that

e [CPS Consistency] For all f,i,t, h*" hf’t, REt hAt v, my, ay, .41, we have

() =n(h), i (rul £, 00 =TTy oF (™).
Iz (at|f» hA’t) = Hij\io o (az‘,t|h§4’t> ) H (8t+1|f, hAt, at) =p <3t+1|iLA’t» at) ;
I (mt|f, it = (st rt mt al) ,rt) = Lm=s(rt,r)}-
(2)
(In these equations, the first argument of f (-|-) must be read as a subset of Z. For

example, fu (| f, h") =3, 1 (2| f, h®'), where Z' is the set of all terminal nodes

z with period-t report profile r;.)

e [Sequential rationality of reports] For all i # 0,t,0 € ¥;, and th’t € HZR ' we have

R (A R A = S (A RS A R D

fEFRLte HILY fEFRItc HRE
(3)

11



e [Sequential rationality of actions] For all i # 0,¢,0 € ¥;, and h?’t € HiA’t, we have

3 ﬂ(f,h""ﬂhf’t)ai(a, [ty >3 ﬂ(f,hA’t|h;4’t>a,-(a;,a_i, IR

feFhAteHAL feFRATcHAY
(4)

Note that, in an unmediated game, (i) i reduces to a CPS on Z, (ii) & <f, hA’t\hiA’t>
reduces to a belief [ (hA’t\hf ’t>, (iii) (3) disappears, and (iv) (4) reduces to the standard
definition of sequential rationality. In the context of unmediated games, the CPPBE con-
cept is not really new. For example, Fudenberg and Tirole (1991), Battigalli (1996), and
Kohlberg and Reny (1997) study whether imposing additional independence conditions on
top of CPPBE leads to an equivalence with sequential equilibrium in general games. In
contrast, our main result is that CPPBE and sequential equilibrium are always outcome-
equivalent in games with communication. The basic reason why independence conditions
are not required to obtain equivalence with sequential equilibrium in games with commu-
nication is that the correlation allowed by CPPBE can be replicated through correlation in
the mediator’s messages.'?

For games with communication, the definition of CPPBE follows Myerson in specifying
that the mediator plays a mixed (rather than behavioral) strategy and in defining f1 as a CPS
on F' x Z, rather than Z alone. This approach models the mediator’s trembles in normal
form rather than agent-normal form and thus leads to a more permissive solution concept.*
If the mediator instead trembled in agent-normal form, the communication RP for CPPBE

(Proposition 1 below) would not hold.'?

13Mailath (2019) defines a notion of “almost perfect Bayesian equilibrium,” which appears to coincide
with CPPBE in unmediated multistage games, though this remains to be proved. Most other notions of
“perfect Bayesian equilibrium” (e.g., Fudenberg and Tirole (1991), Watson (2017)) impose some form of “no
signaling what you don’t know,” which is not required by CPPBE.

14The observation that normal form trembles lead to more permissive solution concepts than agent-normal
form trembles is due to Selten (1978).

15In particular, the proof of Proposition 5 would go through for canonical CPPBE if the mediator trembled
in agent-normal form.
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2.3 Sequential Equilibrium

Our definition of sequential equilibrium in a game with communication is simply Kreps-
Wilson (1982) sequential equilibrium in the N + 1 player game where the mediator is treated
just like any other player. That is, a sequential equilibrium (SE) is an assessment (o, ¢, 3)
consisting of behavioral strategies o for the players, a behavioral strategy ¢ for the mediator,

and beliefs § for the players, such that

e [Sequential rationality of reports] For all ¢ # 0,t, 0%, and hf’t, we have

Y s (hR’t|hf’t) a (o0l > S g, (hR’t\hf’t> i (0, 0 i, ¢|h™1)

hR,teHR,t hR,teHR,t

e [Sequential rationality of actions] For all i # 0,¢, 0%, and hf"t, we have

Y s (hA’t\hf"t> a (o™ > Y 5, (hA’t]hf’t) i (0, 0_i, ¢|h™M)

hA,teHA,t hA,teHA,t

e [Kreps-Wilson Consistency/ There exists a sequence of full-support behavioral strategy

profiles (O'k, gbk):;l such that limy_ ., (O‘k, gbk) = (0,9);

O'k, k ,
RippREY _ o LT o (™)
B; (K| h;"") = lim
) = p ()

for all i # 0, all R € H*', and all h** € H® with i-component h."'; and

O'k, k ,
3. <hA’t|h’.4’t) ~ i Pro ¢ (hA t)
() =

for all i # 0, all b € H | and all h** € HA* with i-component h."".

In this definition, the mediator takes a behavioral strategy and trembles in agent-normal
form, just like each of the players. An alternative definition, where the mediator cannot
tremble at all, would yield a more restrictive version of sequential equilibrium, for which our

main results would not hold. We discuss this possibility in Section 5.2.
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Theorem 1 of Myerson (1986) shows that every sequence of full-support probability dis-
tributions induces a CPS (see also Rényi, 1955). Hence, for any base game and any com-
munication system C, we have NE (C) O CPPBE (C) 2 SE (C), where for any solution
concept S € {NE,CPPBE,SE}, S (C) denotes the set of outcome distributions p € A (X)

that arise in equilibrium under solution concept & with communication system C.

2.4 The Main Result

Given a base game (N, T, S, A, u, p), the direct communication system C* = (R*, M*) is given
by R}, = A1 xS and My, = Ay, for all ¢ and ¢: that is, players’ reports are actions
and signals and the mediator’s messages are “recommended” actions. Define the quasi-
direct communication system C** = (R*, M**) by R}, = Aj; 1 X S;; and M7 = A U {x},
for all 7+ and ¢, where x denotes an arbitrary extra message. That is, under quasi-direct
communication, in every period a single extra message from the mediator to each player is

permitted. Denote the set of all finite communication systems by C.1® We prove

Theorem 1 For any base game,

| JcPPBE(C)=CPPBE(C*) = | | SE(C) = SE(C™). (5)
ceC ceC

In addition, for some base game,

JsE©) 28E(C). (6)

cec
The first equality in (5) is the communication revelation principle for CPPBE. This
formalizes the “revelation principle” implicit in Myerson. We actually prove a stronger
version of this equality, namely that with communication system C* it suffices to consider

“canonical” equilibria, where players are honest and obedient. This is proved as Proposition

4 below.

16This notion may be formalized by identifying each report or message with a natural number, so that,
letting AV denote the set of all finite subsets of the natural numbers, we have C = []/_, HZ]'V:o (N x N).
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The second equality in (5) is the implementation revelation principle for SE. This is the
key part of the theorem. It characterizes the set of outcomes implementable in SE, and in
particular shows that it is possible to combine the tractability of Myerson’s characterization
of canonical CPPBE (reviewed in the next subsection) with Kreps-Wilson consistency.

The third equality in (5) may be called the quasi-communication revelation principle for
SE. It shows that any outcome implementable in SE with any communication system is also
implementable in SE with quasi-direct communication. The role of the extra message * is
analogous to the “free pass” message in the opening example and is explained further in
Section 4. The second and third equalities are both proved as Proposition 7.

Finally, (6) is the failure of the communication revelation principle for SE. This was

previewed in the opening example and is proved below as Proposition 5.

2.5 Mediation Range, Sequential Communication Equilibrium, and

Myerson’s Characterization

Much of the importance of Theorem 1 comes from the fact that the set CPPBE (C*) admits
a remarkably simple characterization: it is the set of sequential communication equilibrium
outcomes, which Myerson shows equals the set of communication equilibrium outcomes with
canonical strategies in which no player is ever recommended a codominated action. To present
our proof of Theorem 1 and to understand its significance, it is necessary to review these
concepts here.

A sequential communication equilibrium is essentially a canonical CPPBE. To formalize
this, note that at first glance there appears to be a conflict between the possibility that the
mediator can tremble and the requirement that, in a canonical equilibrium, players obey
the mediator’s recommendations. For example, a player will never follow a recommendation
to play a strictly dominated action, so obedience and mediator trembles are inconsistent if
the mediator can tremble to any message. We must therefore consider restrictions on the
mediator’s possible messages.

Following Myerson, a mediation range Q@ = (Q;), 40 specifies a set of possible messages

Qi (rf,ml,r;i;) C M;, that can be received by each player i # 0 when the history of com-
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munications between player ¢ and the mediator is given by (rf,m!,r;;). Denote the set of

mediation plans consistent with mediation range () by
Flo={feF:fi(r*) eQi(ri (£ (7)) ra) Vitri ],

Next, given a canonical game (I', C*) and a mediation range @, the fully canonical strategy
profile o* is defined by letting players report honestly and obey the mediator’s recommen-

dation at all histories consistent with (): that is, we have

o [Honesty] olt (hf’t> = (@it—1, siy) for all hf’t € HZR’t such that m;, € Q; (r], m],r; ;)

for all 7 < ¢, and

o [Obedience] ot (hiA’t> — my, for all B"" € H™ such that m; . € Q; (T, m], r;,) for all

T <t.

Later on, this will be contrasted with a more general notion of canonical strategies,
where honesty and obedience are required only for players who have not previously lied to
the mediator. Also, since the artificial assumption that the mediator “communicates with
himself” is purely for notational convenience, there is no loss in assuming throughout the
paper that Cy = Cj and og = 073,

Denote the set of terminal, canonical-game histories consistent with ) and honest be-

havior by the players by
Zlg = {z €Z:riy = (a;4-1,5,:) and m;; € Q; (rf,mﬁ,n’t) Vi, t} )

A sequential communication equilibrium (SCE) is then a mixed mediation strategy p €
A (F) in a canonical game (I',C*) together with a mediation range ) and a CPS i on
Flg x Z|g such that

e [CPS consistency] For all f € Flg, i, t, hf*t = (st vt mt at) € ZB g, WAt =
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(st rtHomit oty € ZR o, my, ay, and s;41, we have

ﬂ (f) = U (f) ) ﬂ (Tt|f7 hRﬂt) = ]-{rt:(at_1,st)}a
Iz (at‘f> hA ) = 1{(lt =ms}> Iz (St+1’f7 hA’ta at) =p <St+l‘iLA7tv at) )
A (mal £ 1) = L= gty

s o (2Rt

e [Sequential rationality of honesty] For all i # 0,t, 0} € ;, and /"' = (sith,rt,ml al) €

H™ such that Tir = (Gir—1,8i7) and m; € Q; (r],m],r; ) for all 7 < t, we have

) ’)ﬂi(a*,flhm)z > ﬂ(f,hR’t|th’t>ﬂi(g o* . FIPY.

JEF|g,hte HI® feF|Q,hbteHI®

e [Sequential rationality of obedience] For alli # 0,t, 0" € %;, and hi"' = (sith rit mit al) €

K3 ) 7 )

HiA’t such that 7, ; = (a;r—1,5:i,) and m; € Q; (r],m],r; ;) for all 7 <t, we have

Yook ( f, hA’t|h;4’t> a (ot fp) = Y ( f, hA7t|h;4’t) i (o), 0%, fIR™)

fEF|g,hAteHA? fEF|g,hAteHA?
(7)

The definition of a SCE is similar to the definition of a CPPBE with the direct commu-
nication system C*. (Of course, the general definition of a CPPBE allows C' # C*.) There

are however two differences:

1. SCE requires not only direct communication, but also canonical equilibrium (i.e., play-

ers are required to be honest and obedient).

2. SCE imposes sequential rationality for each player only at histories consistent with
the pre-specified mediation range (), and only at histories at which the player has not

previously lied to the mediator.
These differences turn out to be immaterial.

Proposition 1 For any base game I' and any outcome distribution p € A (X), there exists

a SCE u € A(F) with p = p® * if and only if p € CPPBE (C*).
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Myerson characterizes the set of SCE in terms of codominated actions. Intuitively, an
action a;; is codominated for player i at history (xf,s;;) if it is not optimal for any be-
lief over (x'ii,s,i,t), given that other players avoid codominated actions in future peri-
ods. Formally, consider a canonical game (I', C*). Given a correspondence B that speci-
fies a set of actions B;(xl,s;;) C A;, for each i, ¢, and (al,s,,) € X! x Siy, let E*(B) =
{feF:f;(r™) ¢ B; (r[™") Vi,7 >t,r"™ € X" x S;} be the set of pure mediation strate-
gies that avoid actions in B after period ¢t. Such a correspondence B is a codomination corre-
spondence if, for every period ¢ and every probability distribution 7 € A (F x X' x S;) with
T (E"(B) x X' x S;) =1 and 7 (f,2",s;) > 0 for some (f,z",s;) with f; (a',s;) € B; (x}, si4)

for some i, we have

Z W(f,xt,st)ﬁ(a*,f]:ct,st) < Z 7r(f, xt,st)a(a;,a’ii,f\:ct,st)

(f,act,st)eFxthSt (f,xt,st)eFxthSt
Ifz'(l‘t,st)=ai,t 3fi<xt75t):ai,t
for some i, (af,s;4), aiy € B;(2t,s:4), and o} € 3;. Finally, let D denote the union of all
codomination correspondences (which is itself a codomination correspondence), and say that
an action a;; € A;; is codominated at history (zf,s;;) if a; € D;(xt,s;,). Myerson’s main

result is

Proposition 2 (Myerson (1986; Theorem 2, Lemma 1)) For any base game T' and
any outcome distribution p € A (X), there exists a SCE € A (F) with p = p° * if and only
if there exists a NE (0%, 1) in (T, C*) such that p = p " and Q; (rt,mt,r;4) N Dy(ri™) =0

for alli, t, r'™, and m}.

3 The Communication RP

This section analyzes the communication RP. In addition to proving | J,.. CPPBE (C) =
CPPBE (C*) and |Joee SE(C) 2 SE (C*) (the first and last parts of Theorem 1), we also
clarify for what solution concepts and classes of games the classical communication RP holds
(which, in addition to requiring C' = C*, requires that players are honest and obedient).

The section is organized as follows. Section 3.1 states the communication RP. Section
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3.2 presents the communication RP for CPPBE. Section 3.3 notes that, in general, the
communication RP fails for SE. Section 3.4 gives conditions under which the communication

RP holds for SE.

3.1 Statement of the Communication RP

Given a canonical game (I, C*) a strategy profile o € ¥ together with a mediation range )

is canonical if the following conditions hold:

1. [Previously honest players are honest] of (h?’t) = (aiq_1,8i4) for all B2 € H*" such

that r; » = (a; -1, 8) and m; , € Q; (r7,m],r; ;) for all 7 < t.

2. [Previously honest players are obedient] ot <h;4’t> = m;, for all hf"t € HZ?A ' such that

Tir = (Gir-1, i) and m; € Q; (rI,m],r; ) for all 7 <.

For any game G = (I, C) and mediation range @), let G|g denote the game where the
mediator is restricted to sending messages in @: that is, if at history (h, s, ;) the history
of communications between some player i and the mediator is (r}, m!,r;;), then all messages
mis & Qi (rf,mk r;,) are deleted from the game tree. Note that, for any @, any strategy
profile o € ¥ induces a strategy profile in the restricted game G|q.

Given a canonical game (I', C*) a canonical strategy profile o € ¥ together with a medi-
ation range () such that ¢ is an equilibrium in G|q is a canonical equilibrium.

For any game G = (I, C), let G* = (I',C*) denote the canonical game with the same

base game as G. A classical statement of the RP is as follows:!'”

Communication Revelation Principle For any game G, any distribution over outcomes

X that arises in any equilibrium of GG also arises in a canonical equilibrium of G*.
Forges (1986) established the communication RP for NE.

Proposition 3 (Forges (1986; Proposition 1)) The communication RP holds for NE.

"Townsend (1988) extends the RP by requiring a player to be honest and obedient even if she has
previously lied to the mediator, and correspondingly lets a player report her entire history of actions and
signals every period (thus giving players opportunities to “confess” any lie). Theorem 1 shows that enriching
the communication system in the way does not expand the set of implementable outcomes.
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As we build on this result, we reprise the proof in our notation in the appendix. The
intuition is that, in any non-canonical game (I',C'), we may view each player as reporting
her signals and actions to a “personal mediator” under her control, who then communicates
with a “central mediator” via communication system C', and then recommends actions to
the player. Each player may as well be honest and obedient vis a vis her personal mediator,
since she controls her personal mediator’s strategy. Now, view the collection of the N
personal mediators together with the central mediator as a single mediator in the canonical
game (I", C*), where player i’s personal mediator now automatically executes her equilibrium
communication strategy from the non-canonical game. Then it remains optimal for each
player to be honest and obedient, as each player has access to fewer deviations when she

cannot directly control her personal mediator.

3.2 The Communication RP for CPPBE

Our first substantive result formalizes the communication RP for CPPBE implicit in Myer-

SO1l.

Proposition 4 The communication RP holds for CPPBE. In particular, | Jo.. CPPBE (C)
CPPBE (C*).

This is much more subtle than the corresponding result for NE. The issue is that it is not
obvious how to translate a CPS i on F' X Z in a non-canonical game to a corresponding CPS
in the canonical game. We therefore give an indirect proof, building on Myerson’s results.
By Proposition 1, an outcome distribution p € A (X) arises in a SCE if and only if it arises
in a canonical CPPBE. By Proposition 2, an outcome distribution arises in a SCE if and only
if it arises in a NE in which codominated actions are never played with positive probability.
Since every (possibly non-canonical) CPPBE is a NE, to prove Proposition 4 it suffices to
show that, in every CPPBE, codominated actions are never played with positive probability.
This is proved as Lemma 4 in the appendix.

In proving Propositions 1 and 4, we introduce the notions of a “quasi-strategy,” which
is simply a partially defined strategy, and a “quasi-equilibrium,” which is a profile of quasi-

strategies where incentive constraints are satisfied wherever strategies are defined. We say
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that a quasi-equilibrium is “valid” if no unilateral deviation by a player can ever lead to
a history where another player’s quasi-strategy is undefined. We show that it makes no
difference whether we consider fully specified CPPBE or (valid) quasi-CPPBE. This is useful
in proving Propositions 1 and 4, as it saves us from having to specify what a player does
after she lies to the mediator or after she receives a message outside the mediation range,
and it also lets us assume that a previously honest player always believes her opponents have

also been honest. A similar approach is useful in the SE analysis in Section 9.

3.3 Failure of the Communication RP for SE

In contrast to the situation for NE or CPPBE, we have

Proposition 5 The communication RP does not hold for SE. Furthermore, | Jocc SE (C) 2
SE (C).

The failure of the communication RP for SE was previewed in the introduction. The
stronger result that (J... SE(C) 2 SE(C*) (without restricting to honest and obedient
strategies) is proved by extending the opening example to include two extra players in such
a way as to ensure that action C' must be recommended at some history. This implies that a
recommendation to play C' cannot be used to substitute for the extra “free pass” message, so
the set of possible messages must be expanded. In addition, the analysis of these examples
is robust to perturbations of the payoff functions and the target outcome distribution, so the

failure of the communication RP for SE is generic.

3.4 Sufficient Conditions for the Communication RP for SE

In light of Proposition 5, it is natural to ask when the communication RP for SE does hold.
We give three simple sufficient conditions.

First, the communication RP holds under a full support condition: any NE outcome
distribution under which no player can perfectly detect another’s deviation is a canonical
SE outcome distribution. This result may be “folk knowledge,” but we are not aware of a

reference.
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Second, the communication RP holds in single-agent settings. This follows as a trivial
corollary of the full-support result. It is applicable to many models of dynamic moral hazard
(e.g., Garrett and Pavan, 2012) and dynamic information design (e.g., Ely, 2017).

Third, the communication RP holds in games of pure adverse selection: that is, if |A; ;| =
1foralli#0andte{l,..,T}. In a pure adverse selection game, players report types to
the mediator, the mediator chooses allocations, and players take no further actions. Much of
the dynamic mechanism design literature assumes pure adverse selection (e.g., Pavan, Segal,
and Toikka (2014) and references therein).

Recall that, given a distribution p € A (X)), p; denotes the projection of p onto X;. Let ||-|
denote the sup norm on A (X): for distributions p, p’ € A (X), [|[p — ¢'|| = max.ex |p () — p' ()]

Proposition 6 The following hold:

i,U'_i7¢

1. For any game G, if (0, ¢) is a NE and supp p?’¢ = Uy ex_, SUPD ,0? foralli # 0,

then p®® is a canonical SE outcome distribution.
2. If N =1 then any NE outcome distribution is a canonical SE outcome distribution.

3. If G is a game of pure adverse selection then any NE outcome distribution is a canonical

SE outcome distribution.

Parts 1 and 2 are fairly straightforward. Part 3 follows from noting that the construction

in Proposition 7 is canonical in pure adverse selection games.

4 The Implementation RP

Our main result is that every SCE outcome is implementable in SE for some communication
system (in particular, with quasi-direct communication). The failure of the communication

RP for SE thus poses no obstacle to the characterization of SE-implementable outcomes.

Proposition 7 For any base game, an outcome distribution arises in SE for some com-

munication system if and only if it arises in a canonical CPPBE (equivalently, a SCE).
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In addition, every such outcome distribution arises in SE with quasi-direct communication.
Hence,

CPPBE(C*) = | | SE(C) = SE(C™).
ceC

Proposition 7 completes the proof of Theorem 1.
As every SE is a CPPBE and the communication RP holds for CPPBE (Proposition 4),
we have

CPPBE(C*) 2 | JSE(C).
ceC

The substance of Proposition 7 is thus that every canonical CPPBE outcome distribution

arises as a SE with quasi-direct communication:
CPPBE (C*) C SE (C™).

Recall that the quasi-direct communication system C** = (R*, M**) is given by R, =
Aiio1 x Sy and M7 = A;; U {x} for all i # 0 and ¢, where x denotes an arbitrary extra
message. In our construction, message x is not used on path. Moreover, players are honest
and follow all recommendations other than %, as long as they have done so in the past. The
construction is thus “almost” canonical.'® In addition, the extra message * is unnecessary
when each player has at least one codominated action at every information set. In that case,
the mediator can use the “recommendation” of the codominated action to mean x.

Message x corresponds to the “free pass” in the opening example. As in that example,
the role of message « is to signal to players that they should tremble with higher probability.
(When a player instead receives a message m;; # %, she plays a;; = m;; and trembles
with much smaller probability.) In addition, after receiving *, a player’s future reports to
the mediator are inconsequential (barring future mediator trembles), so honesty is optimal.
Based on these honest reports, the mediator’s future trembles can be specified so that,
conditional on a player receiving a future recommendation to take any non-codominated

action, the player’s beliefs are those required to motivate that action. For instance, in the

18 A second way in which our construction is not canonical is that a previously honest but disobedient
player may not be honest. This difference from Myerson’s approach arises because the SE solution concept
limits the consistent beliefs available to a disobedient player (in particular, she cannot believe that her own
deviation was correlated with deviations by other players), which makes ensuring honesty difficult.
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example, when player 2 receives recommendation my = P, he believes that the mediator
trembled first to m; = x and then to my = P after (i1,0) = (C,p), which generates the
required belief to motivate a; = P. Note that it is the possibility that one’s opponents
received message %, trembled, and then reported truthfully that motivates a given player to
follow her recommendation.

Propositions 4 and 7 jointly imply that the implementation RP holds for any notion of
PBE which is stronger than CPPBE but weaker than SE. Many notions of PBE that impose

some form of “no signaling what you don’t know” fall into this category, such as PBE

satisfying Battigalli’s (1996) “independence property” or Watson’s (2017) “plain PBE.”

We end this section by sketching the proof of Proposition 7.

It is useful to first briefly review Myerson’s proof that the outcome of every NE where
codominated actions are never played is a SCE, as we build on this proof. Myerson first
constructs an arbitrary SCE with the property that all non-codominated actions are rec-
ommended at each history with positive probability along a sequence of move distributions
converging to the equilibrium. He then constructs another equilibrium where the mediator
mixes this “full-support” SCE with the target NE. By specifying that trembles are much
more likely in the former equilibrium, after any history in the mixed equilibrium that lies
off-path in the target NE, players believe that the full-support CPPBE is being played, and
therefore follow all non-codominated recommendations. Taking the mixing probability to
0 yields a SCE with the same outcome as the target NE, in which all non-codominated
recommendations are incentive compatible.

Our construction starts with an arbitrary “full-support” NE: more precisely, a NE in
the unmediated, perturbed game where each player must take each action at each history
with independent probability at least €. Here, ¢, — 0 along a sequence of strategy profiles
indexed by k converging to the equilibrium, but this convergence is slow compared to other
possible trembles: that is, action trembles in the full-support NE are relatively likely. In the
SE we construct, the mediator uses the off-path message x to signal to a player that the full-
support NE is being played. Since the full-support NE is an equilibrium in the unmediated

game, a player who receives message * believes that her future reports are almost-surely in-
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consequential, and thus reports honestly.!® In particular, when the mediator implements the
full-support NE, he recommends m;; € A;, according to the equilibrium strategy of player
¢ with probability 1 — /&; and recommends m;; = * with probability /¢, independently
across players. Player i obeys each recommendation m;; € A;; (with negligible tremble
probability) and, and after , takes a;; according to her equilibrium strategy but trembles
with probability |/g;. Since the mediator tremble to m,; = x is independent across players,
from the other players’ perspectives, it is as if player ¢ plays her NE strategy while trembling
with probability /e x \/ex = €.

In order to provide on-path incentives, the mediator must also be able to recommend
specific, non-codominated punishment actions. To make these recommendations incentive
compatible, we mix in trembles to mediation plans that recommend all motivatable actions
(as in Myerson’s construction). A key step in our construction is to show that, since trembles
in the full-support NE are relatively likely and players who believe this equilibrium is being
played report truthfully, the mediator tremble probabilities can be chosen to generate the
beliefs required to motivate each non-codominated action.

An important difficulty is posed by histories that involve multiple surprising signals or
recommendations: for example, a player may receive a O-probability recommendation to
play some action a in period ¢ and update her beliefs about the mediation plan accordingly,
but may then observe another surprising (i.e., conditional 0-probability) recommendation
to play some action a’ in a later period #’. We need to ensure that every non-codominated
recommendation in period ¢’ is incentive compatible, no matter what recommendations were
made in earlier periods. This is challenging, because there is no guarantee that the mediation
plan that motivates action a in period ¢ is consistent with the mediation plan that motivates
action a’ in period t'.

To deal with this, we introduce an additional layer of trembles, whereby the mediator may
tremble to recommend any motivatable action even while he still “intends” to implement
the full-support NE. These trembles are less likely than both action trembles within the full-

support NE and the mediator trembles to mediation plans that rationalize non-codominated

9This step is absent in Myerson’s proof, as the SCE/CPPBE solution concept allows mediator trembles
to be directly correlated with player trembles about which the mediator has no information.
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actions. Therefore, when a player receives a 0-probability recommendation to play action a in
period ¢, she believes with probability 1 that the mediator has trembled to the mediation plan
that motivates action a; but when she later receives another surprising recommendation to
play action a’ in period ', she switches to believing that, in fact, her period-t recommendation
was due to a recommendation tremble “within” the full-support NE (and thus that, in
retrospect, she might have been better-off disobeying the period-t recommendation), while
the current, period-t' recommendation to play a’ indicates a tremble to the mediation plan
that motivates a’.?°

To complete the construction, this “motivating equilibrium” (the mixture of the full-
support NE, the mediation plans that motivate each non-codominated action, and the addi-
tional layer of trembles) is mixed with the original target NE, with almost all weight on the
latter. Players therefore believe that the mediator follows the target NE until they observe
a 0-probability signal or recommendation. Subsequently, players assign probability 1 to the
motivating equilibrium, and therefore obey all non-codominated recommendations. Since

the original NE did not involve codominated actions, all on- and off-path recommendations

are incentive compatible.

5 Conclusion

5.1 Summary

Our main result is that the implementation RP holds for SE: to calculate the set of out-
comes implementable in SE by any communication system, it suffices to calculate the set of
canonical CPPBE outcomes, or equivalently the set of outcomes of canonical NE in which
players avoid codominated actions.

We also show that the stronger communication RP holds for CPPBE, but not for SE. In
particular, while the set of SE-implementable outcomes equals the set of canonical CPPBE

outcomes, it may be necessary to allow one extra message to implement some of these

20This additional layer of trembles is also not needed in Myerson’s proof, because the SCE/CPPBE
solution concept allows mediator trembles to off-path recommendations to be directly correlated with the
earlier player trembles needed to rationalize such recommendations.
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outcomes as SE.

There are however some important settings where the communication RP does hold for
SE. These include games where no player can perfectly detect another’s deviation, games
with a single agent, and games of pure adverse (a class that includes much of the dynamic

mechanism design literature).

5.2 Discussion

Sequential Equilibrium without Mediator Trembles In defining sequential equilib-
rium in games with communication, one must take a position on whether or not the mediator

is “allowed to tremble,”

or more precisely whether players are allowed to attribute off-path
observations to deviations by the mediator instead of or in addition to deviations by other
players. In the current paper, the mediator can tremble. If the mediator cannot tremble, one
obtains a more restrictive version of sequential equilibrium, which in the previous version of
this paper we called “machine sequential equilibrium” (MSE), to indicate that the mediator
follows his equilibrium strategy mechanically and without error. Gerardi and Myerson (2007;
Example 3) showed that, in general, both the communication and implementation RPs can
fail for MSE: that is, | Joee MSE (C) 2 MSE (C*) and CPPBE (C*) 2 Upee MSE (C).
However, the previous version of this paper showed that Claims 1 and 2 of Proposition 6

hold for MSE, as does a “virtual-implementation” version of Claim 3. Thus, whether the

mediator can tremble or not is “almost irrelevant” in games of pure adverse selection.

Infinite Games The dynamic mechanism design literature often assumes a continuum of
types or actions to facilitate the use of the envelope theorem, while we restrict to finite games
to have a well-defined notion of SE. We conjecture that the communication RP for CPPBE
can be extended to infinite games under suitable measurability conditions. In the current
paper, we prove the communication RP for CPPBE in two steps: (i) we show that players
avoid codominated actions in any CPPBE, and (ii) we appeal to Myerson’s Theorem 2 to
show that the outcome of any NE where players avoid codominated actions is implementable
in a canonical CPPBE. The extension of (i) to infinite games is straightforward; the difficulty

is extending (ii), as Myerson also worked with finite games, and in particular relied on
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characterizing CPS’s as limits of full-support move distributions, which is not possible in
infinite games. However, we believe Myerson’s results can be generalized to infinite games
by instead relying on an alternative characterization of CPS’s as lexicographic probability

systems (Halpern, 2010). This is an interesting question for future research.

Non-Multistage Games Some recent models of dynamic information design go beyond
multistage games to consider general extensive-form games that lack a common notion of
period (e.g., Doval and Ely, 2019). Modeling communication equilibrium in general extensive-
form games is a long-standing open issue, and different approaches are possible (e.g., Forges,
1986; von Stengel and Forges, 2008). What version of the RP might apply in such games is

thus another open question.
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Appendix: Omitted Proofs

6 Proof of Proposition 3

We give a more formal version of the argument of Forges (1986; Proposition 1).
Fix a game G and a NE (7, ¢). We construct a canonical NE (&, @) in G* with p®?¢ = p=?.

Let 0 = o™*: players are honest and obedient at every history. The mediator’s strategy is
constructed as follows:

Denote player i’s period t report by 7;; = (@i4-1,8:4) € Aig—1 X Siy, with A; o = (. In
period 1, given report 7; 1, the mediator draws a “fictitious report” r;; € R, (the set of pos-
sible reports in G) according to o (5;1) (player i’s equilibrium strategy in G, given period-1
signal §;;), independently across players. Given the resulting vector of fictitious reports
ry = (7“1,1)1», the mediator draws a vector of “fictitious messages” m; € M; (the set of possi-
ble messages in G) according to ¢ (my|ry). Next, given (8;1,7;1,m;1), the mediator draws an
action recommendation ;1 € A;; according to ot (17 1|3:1, 7.1, ms1), independently across
players. Finally, the mediator sends message m; ; to player i.

Recursively, for ¢t = 2,...,T, given player i’s reports 7, = (@;r—1,3:,) for each 7 < ¢
and the fictitious reports and messages (rir,m;,) for each 7 < ¢, the mediator draws r;; €
R;; according to off(st,rt, mt, at, 5;,), independently across players.?’ Given the resulting
vector r; = (7;4);, the mediator draws m; € M, according to ¢(my|r, m’ rt) Next, given
(8i4,7it, miz), the mediator draws m,;; € A;; according to o (1|3t rt, mb, al, 84,70, M),
independently across players.?? Finally, the mediator sends message m;; to player i.

That this profile satisfies p(5’¢) = p(=® follows by induction from the beginning of the
game: given that players are honest and obedient, (7, !, m!) equals player i’s period-t history

RS

in the non-canonical game G, so, conditional on each vector (7,7}, m!),, the variables r;,,

m;, and a;; are all chosen with the same probabilities as in G.
We claim that the profile is also a NE. To see this, fix a player . We show that player

1 cannot attain a payoff above u; (&, <~b> from using any strategy, even if the notion of a

“strategy” for player i is extended to allow player i to observe (S;, Tit, Tig, Mit, M, Qi)
in each period t (rather than only (smﬁ-,t, Mit, ait)), and furthermore to directly choose
it as a function of (st, 7, rf m! mz, al, Sit,Ti¢) (rather than having the mediator choose 7;;
as a pre-specified function of (rz, rt,mt, 7). (In this thought experiment, the rest of the
mediator’s strategy—i.e., the determlnation of r_;;, my, and 7, as a function of the other
variables available to the mediator—is held constant.) Let 3; be the set of such extended
strategies for player 7.

We first note that, for any extended strategy o;, there is another extended strategy
&, € ¥; that does not condition on M} and satisfies p”i-#¢ = p7»7-i®  This follows be-
cause neither the mediator nor any other player j # ¢ conditions on m}; formally, such
a strategy can be constructed by letting player i draw an alternative message 7;; with

2If (8 a “Sz +) is not a possible history for player ¢ (that is, if there is no (st_i,at_i,s,i’t) and (U/,¢/)
such that Pr(® )((st st,), (al,a';), (84, 5-i¢)) > 0), the mediator can draw r;; € R;; arbitrarily (e.g.,
uniformly at random)

22 Again, if (8!, al, 8; ) is not a possible history, the mediator can draw m;; randomly.
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probability ot (1 |5t rt, mi, at, 5,4, 7is, miy) at each history (8L, rl, mi, al, 84, ris, miy), and
subsequently follow &; with 7, in place of m;;. Next, for any extended strategy &, that
does not condition on m}, there exists another extended strategy &/ that also does not con-
dition on 7 and satisfies p(&g"}*m) = p(ag’[’*iﬂ)). This follows because, given that r! is now
under the control of player i rather than the mediator, 7 enters the mediator’s strategy only
through the determination of m!, which strategy &’ does not condition on; formally, such a
strategy can be constructed by letting player ¢ draw an alternative report 7;, with probabil-
ity ot (7 4]st, 7t vt mi mlt al, s; ;) at each history (st, 7%, rf, mi mt al,s;;). Here, 7t = ) for
t =1 and for ¢t > 2, recursively replace 7 with 7.

Note that an extended strategy for player i that does not condition on m! or 7! can
be viewed as, for each ¢, a mapping from (S!, R, M}, AL, S;;) to R;;, and a mapping from
(St R, ML, AL S, 4, Riy, Miy) to A;y—or, equivalently, as a strategy in the non-canonical
game G. Moreover, for any such strategy o;, we have p7i7-i¢ = p7i7-i:¢ by the same
reasoning as for why p®? = p®%. Since o is a NE of G, it follows that player i cannot attain
a payoff above u; (G,¢) in the canonical game by using any extended strategy that does

not condition on 7! or 7f. Hence, player i cannot attain such a payoff by using any actually
available strategy in the canonical game. That is, ¢ is a NE in the canonical game.

7 Results for CPPBE

This section contains our analysis of CPPBE, culminating in the proofs of Propositions 1
and 4.

7.1 Quasi-Strategies and Quasi-CPPBE

Fix a game G = (T, C'). For each player i, a quasi-strateqy (x;, J;) for player i consists of

1. A set of histories J; = [[; J/*' u JM u M u M with J c B T
HY xRy, JM ¢ HM JMT ¢ HM % A, for each ¢, such that (i) for every A" € J/!
there exists h7 ™1 € JI*! that coincides with h."" up to period ¢, and (i) for every
hIH e JI*1 and every b € H™' that coincides with I *! up to period t, we have
hitt e JPt (iii) the same conditions hold for J/'F JAt jAtt,

T
2. A function y; = (Xf’t, X;“) , where x' . Jt — A (Ry;) and x[' : J! — A (A;y) for

each t.

Let J = [, Ji- Note that A € J* if and only if h! € J! for all i,
A quasi-strategy for the mediator (¢, P, F'|p) consists of

1. A set of reports P = [[_}' P* with P* C R! for each t, such that for every r* € P*
there exists 771 € PTH! that coincides with rf up to period t.

2. A set F|p, where each f € F|p consists of, for each t = 1,...,T, a function f; : P* —
M.
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3. A probability distribution ¢ € A (F|p).
We say a quasi-strategy profile (x, ¥, J, P, F|p) is valid if

1. For each f € Flp, k' € J', i # 0, 0; € &, and (s7/, r™ mTH a”[") with either

[ —1 =1

(ST+1 T Tt aT7L1) ¢ JEt or T+ & P, we have prvin—if) ((Sffl,rTﬂ,mT“ a’tt

0. That is, no unilateral player-deviation leads to a history where either the media-
tor’s or another player’s quasi-strategy is undefined. This implies in particular that
prlix-if) (+|h?) is a well-defined probability distribution on Z, and a; (al-, X_irf |hA’t)
is a well-defined expected payoft.

2. For each i # 0 and h! € J!, there exist h’, € J', and f € F|p such that p(s,|z7) > 0
and m; . = f (r"*!) for all 7 < ¢, where s,, 27, and r” are the corresponding components
of history (hf,h';). That is, every history in J is “explicable” by some opponents’
history bt € Jt,.

Finally, a quasi-CPPBE (X, v, J, P, F|p, z_ﬂ) is a valid quasi-strategy profile (x, v, J, P, F|p)
together with a CPS ¢ on F|p x J such that no player has a profitable deviation from a
history in J;:

) ) =

1. [CPS consistency/ For all f,t, hZR’t € JZ-R’t, h?’t € JiA’t, it e JRE RAL € JA romy, ay, Sepa,

we have

viH=vh. 9 () = TE g (raalhl™)
v (at|f7 hA’t) - Hij\io X! (ai’tm?’t) = (St+1|f’ hAt, at) =p <8t+1|ﬁA’t, Gt)
O (mul £, 1) = Lmi= gy

2. [Sequential rationality of reports] For all i # 0,t, 0} € ¥;, and hf’t € JZ-R’t, we have

>, @ (f, hR’t|hf’t> R O A1 I N <f, hR,t’hZR,t) @ (0 x i fIAR).

fEF|p,hB:teg fEF|p,hBted
(8)

3. [Sequential rationality of actions] For all i # 0,t,0) € ¥;, and hf’t € JiA’t, we have

> @(f,h“"tlhf"t) (A > Y zZ(f,hAﬂhf’t) s (0 X s FIM)

feF|p,hdted fEF|p,hAted
(9)

Let p%) € A (X) denote the outcome distribution induced by valid quasi-strategy profile
(x,%). The following lemma says that it is without loss to consider quasi-CPPBE rather
than fully specified CPPBE.

Lemma 1 For any game G = (I',C) and any outcome distribution p € A(X), we have
p € CPPBE(C) if and only if p = p¥) for some quasi-CPPBE profile (X, ), J, P, F|p,¢).
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Proof. Fix a game . One direction of the lemma is immediate: If (o, p1, it) is a CPPBE in
Gandwelet x=0,v=p,J =2, P=R, F|p=F, and ¢ = [1, then (X,¢,J,P,F|p,¢)
is a quasi-CPPBE with p0¥) = plo#), B

For the converse, fix a quasi-CPPBE (X, v, J, P, F|p, ¢). We say that a move distribution
on Fp x J is a triple (o', a”,a?), where o' € A(F|p), aff = (aR’t)thl with ot : F|p x
JEE — A(Ry), and ot = (ozA’t)tT:l with o : Flp x J4 — A(A;). A move distribution
on Fp x J has full support if (i) for each f € F|p, of'(f) > 0, (ii) for each f € F|p and
it e JRt ot (ry) f, A7) > 0 if and only if (A r,) € J™ and (iii) for each f € F|p and
At e JAL ot (ay| £, M) > 0 if and only if (R, a;) € JA.

By Myerson’s Theorem 1, every CPS is the limit of conditional probabilities derived
from a sequence of full support move distributions. Thus, there exists a sequence of move
distributions (a’*, af**, a4*) reny With full support on F'|p x J such that (i) alk(f) — ) (f)
for all f € F|p, (i) o (r,| f, ) — [T, X2 <ri,t\hf7t) for all 7, € Ry, bt € JH* and (iii)

aF(ag f, W) =TT xMaig)hM) for all a, € A, kA € JA. For each k, let

e = min min{a™ " (f), T (| £, RBY), M (@] £, BB v, my) Y. (10)
fEF\p,t,(tht,rt,mt,at)EJt+1

Given f € F|p, let F(f) = {f € F: f'(h') = f(h') Vt,h' € J'}. For k € N, consider
the following auxiliary game (I, C):

1. The mediator uses a mixed mediation strategy ;* € A (F) defined as follows: (i) with
probability 1 — %, draw f € F|p according to af* ¢ A(F|p), and then draw f' € F
uniformly at random from F'(f); (ii) with probability %, draw f’ € F' uniformly at
random from F.

2. Each player i chooses probability distributions o%(-|h®") € A(R;;) and o¥(-|n") €
A(A;,) for each t, " e HF\JM' hM e HAM\JM. At histories hf € J!, player i

has no choice to make, and we formally set o%(-|h*") = y, <-|hf"t> and oF(-|pM) =

Xi <'|h?7t>~

3. Given f (drawn from p*) and strategy profile o*, the distribution of HZ*! is determined
recursively as follows:

Given f € F and h** € H®! each r, € R, is drawn with probability

(1 — !{ft e Ry (hR’t,ft) ¢ JR’”}‘) alk(p | f, REY)if R e JREA (hR’t,rt) c Jhit
% if Wt e JREE A (BB ) ¢ JRT

I, ((1 — 2| Ryy|) o (rig | W) + %) if hfbt g Jr.
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Given f € F and h* € HAY, each a, € A, is drawn with probability

S @ o it S BT g e ne v € e,
& if B4t e JAA (BB, a,) ¢ AT,

k
I, ((1 — 2| Ay]) o (rig| R + %) if At JAL

Then, given a; € Ay, each s;11 € Syy1 is drawn with probability p (st+1|foLA’t, at>.
4. Given realized outcome z, player i’s payoff is u;(x).

Note that the strategy set in (Fk, C’) is a product of simplices. In addition, each player
i’s utility is continuous in o* and affine (and hence quasi-concave) in o¥. Hence, the Debreu-
Fan-Glicksberg theorem guarantees existence of a NE in (Fk , C). Moreover, since (uk , ak)
has full support on F' x Z for any strategy profile o* in (I"“, C’), Bayes’ rule defines a CPS
i*on F x Z.

So let (u*, 0%, ji¥), denote a sequence of NE ¢* and corresponding CPS’s ji* in (1"’“, C’).
Taking a subsequence if necessary to guarantee convergence, let (u, o, i) = limy,(u*, o®, i¥).
We claim that (i, 0, ) is a CPPBE in (I', C'). Since i is a CPS as the limit of conditional
probabilities, it remains to verify sequential rationality. We consider reporting histories hf’t;
the argument for acting histories hf ' is symmetric.

There are two cases, depending on whether or not 2" € J/*. 1f Bf** ¢ J' then hI*! ¢
JIH for all Al ™ that follow hf’t, so by inspection player ¢’s expected payoft conditional on

hf’t is continuous in p*, o®, &y, and k. Since o¥ (-[hf’t) is sequentially rational in (Fk, C)

(as (,uk, ak) is a NE in (Fk , C’) with full support), it follows that o; <-|hf’t> is sequentially
rational in (I, C').

Now consider the case where h;"" € J/*'. Note that, for each A} ™ € JF ™ and (f,n%}") ¢
Flp x J5F, there exists (f', ;™) € F|p x JI! such that

S BT T

1;?1 i (f pI+1 hliT.-i-l) = 0.

This follows because in (I‘k, C’) each “tremble” leading to a history outside J occurs with
probability at most £;/k, while every history h] ™' € JI*! occurs with positive probability
given move distribution (aF ok afbk ozA’k) (this is an implication of the second condition in
the definition of a valid quasi-strategy profile), and with this distribution each move occurs
with probability at least e.

Therefore, for each f € F|p and h/*" € J, we have f(f, b W) = & (f, K™, and

the conditional probability that < f th’t> € Flp x JiR ' equals 1. Hence, the fact that (8)
holds with CPS ¢ implies that o;(-|h."") = x; <-|hf’t> is sequentially rational in (I, C). m
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7.2 Quasi-CPPBE and Mediation Ranges

The following lemma says that the ability to restrict the mediator’s messages to lie in some
mediation range does not expand the set of implementable outcomes. Let Q (G) denote the
set of all possible mediation ranges in game G.

Lemma 2 For any game G, we have CPPBE (G) = Ugcg(e) CPPBE (Glo).

Proof. If we let () be the trivial mediation range that never excludes any messages
(ie., Qi (rt,mt riy) = My, for all i,t,rf,mt, r;;), then G = G|g. Hence, CPPBE (G) C
Uocore) CPPBE (Glo).

It remains to show that, for any mediation range (), we have CPPBE (G|g) € CPPBE (G).
Fix a mediation range () and a CPPBE (o, pt, i) in G|q. For each ¢ and ¢, let

JhEt — {hf’t c Hith tmir € Qi (r],m],ri;) VT < t} and

JAt {hf’t c HZ-A’t tmir € Qi (r],m],ri;) V7 < t} ,

let JR = {(hf’t,ri7t) LK e Jﬁt} and J = {(hf’t,ai7t> M e Jf’t}, let P = R,
and let

Flp =1 {ft JIR = QU007 )} -

t=1 =1

Note that J = Z|g (the set of terminal nodes in G|g) and F|p = F|g (the set of pure
mediation strategies in G|g). Hence, (o, J) is a player quasi-strategy profile in G, (u, P, F'|p)
is a quasi-strategy for the mediator in G, and j1is a CPS on F'|px J in G. Moreover, the quasi-
strategy profile (o, i, J, P, F'|p) is valid in G, since (i) histories outside J cannot arise under
any mediation strategy in F' (so the first condition in the definition of a valid quasi-strategy
profile is satisfied) and (ii) every message history in J can arise for some mediation strategy
in F' (so the second condition is also satisfied). Finally, the conditions for (o, u, 1) to be a
CPPBE in G|q are precisely the conditions for (o, i, J, P, F|p, i) to be a quasi-CPPBE in
G. Hence, the latter is a quasi-CPPBE in G, so Lemma 1 implies that p(**) € CPPBE (G).
[

7.3 SCE Implies Quasi-CPPBE

Lemma 3 For any game G and any SCE (1, Q, n), there exists a canonical CPPBE with
outcome distribution pl« .

Proof. In the canonical game G*, let
JRt { Bt e H } and
! Ti,’r = (a’i,T—17 Si,T) and mi,T S Qz (Tz—v mz—y ,ri,T) VT <t
- Wt e HM |
! Tiz = (@iro1,8i7) and my, € Q; (1], m],ri;) V7 <t |’
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let
R,t+ R,t . R,t R,t
Ji - {(hl ’Tiﬂf) thy € J; and iy = (@i, Si,t)} and
J73A7t+ = {(h?’t, ai,t) . h?’t E JZ:AJ aIld ai,t e Ai,t} s

let P =R, and let

Flp = H {ft : HRT —Q (Tta (fr (rTvrT))i_:ll 7”)} :

t=1 T=1

Consider the quasi-strategy profile (x, v, J, P, F'|p) where Y, is honest and obedient at each
ht e J! (ie., Xﬁ’t <hf’t) = (@i4-1, ;) for all hf’t € JiR’t and XiA’t (h?’t> = m;; for all

hiA’t € JiA ). This quasi-strategy profile is valid, since (i) histories outside J; can arise
only if player i is dishonest or the mediator uses a strategy outside F|p and (ii) every
message history in J can arise for some mediation strategy in F'|p. Moreover, by inspection,
(x, ¥, J, P, F|p, i) is a quasi-CPPBE in G* if and only if (1, @, 1) is a SCE. Hence, the former
is a quasi-CPPBE in G*, so Lemma 1 implies that p*¥) € CPPBE (C*). m

7.4 CPPBE and Codominated Actions

We now show that, in any CPPBE, players do not take codominated actions at any history.
Lemma 4 For any game G and CPPBE (o, u, ), supp o;(hi™") N Di(h*) = 0 for all i and
htt e HM.

7.4.1 Proof of Lemma 4

Fix a game G and a CPPBE (o, i, t). The sequential rationality condition at history hiA s

> e

feFRAteHAL xeX

= max > a(f, h™

02621'
fEFRAteHAL ze X

hf’t) Pr? (x|f7 hA’t) w; ()

B Pt (al [ W) s (). (1)

Let X7, denote the set of continuation strategies for player i starting with the period ¢ action
phase in the canonical game G* that do not depend on m!. Let F* denote the set of pure
mediation strategies in G*. We wish to prove the following lemma, which replaces At in
(11) with its payoff-relevant component (z*, s;):

Lemma 5 There exists a CPS [ on F* x X' x S; x A; such that, for each i, zt € X!,
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T ,S;

Sit € Sit, Myt € UhAthAt (! )suppaf‘(hA’ ), and o} € X, we have

Z [j’(fa $t7 8t|x§7 Si,ta mi,t) Prg* (l’|f, xta St) U; (:L‘)
feF* (at,s:)eXtxSt,zeX
> Z ﬂ(f; o, 8e|a, S, i) Provos: (x|JE7 a’, St) u; (). (12)

feF= (at,s))eXtxSs,zeX

Inequality (12) is equivalent to (7), the sequential rationality of obedience condition in
the definition of SCE. Hence, by Myerson’s Lemma 1, (12) implies that m,; ¢ D; (z%, s;,).
This completes the proof of Lemma 4.

To prove Lemma 5, we define an auxiliary game G* and construct an equilibrium in G*
for which (11) is the sequential rationality constraint and (12) is a relaxed version of this
constraint. The game G* is equal to the restriction of G* from periods t to T, with an “initial
state” (zf,s;) drawn from ji* (2!, s;), where (ﬂk)keN is a sequence of full-support CPS’s that
converge to i as k — oo. When (2%, s;) is drawn, each player i observes (z,s;;), and the
mediator observes (zf, s;). Finally, the mediator’s strategy is fixed as follows: after observing
(2%, s;), the mediator draws a mediation plan f and a “fictitious history” h“* according to
" (f, k', s). In period t, the mediator recommends 77;; € A;; according to o (1, 4|,
independently across players. For the rest of the game, the mediator takes some behavioral
strategy ¢y ja., independent of k.

Lemma 6 There ewists (@;pac)seppategar  such  that, for each (x},s;;) and
- A
Mgy € Upajai_ip . ) Supp oi(h; "), we have

> Al

fEFRAteHAL x€X

= max Z ’(f,hA’t|x§,si7t,fni,t)Pr”;’”ii (.T|¢f7hA,t,hA m,t) i (z), (13)

oI fEFhALteHA zeX

mi,t) Pr” ('r’(bf,hAvta hA’t, mi,t) w; (x)
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where o* is the fully canonical strategy and i is the mediator’s limit strateqy, given by

o aeiAr e ERRMRYER(S, h“\h“) A hi)
H(f»h |hz 7m17t)—hm Al At At
B (MR (f, B R oA (g b

Proof. Construction of ¢;,a.: This is similar to the usual revelation principle ar-
gument (e.g., the proof of Proposition 3). Denote player i’s period ¢ + 1 report by by
Titr1 € A; ¢ XS;py1. Given (hA Tit+1), the mediator draws a “fictitious report” r; ;11 € R; 41
according to o} H(hf ,Tite1).2> Next, given r,q, the mediator calculates a vector of “fic-
titious messages” m; 1 = f(h**,r,1). Finally, the mediator draws action recommendation
~ . A At ~ ~ .

Mitr1 € A;pr according to of (h; ", @i, Sit+1, i1, Mirt1), independently across players,
and sends message m; 41 to player :.

23 As in the proof of Proposition 3, r; , and (in what follows) 7, , can be chosen arbitrarily if player i’s
fictitious history is infeasible.
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Recursively, for each t' > t+1, given player i’s reports 7; ; = (@; r—1,85;,) foreacht <7 <
t" and the fictitious reports and messages (r; r,m; ;) for each t <7 < t, the mediator draws

. R At ~ ~ ~ ~
riy € Rip according to o*(h; ™", @ity Sitt1s Titt1s Mitily - -y Titr—1, Mipr—1, i1, Sip). Next,
given 7y,the mediator calculates my = f(h4' ry1,...,7y). Finally, the mediator draws
> . At ~  ~ .
m;p € A;p according to af(hi ,Qity i1, ---,Tiy, Miy), independently across players, and

sends message ;¢ to player 7.
Proof of (13): Suppose (13) is violated for some (2}, s; ;) and 1;; € (J, 4,4

Then, there exist A" with a(h A, m;iz) > 0 and o] € 37, such that

¢y SUPD Oi(B).

:(xi75i,t

Z il f, hA’t|h§47t7 Mit) Pr7 ($|¢f,hf4»ta ht, mi,t) u; (1)

fEFRAt z€X

< ST AU RN ) PR (2l e Y i) i (). (14)

fEFRAL zeX
By definition of f,
(M ) o (| )
Zh’.Avf ﬂk<h;A7t

_ AL AL - :
a(h; " \h; " my ) = lim 2 — :
L g Wit (g )

Hence, fi(h™' b, mi,) > 0 implies 7i;, € supp o2 (h:M).

Note that ¢ 4. is constructed so that the conditional distribution of x given f, hAt,
and m;, (when players follow 0*) is the same as the conditional distribution of = given (f, o)
and realization a;; = 1M, € supp o(h:""). Hence, in order to prove (13), it suffices to show
that there exists a strategy in G* that attains the expected payoff in the second line of (14).

The argument is similar to the proof of Proposition 3. Suppose that in game G* player i
can additionally observe the fictitious information ., (TW)Z: pi1o and (m; )T, . We can
view any strategy o/, in G* as such an extended strategy, one that simply ignores the fictitious
information. Now, as in the proof of Proposition 3, there is another extended strategy o/

that does not condition on () ., and satisfies p7i7-i/ = p7i"o=-f for each f (conditional

on hf’t,mi,t). And, as in the same proof, there is yet another extended strategy o € %,
that does also not condition on (7; ;) ., and satisfies pPio-id = prio-if  We can now view
o as a strategy in G, and it attains the higher expected payoff in (14). This contradicts
(11), and therefore establishes (13). m

Given (13), we establish (12) by applying Kuhn’s theorem and summing over payoff-
irrelevant information.
Proof of Lemma 5. By Kuhn’s theorem, for each k, there exists a mixed mediation

strategy u* € A (F*) such that

Z lak (f7 hA’ta mt’l't; St) Pr? (x|¢f,hAvt7 hA’ta mt) = Z ,uk (f|xt7 St) Pr? (x‘fa xty St)

fEF,hA’tGHA’t fEF*
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for each (zt,s;), My, x, and o € ¥*.2 By Bayes rule, this implies
Z h’Ign ﬁk(f7 hA’t|‘/I"§7 Si,t7 mi,t) Pra (x|¢f7hA,t, hA7t7 mi,t)
f,hA’t
= Z h]gnﬂk(f7 mta5t|$§a5i7t,mi,t) Pr? <$|fa xtﬂgt) ) (15)
fer*

where [ is determined by ¥, ¥, and Bayes’ rule:

i (@t 5 1 (flat )

=k (ot ot ) / E [ £11,t ot ) / '

Z H (miﬁzfivsut?‘gfi,t)# <f |xi>$7i>sl7t’57i,t>
f/ 't gl e
g0 —q,t

er .t gt o ’ .
fz‘(wiﬁmfi’s’b,h's,iyt)_mz,t

ﬂk(ﬁ xta St‘iUf, Si,tami,t) =

Define /i = limy_. /1*. By (15), for each 0 € £* we have

Z liin iF(f, W4t sy, 15,) Pr° (z]dfpa, A ) i ()

f:hA’t»m

= Z hinﬂk(ﬁ ', 8|2y, sig, i) Pre (33‘]?7 a’, St> u; () .

feF*(at,st),x

Hence, (13) implies (12). m

7.5 Proof of Propositions 1 and 4

Proposition 1: By Lemma 3, for each SCE p, there exists p € CPPBE (C*) with p = p7 *.
Conversely, take p € CPPBE(C*). By Lemma 4, players do not take codominated actions
at any history. Since every CPPBE is a NE, Proposition 3 implies that there exists a fully
canonical NE with outcome p where players do not take codominated actions at any history.
Hence, by Proposition 2, there exists a SCE p with p = p *#.

Proposition 4: Since Lemma 4 does not require that C' = C*, the same argument just
given implies that, for any C' and p € CPPBE(C), there exists a SCE p with p = p7 *.
Hence, by Lemma 3, there exists a canonical CPPBE with outcome p.

8 Proof of Proposition 5

While oo SE(C) 2 SE(C*) implies that the communication RP does not hold for SE,
for expositional clarity we prove the proposition in two steps: we first prove that, in the
opening example, the outcome distribution %(A, A,N) + %(B , B, N) is implementable in
non-canonical SE but not in canonical SE; and then we extend the example to prove that

Ucee SE(C) 2 SE(C7).

240n the right-hand side, we omit the period ¢ recommendation 7, as it equals f (at, s4).
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8.1 Failure of the Communication RP in the Opening Example

Possibility for Non-Canonical SE By Propositions 1 and 2 and Theorem 7, we need
only construct a canonical NE that implements % (A, A, N) + 3 (B, B, N) in which players
do not take codominated actions at any history. Such a NE is: the mediator recommends
my; = A and m; = B with equal probability, plays mo = m;, and recommends my = N if
s =0 and mgs = P if s = 1. Note that each a; € {A, B} and N are never codominated, and
as = P is not codominated after s =1 as P is optimal if (a1, 0) = (C, p).

Impossibility for Canonical SE Since a; = C' is strictly dominated, if a canonical SE

implements 1 (A, A,N) + 1 (B, B, N), the mediation range Q; (#) must be equal {A, B}.

That is, the mediator can never recommend m; = C' (even as the result of a tremble).
Note that, for each strategy for the mediator and player 2 and each realization of

(ml,dl,é, s), the resulting probability Pr (m2 = P|my,ay,0, a4, @, s) does not depend on
(a1,0). Now, conditional on reaching history (mq,a; = C,#), player 1 chooses her report

(&1, 9) to minimize Pr (mg = P) (since, in a canonical equilibrium, a; = P iff my = P). Since

a; = C implies s = 1, and when a; = C' player 1 must be willing to report (dl, 9) = (C,0)

for each value of 0, we have
Pr (mz = Plmq,a; = C.O=n,s= 1) =Pr (mz = Plmq,a; = C.H=p,s= 1) .
In addition, if a canonical SE implements % (A A N) + % (B, B, N), it must satisfy
Pr(my = Plmy,a1 = C,s=1) >0

for each m; € {A, B}. Otherwise, given that player 2 never plays as = P with positive
probability when s = 0 (since s = 0 implies a; # C), player 1 could guarantee a payoff
of % by playing A and B with equal probability and reporting a; = C. Hence, for each
mi € {A, B},

Pr <m2 — Plmi,in = C,0 =n,s= 1) — Pr <m2 — Plma, iy =C,0 =p,s = 1) > 0.
Since player 1 honestly reports each (a;, ) in a canonical SE,
Pr (my = Plmy,a1 = C,0 =n,s =1) = Pr(my = Plmy,a1 = C,0 = p,s =1) > 0.

Hence, along any sequence of completely mixed profiles indexed by k converging to the
equilibrium,

lillglPrk (mg = Plmy,a1 =C, 0 =n,s=1) = liinPrk (mg = Plmy,a1 =C,0 =p,s=1) > 0.
(16)
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Therefore,

B liin Pr* (s = 1,my = P)
— lim Pr* (mgy = P|(a1,0) = (C,p),s = 1)Pr"((a1,0) = (C,p),s = 1)
k ( Pr* (my = P|(a1,0) = (C,p),s = 1) Pr* ((a1,0) = (C,p),s = 1) )
k<<a179)7£(07p 73:1)

)
5 =1)
+Pr" (mg = P|(ay,0) # (C,p),s =1)Pr
)
)
1

< lim Pr* (my = P|(a1,0) = (C,p),s = 1) Pr* ((a1,0) = (C,p),s = 1)
Tk < Pr* (my = P|(a1,0) = (C,p),s = 1) Pr* ((a1,0) = (C,p),s = 1) )
+Pr* (my = P|(a1,0) = (C,n),s = 1) Pr* ((a1,0) = (C,n),s = 1)

= lim Pr* (mz = P|(a1,0) = (C,p) s = 1)
k' Pr¥(my = P|(a1,0) = (C,p),s =1) + Pr* (my = P|(a1,0) = (C,n),s =1)

5’

where the second-to-last line follows because § = n or p with equal probability, independent
of a; and s, and the last line follows since (16) holds for each m; € {A, B}, which are
the only possible values for m;. This implies that player 2 will not follow recommendation
me = P when s = 1 in any canonical SE. Hence, a; = P cannot be played with positive

probability at any history in any canonical SE. Given this, player 1 can guarantee a payoff
of % by mixing A and B, so % (A,A,N) + % (B, B, N) cannot implemented.

8.2 Extending the Example

In the extended example, there are four players (in addition to the mediator) and four
periods, with the following timing:

Period 1. No signals are observed. Player 1 takes an action a; € {A1, By }.

Period 2. The mediator observes a;. Player 2 takes as € {As, By, Cy} and player 3
takes a3z € {As, Bs}.

Period 3. Player 2 observes § € {n,p} with equal probability. The mediator takes
ap € {Ao, Bo}

Period 4. The mediator and player 4 observe s € {0,1}, where s = 0 iff a; = A; and
as # ag. Player 4 takes a4 € {N, P}.

Player 1’s payoff equals 1¢,,—p,} — 1{a,=cy}1{as=P}- Player 2’s payoff is given by

Ay By Ag By
Ag 0-— 1{a4:p} 1-— 1{a4:P} Az 1—- 1{a4:P} 1— 1{a4:P}
By 1-— 1{a4:p} 0-— 1{a4:p} By 1-— 1{a4:p} 1— 1{a4:p}
Co —3—1lgepy —3—li—py Co 0 0
a; = Ay a; = By

Player 3’s payoff is constant. Player 4’s payoft equals 1{(4, as,6)2(41,C2.p)} L{aa=N} -
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Note that we have omitted time subscripts on A; since each player moves only once. We
do the same for M.

Consider the target outcome distribution where (i) 1A4; + 1By is played in period 1, (ii)
when A, is played in period 1, § (As, A3, Ag) + 3 (Ba, Bs, By) is played in periods 2 and 3,
(iii) when B is played in period 1, (As, Az, Ag) is played in periods 2 and 3, and (iv) N is
played in period 4. We claim that this distribution is implementable in SE, but not with
C=C".

Possibility for C' # C* Again, it suffices to implement the target distribution in a canon-
ical NE in which players do not take codominated actions at any history. Consider the
following mediator strategy: The mediator draws m; € {A;, By} with equal probability.

When m; = a; = Aj, the mediator draws my € {As, B2} with equal probability, and
recommends mg = my = ms. If s = 0, he recommends m4 = N; if s = 1, he recommends
my = P.

When m; = A; but a; = By, the mediator recommends my = Cy, m3 = Az, and my = P.

When m; = B; (regardless of a;), the mediator recommends my = Ay, mz = As,
mg = Ap, and my = N.

It is straightforward to check that this is a NE. Moreover, no codominated actions are
recommended: For player 4, after s = 0, P is codominated; and after s = 1, no action is
codominated, since (aq, as, ) # (A1, Cy,p) is feasible. Given this, no action is codominated
for player 2, as each ay € {A2, By} can be optimal after a; = A;, and as = Cs is optimal after
a1 = B; when a4 = P is anticipated. Given that a, = C5 and a4 = P are not codominated,
neither is a; = A;.

Impossibility for ¢ = C* Suppose towards a contradiction that such a SE exists. In
what follows, each fraction p/q should be read as limy_.. p*/q*, where p*,¢* > 0 denote
probabilities along a sequence of strategy profiles converging to the equilibrium.

For each player ¢ and action a; that is played with positive probability in the target
distribution, assume without loss that a; is played with positive probability after m; = a;.
Moreover, since the on-path actions of players 2 and 3 must be perfectly correlated, it is
without loss to assume that, for ¢ € {2,3}, a; € {A;, B;} is played with probability 1 after
m; = a;. Further, to deter a deviation by player 1 following m; = A;, player 2 must play
as = (5 with probability 1 after some message, which without loss we take to be mqy = (5.
Since player 3 is indifferent among all outcomes, we can also let a3 = mg with probability
1. Finally, since player 4 moves last, the usual static revelation principle argument implies
that we can let a4 = m4 with probability 1.

Note that Cs is strictly dominated conditional on a; = A; and weakly dominated
conditional on a; = B;. Since player 2 is willing to take Cy after my = (5, we have
Pr (a; = Bi|ms = C3) = 1. Since a1 and ay are independent conditional on my, this implies
Pr(ay = Bi|mg = Cy,a9 = As) = 1. Hence, if player 2 trembles to ay = Ay after my = Cy,

~

she believes that a; = B; with probability 1, and she therefore chooses her report (&2, 9)
to minimize the probability that ay = P. Since player 2 can always report as if she took
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as = (Y, this implies that

PI' (a1 = Bl,a4 = P|m2 = OQ,CLQ = Ag)
S PI'(CLl :Bl,a4:P|m2:C’2,a2:C’2).

Note that if Pr(a; = By, a4 = Plms = Cs,as = A3) < 1 then player 2 would deviate to Ay
after my = Cs. So this probability must equal 1, and hence

Pr(ay = Bi,ay = Plmy = Cy, a3 = Cs) = 1.
Since a; = B; implies s = 1, we have
Pr(a; = By,mq = P,s = 1lmy = Cy,a3 = Cs) = 1.
Finally, since ay = Cy with probability 1 after my = Cs, we have
Pr(a; = By,as = Co,my = P,s = 1|my = Cy) = 1. (17)
On the other hand, since player 4 to be willing to take N after s = 1 and my = P, we

have Pr (a; = Ay,a3 = C,0 = p|s = 1,my = P) = 1. In particular,

+Zm27602 Pr (mg) Pr (CLl = Al,CLQ = 02,9 =p,My = P,S = ]_’m2)

Pr (my = (%) Zalm Pr(ay, a9, my = P, s = 1|mgy = C5)
+ Zm#Cz Pr (my) Zalm Pr(ay,as,my = P, s = 1|my)

<Pr(m2:Cg)Pr(a1 = Aj,a3 = Cs,0 =p,myg = P, s = 1|my = Cy) )
]_:

Since (a +¢) / (b+d) < (a/b) + (¢/d) for all positive numbers a, b, ¢, d, the right-hand side
is no more than
PI‘((ll :A17a2 :C270:p7m4 :P,S: 1;|m2 :OZ)
Zal,ag Pr (a’lva27m4 = P,S = 1’m2 = 02)
P =4 ) - C 79 =D = P; =1
L r(a; = Ay,a2 = Co,0 = p,my s = 1jms)
Zal,ag Pr (a17a27m4 == P,S = ng)

ma#Ca

Note that

Pr(a; = Aj,ap = Cy,0 =p,my = P,s = 1,|my = ()
S Pr(a1 :Al,ag :Cg,m4:P,S: 1,|m2202) =0 (by (17))
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Hence,

1 - Z Pr(a; = Ay,a9 = C2,0 = p,my = P, s = 1|my)

ma#Co Zal,ag Pr (CLl,CL27m4 = P, S = ].|m2)

Z Pr(a; = A1,as = Co,0 = p,my = P,s = 1|my)
Pr(a1 :Al,angg,m4:P,S: 1|m2)

ma#Co
Z Pr(§ = p,my = Pla; = A1, my, a3 = Cs)
Pr (m4 = P|a1 = Al,mz,ag = Cg) ’

(18)
ma#C2

where the second line drops the event (a,as) # (A;, Cy) from the denominator (giving a
necessary condition) and the third line uses the fact that ay = Cy implies s = 1.

Now, after ay = Cs, player 2 is strictly better off if player 4 takes N if a; = A;, and
player 2 is indifferent if a; = B;. Moreover, Pr(a; = A1|mgy) > 0 for each my # Cy. Hence,

each my # Cy, after (mg,ay = Cy) player 2 chooses her report (das,0) to minimize the

probability that ay = P, and hence the probability my4 = P (since a4 = my4 with probability
1), independent of §. Therefore, for each mq # Cs,

Pr(@zP,m4:P\a1:A1,m2,a2:CQ) :Pr(H:P)Pr(m4:P]a1 :Al,mQ,ClQ:CQ),

and thus

Z Pr(@zp,m4:P|a1:Al,mQ,CLg:C'g) 1
Pr(m4:P|a1:A1,m2,a2:C’2) N 2

ma#Co
This contradicts (18).

9 Results for SE

This section contains our analysis of SE, culminating in the proofs of Propositions 6 and 7.

9.1 Quasi-Strategies and Quasi-SE

As we did for CPPBE, we begin by introducing notions of quasi-strategy and quasi-equilibrium.
For each player i, the definition of a quasi-strategy (x;, J;) is the same as in Section 7.1. For
the mediator, a quasi-strategy (¢, K') consists of

1. A set of histories K = Hthl K'U K with Kt C R x Mt and Kt C R* x M+
such that (i) for each (r"™,m!) € K, there exists (r’*!,m”) € K7 that coincides
with (71 m!) up to period ¢, (ii) for every (r’ ' m”) € KT and every (r'™', m') that
coincides with (r’*1,m”) up to period ¢, we have (r'*! m!) € K, and (iii) the same
conditions hold for K**.

T
t=1’

2. A function ¢ = (¢),_,, where ¢' : K — A (M,).

We write h' € (J, K) if hl € J! and (r*,m') € K'~5* (or, (r'*1, m') € K'if h' includes ry,
or (r'*1, m!™1) € K*" if ' includes m;), where h! and (r*™!, m') and are the relevant elements
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of h'. A strategy profile (o, ¢) has full support on (J,K) if (i) for each (r'*!' m') € K,
Y(my|rt*t m?) > 0if and only if (1, m1) € K™, (ii) for each h™" € J*', oL (r; |nl"") > 0
if and only if (A, r;;) € J, and (iii) for each h" € J', 02 (a;,|h) > 0 if and only if
(WM ag,) € JMT

We say a quasi-strategy profile (x, v, J, K) is valid if

1. Foreach b € (J,K),i # 0, 04, and k1 & (J_;, K), we have pr(inxi) (RZfH Rt = 0.

2. For each i # 0, ht € J!, and full-support strategy profile (o, ¢) over (J, K), we have
Pr(@%) (ht) > 0.

3. For each full-support strategy profile (o, ¢) over (J, K), we have Pr() (hT+1 € (J K )) =
1.

Finally, a quasi-SE (x, ¥, J, K, ) is a valid quasi-strategy profile (, ), J, K) and a belief
system /3 such that:

1. [Sequential rationality of reports] For all i # 0,t, 0, € 3;, and hf’t € JiR’t, we have

R G A O L0 T S (I P AL

hite(JK) hite(JK)

2. [Sequential rationality of actions] For all i # 0,t,0; € ¥;, and h?’t € JZ-A’t, we have

Y s R OO I S (G e E A Iy B
hfte(J,K) hAste(J,K)

3. [Kreps-Wilson consistency] There exists a sequence of strategy profiles (0’“, ¢k) ZOZI such
that (ak, qﬁk) has full support over (J, K) for each k, limy_. (ak, (bk) (h") = (x, ) for
each h' € (J, K), and

. P (mh)
B (h'|hf) = lim ————
=20 Py ()
for each h! € J! and h! € (J, K). Note that validity of (y, v, J, K') implies pr(e"") (hl) >
0 for each hl € J!.

As for CPPBE, it is without loss to consider quasi-SE rather than fully specified SE.

Lemma 7 For any game G = (I',C) and any outcome distribution p € A(X), we have
p € SE(C) if and only if p = pX¥) for some quasi-SE profile (x, v, J, K, 3).

Proof. The proof is similar to the proof of Lemma 1.

Fix a game G. One direction is immediate: If (o, ¢, 3) is a SE in G, then define (x, 1) =
(0,¢) and J! = H!, K!' = R" x M'™', and K'" = R' x M". Then, (x,v, J, K, 3) is quasi-SE
with p0c#) — p(@:d).
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For the converse, fix a quasi-SE (x, ¥, J, K, #) and a converging sequence (6’“, ¢k> with
k
full support over (J, K). For each k,

: s ~k
£ = min min{aF (r | R, 6 (i | B, @ (my| T, mb)}.
(1 YR (1 Yo )t

Consider the following auxiliary game (I'*, C'):

1. The mediator chooses probability distributions ¢*(-|r*!, m!) € A(M,) for each (r*+!, m?) €
(R x M*)\ K*'. At histories (r"*!,m') € K', the mediator has no choice to make,

and we set ¢"(-|r't?, m?) = &k(-|rt+1,mt).
2. Each player i chooses probability distributions o/"*(-|n*") € A(R; ;) and o/ (-|h*") €
A(A;,) for each t,hf"" e HFN\JP' pM e H;“\Ji ', At histories ht € J!, player

i has no choice to make, and we set oloF(-|pf") = G <-|hf’t> and oM (| hM) =

NAk ( |hAt>

3. Given (ak, oF ), the distribution of H**! is determined recursively as follows:

Given hf** € H®!' each r;; € R;; is drawn independently across players with proba-
bility

o

Rt - Rt ~ Rk Rit\ ¢ 1Rt Rt Ryt R+
{meth (hi ,ri,t>¢Ji +}D0i (rod BN i BB e JRA (BB ) € TR

% if Bt e JPA (R ) & T
(1— Ry s|) o  (ri | hJV) + 22 if Bt ¢ it

Given (rt,m'~1) € R' x M*!, each m; is drawn with probability

(1 - %Hmt € M;: (T”l,mt,mt) §Z Kt+}|)g~bk(mt|rt+1,mt) : ( t+1 t) e Kt A ( t+17mt+1> e K”,
k% : ( t+1 t) c Kt A ( t+1’mt+1) ¢ Kt+7
(1= = [My]) @ (my|r**, m?) + if (r'*',m') ¢ K.

Given h™ € HA, each a;; € A;; is drawn independently across players with proba-
bility

(1-% 1

: £ € 0 (10 ) ¢ 1
(]' - % |Az,t|> U?7k(ai7t|h?7t) + % if h?,t ¢ JZ-A’t.

~ At ~ At LAk Aty e At At At A+
{0 € A (W) ¢ T ) oM @) iE i e A (WM aid) € T

Then, given a; € Ay, each s, € Spy1 is drawn with probability p (st+1|foLA’t, at> .

The rest of the proof is the same as the proof of Lemma 1. =
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In addition, as for CPPBE, restricting the mediator’s messages to lie in some mediation
range does not expand the outcome set.

Lemma 8 For any game G, we have SE (G) = Ugegq) SE (Glo)-

Proof. The same as the proof of Lemma 2. =

Finally, in the proofs of Propositions 6 and 7, it will be convenient to describe the
mediator’s strategy in terms of first choosing a period-t “state” 6; € ©, as a function of the
mediator’s history (r, m!) and the past states 8" = (4, ...,60,_1), and then choosing period-t
messages m; as a function of the vector (Ht, rt.mt, 0,, rt). When convenient, we will include
these states as part of the mediator’s history. In such cases, the realizations of past 6 are
included in K.

9.2 Proof of Proposition 6

We first slightly strengthen Proposition 3. Fixing a base game I', let ¥ (C') denote the
strategy set in game G = (T, C).

Lemma 9 For any game G = (I',C), if (0,¢) is a NE then p'”? is the outcome dis-

tribution of a canonical NE (6, q~§> such that, for all i # 0, U, .5  supp pi(ai’a‘i’¢) D

U (&i,&’_i,&).

5_,ex_;(C*) SUPP p;

This says the canonical equilibrium provides the “least feedback” to the players.
Proof. We show that, for the strategy profile (5 g?b) constructed in the proof of Proposition

3, U, ex_, SUpp p?i’g’w 2 Us es o+ Supp ,01“0” ¢. This follows because, for any ¢’ €

Y. (C*), one can construct a strategy proﬁle o' € ¥ such that p; 7" - p(-}i’&’i’¢ as follows:

(2

In period 1, given signal s; 1, player ¢ draws a fictitious type report 7;; € S; 1 according to
5 (si1). Player i then sends report r;; € R;; according to off (7;1). Next, after receiving
message m; 1 € M, 1, player ¢ draws a fictitious action recommendation 1m; ; E A; 1 according
to ot (Fia,7in, miyl) Finally, player i takes actlon a;1 € Ai1 according to & (sZ 1, Ti1, M)

Recursively, given ht (Sirs Tizs Mz, am)t _,, vector of reports and messages (75 -, m; ). _;,
and signal s;;, player ¢ draws a fictitious type report 7;; € A;;—1 x S;; according to
57 (R, s;). Player i then sends 7;; € R;, according to of*((.r,7ir mir), i)tz Next,
after receiving message m;; € M,,, player ¢ draws a fictitious action recommendatlon
mi+ € A;; according to af‘((ﬂﬁ,rw,m“)tfl ,TitsTit, M) Finally, player i takes action
a;; € A;; according to AR, Sty Tits Mit)-

Moreover, in this construction the honest and obedient strategy &; is mapped to the

original equilibrium strategy o;, so |, pa“a‘“qb o U fes L(C*)pjz’a‘”(ﬁ and hence

ol EE_-

Ty 7l’¢ Ti, 7174)
Uor ex_, supp p; 2 Usr e (0 SUPP p; u

251f (Fi’T)thl is not a possible history, player ¢ draws r; ; arbitrarily, and similarly for m;; and a; ; in what
follows.
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We now prove Claim 1. Consider the fully canonical strategy profile (¢*, ¢*) constructed
in the proof of Proposition 3. Let x = ¢*, let

Ji = {h;S € H; : hf e supp p7 " A Tir = (Qir_1,8i7) V7T <t — 1} for all i, ¢,
let 1) = ¢*, and let

K'={(r"",m") € R"™ x M" : m, € supp ¢*(r" ™", m") Vr <t —1}.

By Lemma 9, hl € J! iff hf S U&LieC*(E_i) supp pi(ai FL09") and 7, = (@ r-1,8i,) VT <t—1.
Therefore, (x,,J, K) is valid. Moreover, Proposition 3 implies that, for strategy profile
(x.1), (3) and (4) are satisfied at all histories k™", h*" € J!: this follows since these are
on-path histories, so ex ante optimality implies sequential rationality. Hence, Claim 1 follows
from Lemma 7.

To prove Claim 2, note that the condition supp pf = (J,, .5 . supp P,

i

is vacuous
when N = 1. Hence, the result follows from Claim 1.

9.3 Proof of Proposition 7

We must show that CPPBE(C*) C SE (C**). By Propositions 1 and 2, it suffices to show
that SE (C**) contains all outcomes that are implementable in a canonical NE in which
codominated actions are never recommended at any history.

Under quasi-direct communication, we say that player i is faithful at history hi =
(st,rt,mk al) if r;; = (a;;-1,8.) for each 7 < ¢t and a;,, = m;, for each 7 < t with
mi, € A;r (ie., with m; . # x). That is, player i is faithful at history A’ if thus far she has
been honest and has followed all action recommendations.

Full-Support Nash Equilibrium Let (e;), . satisfy ¢, — 0 and k ()" / |AT| — oo.
For each k, let 0% be a NE in the unmediated, ;-perturbed game (i.e., the game where each
player is constrained to play each action with probability at least €, at each information set),
such that the sequence (ok)keN converges to a NE ¢ in the unperturbed game. For each
(2, 8:4), let B; (2t,8;4) = Aiy \ supp 64 (xf, s;i4) denote the set of actions that are taken at
(z,s;,) only when player i trembles.

We can implement each full-support strategy profile ¢* in the mediated, unperturbed
game where the mediator trembles but players are faithful. Suppose the mediator indepen-
dently performs all randomizations in the limit NE & for each player i at the beginning of the
game. Denote the resulting mixed strategy for the mediator by fi. Note that, since 6 does
not have full support, neither does ji: that is, we have not yet introduced mediator trembles.
It will be convenient to write f<! € supp =" if there exists f=' such that (f<*, f=') € supp f,
where f<! and f=! denote mediation plans before and after period ¢t. Define f; € supp ji;
and f~' € supp fi;" analogously, focusing on the mediation plan for player i.

Now let (6’“, [L) denote the strategy profile in the mediated game where players are honest

and obedient, while trembling uniformly over actions with probability ;. Let Pr?"# denote
the resulting probability distribution. Note that 6" converges to the fully canonical strategy
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o*. By construction, (¢*, 1) = limg_. (&k, ,&) is a quasi-SE, together with x = o*, ¥ = 1,
(J,K) ={(f,2) : Pr®" " (f,z) > 0},20 and belief system

N &.pn (1R,
0 () <f1>) P : ( g:)f) |

Since ¢ is a NE, for each h/"" with pro* 7 (hZR ’t) > 0 and any continuation strategy o’ from

period ¢, we have

. 7 Rt\ — 7 3 0 7 3 Rt\ — 1 )
Z BU o <f7 hR7t|hi )uz <U*|fa th) Z Z BU a <f7 th’hi )uz (U;ao—*—i‘f> th) )
fesupp ji,h Rt fesupp ji,h Rt

(19)
where @; (J*\ f, lozR’t) is defined as @; (o*|f, h"™") with the history h®' corresponding to the

payoff-relevant history hB¢ with honest reports and messages given by f.

Rationalizing Non-Codominated Actions Let F* = {f € F': fi(r'™') € A;, \ Bi(r;™") Vi, t,r'*},
and let F*=t = {f2' € F=': f;(r"*') € A, \ B;(r]™") Vi,7 > t,r"*'}. As in Myerson’s

Lemma 3, the contrapositive of the definition of codomination requires that there exist dis-

tributions (ﬂt)thl with 7, € A (F *Zt e Xt x St) for each ¢ such that the following conditions

hold:?7

1. Each non-codominated action is recommended: for each ¢, t, and (af,s;;), letting

supp (zf, s;4) = {mis € Aiy : 3 (fzt,ﬁ_i, S_i7t) with (fzt, xt, st) > 0and f7(at,s,) =
mi,} denote the support of f* at (2, s;,) under 7, we have

supp(z}, si4) = Aig \ Bz(hft)

2. Honesty and obedience is optimal under 7, on path: for each i and ¢, letting Pro" ™ (£t hT+ m#T) =
T (fzt, fOLR’t> Pra*’fzt(iLT“, mtT R with m*T = (my, ..., my), for each 7 > t, each

(hE™ mfET) with Pro"™ (A" mf7) > 0, and each continuation strategy o’ from period
T, we have

7

1 R,T T\ = x| ¢>t T R,T
hi*", m, )ui(a |f=h )

Z o <f2t7 j R

theF*thLR,-r

> Z 60*’7” <f2t7 ;lR,T’}DlZR,T, mZ:T) s (0_;’ O_ii|f2t’ }OlR,T) : (20)

ftep*>t fR.7

26Here we view f as a mediator state drawn at the start of the game, and include it in K.

2TMyerson (1986) relies on the existence of a sequence 7}, ..., 7L for each ¢ such that U1L=1 supp! (zf, s;4) =
Aix \ Bi(h["") and (20) holds for each 7. Given such a sequence, the distribution 7, :== L 3>/ | 7l satisfies
both of our conditions, so we work with a single distribution 7, for each t.
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where /BU*,ﬂ't (fzt, j’LR,r‘j’wa’ mr) _ PI‘U*’m<f2t, }«DLR,T’ mg:r)/ Pr”*’“(foLzR’T, mf:v»
“Motivating Equilibrium” Construction We define a sequence of quasi-strategy pro-
files (0’“ , gzﬁk)k, where the quasi-SE strategies for the desired “motivating equilibrium” are
(o,¢) :=limy, (o*, gbk)

Players’ strategies o": Each player i is faithful: she plays a;; = m,; after each m;; € A;,
and always reports r;y = (ais—1,5:1). After receiving m,;; = *, with probability 1 — /g
player i takes a;; according to 6;(zf, s;;), and with probability /) she plays all actions with
equal probability.

Mediator’s strategy ¢*: At the beginning of the game, the mediator draws the following
three variables: First, for each player ¢ and each period ¢, independently across ¢ and ¢, he
draws 0;, € {0,1} with Pr(0,; = 0) = 1 — ,/ex. Second, again independently for each i and
t, he draws ¢, € {0,1} with Pr (¢;, =0) =1— (%)Tﬂ. Third, independently for each 7, he
draws f; from fi;. Given a vector ¢ = (1 let || = i1 Cix be the ly-norm of ¢.

In each period ¢, the mediator has a state

Wt € Uogt*gT,feF*,Zt* (t*, f)>

with initial state wg = (O, f) Let w = w?*!. Given # = 67" and ¢, for each period t, the

mediator recursively calculates the state w; and recommends m;; € A;; U {x} as follows:

e Notation: Denote the number of tuples (f~, 6}, m!) such that the mediator sends

» ) 7

m; , according to [t € supp ﬂft it 0, = 0 and sends m, , = % if 0, ; = 1 by

) — (51,06 mt) € supp i x {0,131 x [['24 (4, U )
ST imy, = ], s ) VT <t =18t 0;, =0, and m;, =xVr <t—1st. 0;, =1
(21)
Let #M(z') = [, #M,(z}). In addition, for f<' € supp =", let #(f<) = |[{f €
supp i : f<' = f<'}| be the number of recommendation strategies f € supp i which
coincide with f<! for the first ¢ — 1 period.

e Calculation of w;: We define the distribution of w, given w,_, r*!, 0, and (. If
w1 # wo then wy, = wy 1 for sure. If w, 1 = wp then the mediator calculates the
probability of (w;_1 = wpg, 8, ¢, ", m!) given o* and the construction of #F for up to
period t. Denote this probability by py (wo, 8, ¢, r'™t, mt).

If pr(wo, 0, ¢, ™, m?) = 0 (that is, the mediator “knows” some player was unfaithful)
then w; = w; ;1 for sure. If py(wo, B, ¢, r"™1 m?) > 0 then, for each f=! € F*2' the
mediator draws w; = (t, f 2t) with probability

(1)tHT+nKX | LTt
Prlwo, 0, ¢, mb) e (F<)HM (rt)

dk (wt|w07 6)’ Ca Tt+1a mt) - L

and w; = wy with the remaining probability. (With a slight abuse of notation, we write
#M (r') since r' includes the report about z'.)
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As we will see, this tremble probability for w; ensures that, at any history, conditional
on the mediator trembling to w; = (t, f Zt), the mediation plan and the payoff-relevant
history are distributed according to m;(f=*, !, s;) given honesty (r'*! = (¢, s;)), since
pr, #(f<"), and #M (r") cancel out the probability of reaching history (f<*, x"). More-
over, trembles for larger ¢ are less likely.

Calculation of m;: If w; = (0, f), then the mediator recommends m;; = ﬁ(rf) if
Ciy = 0it = 0, recommends m;; = % if (;, = 0 and 0;; = 1, and recommends all non-
codominated actions A;; \ B;(ri™") with equal probability if Cip=1 Ifw = (t, f Zt)

with ¢ > 1, then the mediator recommends m;; = fz.zt(rt“),

(Intuitively, w; = (0, f) means the mediator intends to implement the mediated, full-

support NE; w; = (t, f 2’5) with ¢ > 1 means the mediator switched in period ¢ to implement-
ing mediation plan f='; 6, ; = 1 indicates a tremble signalling player i to play the unmediated
NE in period ¢; and (;, = 1 indicates a tremble recommending all non-codominated actions
with positive probability while still intending to implement the mediated NE.)

Joint Distribution of Histories and Mediator States Let 0,(h"!,0,¢,w) denote
the probability of (hT+1, 0,C ,w) under quasi-strategy profile (ok, ¢k). Note that, for each
(wo, 0, ¢, rt m?) such that py(wo, 0, ¢, rT m?) > 0, we have

NT (T+1)[¢]
t+1 oty s o (F (ex) l
pk(w0507C7T 7m>_,u<f)x |AT| X(k .

Hence, for each (wq, 8, ¢, vt m?) and w; # wy, we have
) 0,Y, 8§, ) 0>

]i)t {ATl y 1 y ﬂt(fzt,rtﬂ)

wilw ’0, 77,t+1,mt S <_ = ~ ’
Qk< | 0 C ) x (Ek)NT ﬂ (f> #(f<t)#M(7at)

Since k (e4)"" / |AT| — 00 as k — oo, this implies

khm dk (wt|w07 97 Ca Tt+17 mt) =0. (22)

Given zt, f<* € supp 2=, 0, and (", let M*(zt, f<,0",¢") denote the set of m' such that,

foreachiand 7 =1,....t — 1, (i) my, = f~(a], si7) if (;, = 0;7 =0, (ii) my, =% if (;, =0
and 0;» =1, and (iii) m;, € A;; \ Bi(a],s:,) if ;. = 1.

If wg=-++=wiq1 = (O,f> and w; = -+ = wp = (t,f2t>, we define t*(w) = ¢ and
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flw) = (f<t,f2t). We have?®

5k(hT+1a Ha Cv w)
= Age@)riny X Pré’ (wp = wovt) x Prf" (0,¢) x p(f(w)) x Pre" (KT f(w), 6, ¢)

2 t+(T+1
Pi(wo, 0, ¢, At mt) (3) T
1 T (f2 (w),h ")

X t ¢t hR.t gt <t M(ht)
+§ Lipe(wy=t} E Pi(wo 0 C* R m) #(F< ()
o TH1| LRt >t
f<t =f<t(w) x Pr (h |h af (w))

X 1{mteMt(izt,f<t(w),et,<f) and m=f2!(w)(h"7) ¥r>t}
Canceling out py and ,and D7 reiper,) and f<t( 5> We have

5k(hT+17 67 C’a (.U)

k k ~ o
= Lp(—rsny X Pr¥ (wp = wo¥t) x Pr?" (0,¢) x i(f(w)) x Pr7 (W |f(w),0,¢)
T 1\ THDIC] 7 (£2 (w) 21 P <hT+1 th >t )
S W i 1))
XLy icnpeiie pet t oty >t PR.T
t=1 {m eMt(ht,f<t(w),0",¢") and mr=f2t(w) (A )VTZt}

Quasi-Sequential Equilibrium and its Validity Let K be the set of mediator histories
(r,0,(,w) consistent with ¢*. Let J; be the set of player 4’s histories A7 such that (i)
miy € Ajg U{x}\ Bi(rl) Vt, (ii) 70 = (@is—1, i) Vt, and (iii) a;y = my Vt with m;, €
Azt \ B ( t+1)

We claim that (o, ¢, J, K, ) is valid (for any consistent beliefs ). Clearly, no faithful
strategies lead the mediator’s history out of K. Moreover, no unfaithful strategy of players
—1 leads player ¢’s history out of J;, since J; is determined by the mediation range and
player s own behavior. Finally, we say history hTJrl is compatible with a pure strategy
o; if, for all ¢, we have m;; € A;; U {x} \ Bi(r tH), rie = oB (b, and a;; = o (BM).
To establish validity, it suffices to show that, for any faithful pure strategy o;, each hIt!
that is compatible with o; occurs with positive probability at profile (01, ok, qSk). Take (i)
f = f € supp ju such that m;, = f;(r'™) for each ¢ with m,; € A; \ B;(r'™), (i) wy = (0, f)
for each ¢, (iii) ¢;, = 0 for each t with m;, € A;; U {x} \ Bi(rt1) (and ;s = 1 otherwise),
(iv) 0;; = 1 for each t with m;; = x (and 0;; = 0 otherwise), (v) (;, = 0 and 0;; = 1 for

each t and j # i. By definition of 0y, (i)—(v) occurs with positive probability. Given (i)—(iv),
T+1

m; " occurs with positive probability; and given (v), each player j takes each action with

probability at least /g;,. Hence, hl-T+1 occurs with a positive probability.

By Lemma 7, it suffices to show that, for 5 (Z|2’) = limy_ 6’3(5(22/),

28Here ht is the projection of hT+! on X*.
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1. [Sequential rationality of reports] For all i # 0,t,0) € ¥; and all A" € J,
S B (wn 0GR ) @i (0, Gl 0, 1)
wi 0,6 R (T K)

Z 6 (wb 97 Ca hR’t’hf7t> ai (0—2‘7 0—i, ¢|wta 97 Ca hR’t) . (23)

wi,0,¢,hftE()K)

v

2. [Sequential rationality of actions] For all i # 0,t,0} € ¥; and all hiA’t e JM,

7

S B (wn b C AN s (o, Slun.6.C 1)

Wt79a47hR’t€(J7K)

S B (w0 CRMIEM ) (o o Sl 0, HM) . (24)

we,0,¢hte(J,K)

Vv

Mediator Trembles that Explain a Faithful History Given a faithful history th * for
some i, t, we say (0,() explains hf’t if there exist f € supp i, 0, and h}j’f such that, for each
jand 7 =1,..,t—1, (1) my, = a;, = f;(K7)if {;, = 0;, = 0, (ii) m;, =+ if {;, = 0 and
6;.=1, and (iii) m;, = a;. € A, \ Bj(}olf’f) if (;,. =1, and also for each 7 =0,...,t — 1,
(iv) p (Sr41]s7,a™) > 0. We say (i)—(iii) hold for t =ty if the first three conditions hold with
= 1.

Given faithful th’t, we say (t*,() with t* > 1 explains th * if there exist <" € supp w=,

f21, 0, and h™' such that (i)-(iii) hold for t = t*, (iv) p(s;41|s7,a”) > 0 for each 7 =

0,..t —1, (a) m (fzt*, }OZR’t*> >0, (b) m, =a, = fzt*(lo”LR’T) for each 7 = t*,...,t — 1, and
(c) Pr* (l}R»%th*, th*) > 0.

Similarly, given a faithful history A", we say (0,¢) explains hi' if (i)-(ii) hold for
7 =1,...,t — 1, (iii) holds for 7 = 1,...,¢, and (iv) holds for 7 = 0,....,¢ — 1; and (¢*,()
explains hf’t if the above conditions are satisfied with “for each 7 = t*,...,t —1” in condition
(b) replaced with “for each 7 = t*,...,¢.”

Let

E= Uogt*gT UCG{O,l}NT (t*, C) .

Order the elements of = such that (t*,¢) < (*,) if (i) |¢| < ‘Z‘ or (ii) €| = ‘Z’ and t* < t*.
That is, (t*,¢) < (#*,¢) if a tremble to 7 with ;. = 1 for |¢| values of j,7 is more likely
than a tremble to 77 with (;, =1 for ‘5’ values of 7, 7.

Given the specified order on Z, let £(h") and £(h') be the smallest triples (¢*,¢) that
explain hf’t and hf’t, respectively. Since Z is a finite set and the distribution over player
1’s compatible histories has full support, these are well-defined. As the order reflects the
likelihood of trembles, the following lemma holds:

For any ¢! € {01} let (0,¢) = (o,&t) with {; = ¢,, {,, =0¥r >t and {,, =0
Vj # i, 7. Define (t*,Ct*) similarly.

]
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Lemma 10 For each faithful hf’t and hf’t, the following three claims hold:
1. §(hf”’t) and f(hf’t) satisfy C;, = 0 for all j # i and t.

2. FEither £(hf’t) = (O,Cf) for some (t, or 5(hf’t) = (t*,(f*) for some t* < t and ('
Likewise, eitherﬁ(hf’t) = (0, Cf) for some (!, oré“(hf’t) = (t*, Cf) for some t* <t and
G -

3. We have
. . RiviL Rt
Jim. 5 (5—5(@ )|hi ) = 1, (25)
Tim o (& = €M) = 1. (26)

Proof. Claim 1: Whenever (¢, () with ¢, = 1 for some j # i and 7 explains hf’t or h?’t, SO
does (t, E) where Ejj =0 and Ej,ﬂ = (o forall (j',7') # (j,7), as given a;; and [t = 0 or
T < t*],* we can take (;, =0, 0, = 1, and m;; = x, rather than ; =1 and m;, = a;.
The claim follows as (t, 5) < (,0).

3 2

Claim 2: By definition, whenever (O, Ct</> with ¢ > t explains hlR * so does (0, Ct-). In

addition, whenever (#,¢!") with # > ¢ explains h/"’, so does (0, 6:) satisfying &W = (;, for

7 < min {¢",t} and ELT = 0 for 7 > min{t”,¢}. Finally, whenever (t’,(fn) with ¢t > ¢/
explains hf’t, so does (t’ , Q’f). Hence, the conclusion for & (hf’t) holds.

The proof for &(h;"") is the same, except that we also show &(hM) # (O,CEH) with
C;y = 1. To see why this new condition holds, whenever (O,CEH) with ¢;, = 1 explains
* t+1

At
h:", so does some (t*,C» :

i i , each

) with ¢* = t. This is because, given t* = ¢, for each r
mis € Aiy \ Bi(r!th), and each f<t € supp i*, we have m;; € supp;(ri™). Given the order
on &, we have £(h;"") = (t*,¢!).

Claim 3: We prove (25); the proof of (26) is analogous. Suppose (t*,(*) explains hZR <,
Given Claim 1, we can take (;, = 0 for each j # i and ¢. Since (i) any action profile a;; is
taken with probability at least,/e;/ |A,¢| after each f € supp ju given ¢ ;i =0and 0;; =1,
and (ii) #;, = 1 occurs with probability /€, we have

1\ T+ INAN YT o VT T
crent)= () () ) T (6) -

where we take € > 0 such that

T (fzt,a:t,st) Pro (a:|mt, S¢, fzt) >eV (t,x,fzt) s.t. m (fzt,xt, st) Pro” (x\fzt,xt, st) > 0.

29Note that, given 7 > t*, mg, is independent of (; ;.
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For each (t,¢) # (t*,("), if it does not explain hf’t, then 4§y, (t, ¢, hf’t> = 0. If it does,

then THD(C .
1 1
Rt\ o (1 )
O (t’ G g ) - (k) (k)

Since either |(*| < |¢| or [|[¢*] = |¢| and t* < t], we have

8 (t, ¢, hf“) 1

< k
X Rt\ — T+ \NT (. \NT
i (1, C ) T (1 (™) e

Since k (ex)"" / | AT| — oo, this ratio converges to 0, which implies (25). m

Incentive Compatibility We now establish (23) and (24). By Lemma 10, there are two
cases:

Case 1: {(h™") = (0,¢!) or &(h;™") = (0,¢Y).

Let Q0 = Ujcouppp (O,f>. Since Pr?" (we = woVt) — 1, we see that £(h") = (0,¢7)
implies 6 (wr € Qo|h") = 1, and £(hM) = (0,¢}) implies & (wr € Qo|nM) = 1.

For each i, t, and (},s;;), arbitrarily fix some action mj, (2, s:;) € Ai; \ Bi(x}, siy).
With a slight abuse of notation, we write

hR,tH) — { Mt if mis € Air \ B;i(ézﬁ,tﬂ)
i m;t<hf7t+1> if m; ¢ Q’ Ai,t \ Bi<hZR,t+1) y

m;t(

where m;, is the corresponding element of h/"'*!. For each i and each faithful A" with
O (hZR ’t> > 0, let A(h*") be the history where each message m; , is replaced by mf’T(iLf’TH) €

A\ Bi(izf’TH) for each 7 < t — 1. That is, we replace each action recommendation
outside the support of i with some fixed recommendation within the support. Note that

pro* ()\(hf’t)> > 0 whenever Jj, (hf’t) > 0. Define A(h:"") analogously.
Given & = (0, Cf_l), all trembles are independent across players. Each player ¢ can then

safely ignore the possibility that (;, = 1 for any j, since (%)TJrl (the probability that ¢, , = 1)

is much less than ¢ (the probability that m;, = x and player j trembled). This suggests
that each player’s beliefs in the constructed quasi-SE coincide with those in the original
full-support NE, as confirmed by following lemma:

Lemma 11 The following two claims hold:

1. For each hf’t and ! satisfying E(h?’t) = (0, Cf) and each iL}f;t € X', x S_;;, we have

lim (z%fjﬂhf’t) — lim Py (iz]fﬂ)\(hf’t)) . (27)
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2. For each h?’t and (¢ satisfying f(hiA’t) = (07 Cf) and each iL‘f’f € X', x S_;;, we have
im i (4 ms) = tim P (A A (25)

Lemma 11 follows from applying Bayes’ rule inductively on t. We relegate the proof to
the end of the appendix.

We now simplify (23). ¢(hl) = (0,¢)) implies oy (wr € Qo|hf"") = 1. Hence, we
can replace w; with f drawn from fi. Since 6 and ( are independent across periods,
g <HT =(, =0Vr> t|hf’t> = 1. Hence, (23) simplifies to

S () () s 5 () )

fesupp fi,h Rt fesupp fi,h R+t

By Lemma 11, this is equivalent to

PR (A A N GV R S R S EA CRN T B

fesupp ji,h Rt fesupp ji,h Bt

which follows from (19). The proof for (24) is the same.
Case 2: (") = (1, (") or () = (1, 7).
In the next lemma, we abbreviate the event {w : t*(w) = ¢ and fzt(w) _ th} by 2.

Lemma 12 The following two claims hold:
1. For each h™" satisfying €(hl"") = (t*,¢)), each f2© € F=%, and each pf e Xt x

S_it, we have

Wt*(th*, }‘%R,t*) P (i"ll'%,wthczt*7 BR,t*)

tim i (/2 I 1) =

(29)

2. For each b satisfying £(hM') = (t*,Cf*), each f2'" € F2* and each h'! € X', x
S_it, we have

T (th*’ EA,t*) Pr° (iLA,t|th*7 EA,t*)

s>px 3 R 3 IR o (SRt JIRE| prpe L RE* IR
Zﬁ’jt,f@ T (f— hi™ R ) Pr? (e W f20 T hT

s (75, W ) -

(30)

Lemma 12 follows from another application of Bayes’ rule. The proof is relegated to the
end of the appendix.

Given & (hf’t) = (t*, Cf‘l), player ¢ believes that the mediator and players —: do not
tremble after period t*, and that recommendations are independent of  and ( after period
t*. Hence, by Lemma 12, (23) is equivalent to (20), and therefore follows from the definition
of mp. The proof for (24) is analogous.
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Final Construction Take any canonical NE in which codominated actions are never rec-
ommended. Let 7 be the distribution of the mediator’s pure strategy in this target equi-
librium. At the beginning of the game, the mediator draws f € F* according to 7m* with
probability 1 — %, and the mediator follows the motivating equilibrium strategy constructed
above with probability % Players are faithful, and after receiving m;; = %, with probability
1— /2 player i takes a;; according to 6i(ﬂf’t), and with probability /¢ she takes all actions
with equal probability.

Since f € F* does not recommend codominated actions and each player’s history has full
support, this quasi-strategy is valid. Moreover, beliefs are defined as the limit of

51 (2.0,60) = (1= 1) 10 (£2) + 181(3:6.6.0).

where when the mediator follows 7* we define # = ¢ = 0 and w = (0, f), where f is drawn
from 7*, and 7* (f, z) is the probability of (f, z) when the mediator draws f from 7*.

As k — oo, until player i observes an off-path recommendation or signal given 7*, she
believes the equilibrium follows 7* (f, z). Faithfulness is optimal since 7* is a NE. Once
player i observes an off-path recommendation or signal, she believes the equilibrium follows
3k (f, z). In this case, faithfulness is optimal by Lemma 7, (23), and (24).

Proof of Lemma 11 We prove (27); the proof of (28) is analogous. We will prove the
following: for each i,t, each faithful hf’t with d, (hf’t> > 0, each (!, and each fozlj;t, there

exist numbers (7, ¢t) > 0 and eff (hf’t, ¢t iolit> > 0 such that

S (Hf™ CL R er € Qo) = @ (Y, CO) (e PRI, B - eff (¥, CL ) ).
eff (', 1) (31)
<f.
1\T+1 —
(%)

(31) is sufficient for (27), since the former implies, for each ¢,

limk_m

lim 8y (%[t )

el e (P M) W)+ off (1, 6L A1) )
= 1m
© S ol (WG (P PRI, ) + e (R ¢ R

PP M), B + eft (R4 L)

= h,{“ O <}Dl§;t|<t Rt wr e Q()) (since £(hF) = (0,¢9))

(by (31))

= lim

B P ORI, W) S ef (hf“, ¢ 13’3“)
, Pro" A (A(REY), B
© e PO, W)
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where the last equality follows as Pr&k’ﬂ()\(hf”’t), RN > ()™ /1AL, el (hZR’t, ¢t ;L}j;t) <
(1 )THT and k (e,)N" /A" — oo,
We prove (31) by induction on t. Taking (R (1) = eff (hf’l,gil,fzﬂt) =1, (31)

holds for t = 1. Suppose it holds for ¢. Since 6, {, and randomizations under (6’“ , ,&) are
independent across players, we have

5k(hﬁt+1 ¢, iLR’tH .01, Clwr € Q)
= SR ¢ R wr € Qo)
[Tty 00,0 (0= vED) (1= ()") 650 (@)
Rl Hj 0, = 1C]t—0\/_(1 _ ( )T+1> <(1 — \/5_)& <th)(CL]t) n |ﬁ|>
T+1 1
x HJ =1 ( ) lAj,t|—|Bj(fzf*t)_|

Xp(St41 ‘h *ay). (32)

By the inductive hypothesis, the first line of (32) equals
(1) (P ORI, W1 + eff (W L))
Note that
&" i ity 7R, ~ (7R, €k
Pr ’“(a_i7t|/\(hf-?‘t), hi.t) = H#i <(1 — &) Uj(hft)(aj’t) + |A—]t|> )
Defining

1{4“:0 mia=a;, } (1—vEr) (1 - (l>T+1) 0 '(iLR’t)(ait)
@ (folfvt,mi’t’ai’t,gii) = —l—l{C t_Om“_*}\/—<1 (1 T+1) < R )(azt) + k
+1{C”—1 mi=ais} (%)

S|
=
N—

|A”\ |B (h;"H)]

and

[Ty i0ym0,-0 (1= V2R (1= (1)) 65" (a50)
(1) = % 0, o100 vE (1= (%)TH> (1= V&) &5(hf ) (az0) + 5
Pt X i, ¢i=1 (k)T+1 A |- IB (RFD)]
= P17 (i [ A(R), )
€k

1 T+1 1 .
- (= ” — (1 =) & (h Y (ag,) — —2 |
(k) H]7él |A (th) ( k)0]< 7 )( ],t) |A],t|
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and summing (32) over (0_,-7,5, C_iﬁt), we have
O (R, G wr € Q)
— PR, ¢ (P BRI, ) + eff (B, ¢ )
x (Pr7 (il MRS, ) + & (B2
<@ (A migs asas Gio) % plsisal B, ). (33)
Next, define
Py, (ﬁf’ta Mty Qi t, Ci,t)
pyoi (mzt(hf’tﬂ), ai,t|iLZB"t) '

R(RIH Yy = QR (RI (L) <

% 7

We can write

(B ) 30)
P BN, AP ¢ P (W), )
= QR ety [ P (i () gl ) X psealh )

— —7 y
telt (hf7t+17 ¢, ;Llj%t-&-l)
where el! (hf’tﬂ, ¢t fOL}_%;tH) is defined to satisfy this equality given (33): that is,

ekR (hf%,t+1’ C§+17 ;Lz_%;tH)
e (1) PO, )
o ,\k N o ~ o
eft (R ALY (P (oA, ) + & (W)
~k o~ ° o
X Py (i (), asel hf) < p(sealh™ ao).
Since the distribution of player i’s message and action is determined by her own history,
Pr? 0 (i, (W), asa B ) = a2 (i (W), g AR, a0,
Hence,
Pr7 F(A(RS), ) x P o AR, ) 5 P (s (), @i X plsal ™, )
Pr?t (AR, AR,
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Substituting this into (34), we have
5k(hR,t+1 ¢t iLR,‘tJrl) _ ska(hR,tJrl §t+1) (Pr ,u()\(hﬁ,t+1) ;’LR,‘tJrl) +ek (thH ¢t iLR,‘tJrl))'

Finally, we have

<hR t+17<=t+1 hR t+1> &L <E}j%t+1> (hf’t,(’ Rt _—
hlgn NTF1 S h,fn T T T+ (1+€k (hf% ))
(%) (%) (%)
< 1+t,
e i_bR%t-&—l)

where the last line uses limy < 1 (and hence ¢ (isz“) — 0) and the inductive

)7T+1
. . ekR( f%t’ t hR Iz)
hypothesis that limy

(E)T+1

Proof of Lemma 12 We prove (29); the proof of (30) is analogous. From the definition
of o, by (/21" W 1S, 4, ) equals

< t. Hence, (31) holds for ¢ + 1, as desired.

T (fzt*’ ER,t*) Pro <th|f>t* iR, t*) B, Hﬁéz
<f,>t* th h/Rt ) Pro' (loliR’t, ill_l%i,t|f/2t*’ iLﬁ,t* h/R St B H]¢Z OID/
(35)
i)

S

Azf,<t* Bt-* (f<t* Ht*
7 W J

;)
3™ ) i

A Zl"l/j?i,i’f/Zt fot*’gzit*’(fft* Gt*

7
3™ j#z

where the summation is taken over f=*" € supp =", % € {0,1}*"~1, and (f, 02*,
supp ﬂf x {0,131 x [T (A, U {x}) ¥, and we define

1\t ¢ 1
A= (%) ’ Bi_#&h)
N S I ;
C #M;(ht")’ CJ M;(RET)?

D - 1{mt* EMt* (ilt).= 7f<t* 79t* 7(5* )} ’ D/ - 1{mt* EMt* (hg* jLIj: 7f<t* 79t* 7C1z£* )} ’
Note that A and B; cancel in (35). Moreover, we have

? 1
D = DPx D} x D" xT[,; (D} x Dj),

? 1
D' = D x DM x D' <1 (DY x D),

where

00 _ . 01
D" = 1{mi,.r:fi<f* (h{"7) Vr<t*—1s.t. ¢; . =0;,=0}" D" = 1{m1 F=x VT<t*—1s.t. ¢; =0 and 6, ,=1}"
71 _ , 0 _— «
Di” = 1{mi,TeAi,T\B(hf*7) Vr<tr—1st. ¢, =1} D 1{ij:fj<Tt (hf2T) ¥r<t*—1s.t. 0; =0}
1 _ /0 _
Dj = Lym; =« vr<tr—151. 0;,=1} Dy = 1{m”—f<t*( UETY Wr<tr—1s.t. 0;,=0}

o
Dj - 1{mj7.,-:* Vr<t*—1s.t. 0; ,=1}-
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Since (i) D®DY D™ cancels in (35), (ii) these terms are independent of f2¢, A and

( fj<t*,0§-*,m§-*)j o and (iii) these are the only terms that depend on (f~%",6%), we can

simplify (35) by ignoring DD D! and 3 f<t* g1, obtaining
*OR,* o OR, 7* OR,* )
(e ot ), (th bRt ) Pr (h [ R ) [1,. (C;DDY)

mo (P2 B ) Pr (W 2 ) T (D0 D)
(36)

Ziz’_ti,f’Zt Z(fft* ,93.* mt*

J )j;éi

Since D?Djl- is the only term that depends on ( fj<t*, 03*, mz*) and we have

C, Z DD} =1

<t* pt* t*
fj 76J 7m]

for each hf’t by (21), (36) equals (29).
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