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Abstract

The asymptotic local power of various panel unit root tests is investigated. The
(Gaussian) power envelope is obtained under homogeneous and heterogeneous
alternatives. The envelope is compared with the asymptotic power functions for
the pooled t- test, the Ploberger-Phillips (2002) test, and a point optimal test
in neighborhoods of unity that are of order n=/4T~1 and n='/2T~!, depending
on whether or not incidental trends are extracted from the panel data. In the
latter case, when the alternative hypothesis is homogeneous across individuals,
it is shown that the point optimal test and the Ploberger-Phillips test both
achieve the power envelope and are uniformly most powerful, in contrast to
point optimal unit root tests for time series. Some simulations examining the

finite sample performance of the tests are reported.
JEL Classification: C22 & C23

Keywords and Phrases: Asymptotic power envelope, common point optimal

test, incidental trends, local asymptotic power function, panel unit root test.



1 Introduction

In the past decade, much research has been conducted on panels in which both
the cross-sectional and time dimensions are large. Testing for a unit root in such
panels has been a major focus of this research. For example, Quah (1994), Levin
et al (2002), Im et al (2003), Maddala and Wu (1999), and Choi (2001) have
all proposed various tests. These studies derived the limit theory for the tests
under the null hypothesis of a common panel unit root and power properties
were investigated by simulation. On the other hand, Bowman (2002) studies
the exact power of panel unit root tests against fixed alternative hypotheses.
He characterizes the class of admissible tests for unit roots in panels and shows
that the averaging-up tests of Im, Pesaran, and Shin (2003) and the test based
on Fisher-type statistics in Maddala and Wu (1999) and Choi (2001) are not
admissible.

The asymptotic local power properties of some panel unit root tests have
become known recently. Breitung (2000) ! and Moon and Perron (2004) in-
dependently find that without incidental trends in the panel, their panel unit
root test, which is based on a t-ratio type statistic, has significant asymptotic
local power in a neighborhood of unity that shrinks to the null at the rate of
n~1/2T7=1 (where n and T denote the size of the cross-section and time di-
mensions, respectively). However, in the presence of incidental trends, Moon
and Perron (2004) show that their t-ratio type test statistic constructed from
ordinary least squares (OLS) detrended data has no power (beyond size) in
a n~"T~1 neighborhood of unity with x > 1/6. For a panel with incidental
trends, Ploberger and Phillips (2002) proposed an optimal invariant panel unit
root test that maximizes average local power. They show that the optimal in-
variant test has asymptotic local power in a neighborhood of unity that shrinks

at the rate n=V/4T~1, thereby dominating the t-ratio test of Moon and Perron

I1We thank a referee for bringing this paper to our attention. Breitung (2000) derives his
results under a homogeneous local alternative and with cross-sectional independence, while
Moon and Perron (2004a) consider a more general model with heterogeneous local alternatives

and cross-sectional dependence arising from the presence of common factors.



(2004) when there are incidental trends.

The present study makes three contributions. First, the local asymptotic
power envelope of the panel unit root testing problem is derived under Gaussian
assumptions for four scenarios: (i) with no fixed effects; (ii) with fixed effects
that are parameterized by heterogeneous intercept terms (deemed incidental in-
tercepts); (iii) with fixed effects that are parameterized by heterogeneous linear
deterministic trends (deemed incidental trends); and (iv) with incidental inter-
cepts but with a common trend. For cases (ii), (iii), and (iv) we restrict the class
of tests to be invariant with respect to the incidental intercepts and trends. We
show that in cases (i) and (ii), the power envelope is defined within n~1/27~1-
neighborhoods of unity and that it depends on the first two moments of the
local-to-unity parameters. On the other hand, in case (iii), the power envelope
is defined within n~'/4T~'- neighborhoods of unity and it depends on the first
four moments of the local-to-unity parameters. Finally, in case (iv), we demon-
strate that the power envelope is defined within n~'/2T~!- neighborhoods of
unity and that it is identical to that of cases (i) and (ii) 2.

Second, we derive the asymptotic local power of some existing panel unit
root tests and compare these to the power envelope. For case (i), we investigate
the t-ratio statistics studied by Quah (1994), Levin et al (2002), and Moon and
Perron (2004). For case (ii), we discuss results from Moon and Perron (2005) on
a modified ¢-ratio statistic that is asymptotically equivalent to the test proposed
by Levin et al. For case (iii), we compare the optimal invariant test proposed
by Ploberger and Phillips (2002), the LM test proposed by Moon and Phillips
(2004), the unbiased test proposed by Breitung (2000), and a new ¢-test that is
asymptotically equivalent to the Levin et al. (2002) test. First, we show that
in all three cases the existing tests do not achieve maximal power. Next, when
the alternative hypothesis is homogeneous across individuals, it is shown that
some tests (the t-test in case (i) and the optimal invariant test of Ploberger and

Phillips (2002) in cases (ii) and (iii) ) do achieve the power envelope and are

2This result can also be found in Breitung (1999), the working paper version of Breitung

(2000).



uniformly most powerful.

Third, we propose a simple point optimal invariant panel unit root test for
each case. These tests are uniformly most powerful (UMP) when the alternative
hypothesis is homogeneous, in contrast to point optimal unit root tests for time
series (Elliot et al., 1996) where no UMP test exists.

The paper is organized as follows. Section 2 lays out the model, the hypothe-
ses to test, and the assumptions maintained throughout the paper. Section 3
studies the model where there are no fixed effects (or where the fixed effects are
known), develops the Gaussian power envelope, gives a point optimal test and
performs some power comparisons. Sections 4 and 5 perform similar analyses
for panel models with incidental intercepts and trends. Section 6 discusses var-
ious extensions and generalizations of our framework. Section 7 reports some
simulations comparing the finite sample properties of the main tests studied in
Sections 4 and 5. Section 8 concludes, and the Appendix contains the main tech-
nical derivations and proofs; the remaining proofs can be found in a companion

paper, Moon, Perron, and Phillips (2006b) .

2 Model

The observed panel z;; is assumed to be generated by the following component

model

Vg + yit (1)

Zit

Yit = piYit—1tui, i=1,..5t=0,1..,

where u;; is a mean zero error, g; = (1,1‘,)'7 and b; = (b, bli)'.
The focus of interest is the problem of testing for the presence of a common
unit root in the panel against local alternatives when both n and T are large.

For a local alternative specification, we assume that

0;
p; = 1 — —— for some constant x > 0, (2)
n~T



where 6; is a sequence of iid random variables. ? The main goal of the paper is

to find efficient tests for the null hypothesis
Hy: 6; =0 as. (i.e.,p;, = 1) for all 4, (3)
against the alternative
Hy : 0; #0 (i.e., p; # 1) for some i’s. (4)
A common special case of interest for the alternative hypothesis Hj is
Hy : 6; =0 > 0 for all 4, (5)

where the local-to-unity coefficients take on a common value 8 > 0 for all i.
In this case, the series are homogeneously locally stationary, that is p;, = p =

1— =L <1 for all i.

In (1) the nonstationary panel z;; has two different types of trends. The
first component b;g; is a deterministic linear trend that is heterogeneous across
individuals ¢. This component characterizes individual effects in the panel. The
second component y;; is a stochastic trend or near unit-root process with p;
close to unity.

The following sections look at four different cases. In the first case, there
are no fixed effects in the panel that have to be estimated, i.e. b; = (0,0)
(or alternatively b; is known). The second case arises when the panel data z;
contain fixed effects that are parameterized by heterogeneous intercept terms
boi, which are incidental parameters to be estimated. The third case arises when
the panel contains fixed effects that are parameterized by heterogeneous linear
deterministic trends, by; + b1;t where both sets of parameters by; and by; need to
be estimated. A final case considers panels with heterogeneous intercepts and
a common trend of the form by; + b1t.

In each case, under the assumptions that the error terms wu; are iid nor-

mal with zero mean and known variance o7 and that the initial conditions are

3Notice that under the local altenative, p; depends on n and T. Thus, the sequences of

panel data z;; and y;; should be understood as triangular arrays.



yit—1 = 0 for all 4, we construct point optimal test statistics. By deriving the
limits of the test statistics, we establish the asymptotic power envelopes of the
panel unit root testing problems. Then, we discuss the implementation of these
procedures using feasible point optimal test statistics. To develop these, we
relax some of the assumptions made in deriving the power envelopes.

We maintain the following assumptions in deriving the limits of the feasible

point optimal tests and some other tests available in the literature.

Assumption 1 For i = 1,2... and over t = 0,1,..., uy ~ iid (0,0?) with

sup; E [u,] < M and inf; 02 > M > 0 for some finite constants M and M.

Assumption 2 The initial observations y;o are iid with E \yio|8 < M for some

constant M and are independent of u;, t > 1 for all i.
Assumption 3 % + % +7 — 0.

Before proceeding, we introduce the following notation. Define

2t = (th7~-~-aznt)/7 Yt = (ylta---aynt)lv Ut = (U1t7~---7unt),;

Z = (z1,c2r), Y =1, yr), Yor = Yo, 91, yr-1), U= (ug,...,ur),
so the (i, t)th’ elements of Z, Y, Y_1,and U are z;+, y;t, Yit—1, and u;¢, respectively.

Define the 7'~ vectors Go = (1,.....1)', G1 = (1,2,...T)', set G = (Go,G1) =
(91, m,gT)/ , and define

ﬁO = (bolv""?bon)/u ﬁl = (bllu --'-7b1n)/7
ﬁ (ﬁ(]a/B1>: (blv"'vbn>/~

Let Z,,Y,;, Y _,;, and U; denote the transpose of the it" row of Z,Y, Y_4, and

U, respectively, and write the model in matrix form as

BG +Y,

= pY—l + U7

where p = diag (py, ..., p,) . Define ¥ = diag (03, ...,02) .

n



3 No Fixed Effects

This section investigates the model in which b}g; is observable or equivalently

gt = 0. In this case, the model becomes

zZ =Y,

)

= pY 14U

We consider local neighborhoods of unity that shrink at the rate of ﬁ and

one-sided alternatives, as indicated in the following assumptions.
Assumption 4 £k =1/2 in (2).

Assumption 5 0; is a sequence of iid random wvariables whose support is a

subset of a bounded interval [0, My] for some My > 0.

Let po ), = E (Gf ) . The assumption of a bounded support for ; is made for
convenience, and could be relaxed at the cost of stronger moment conditions.
It is also convenient to assume that the 6; are identically distributed, and this
assumption could be relaxed as long as cross sectional averages of the moments
LNt E (Hf) have limits such as i ;.

According to Assumption 5, §; > 0 for all 4, so that p, < 1. In this case, the
null hypothesis of a unit root in (3) is equivalent to py; = 0 or Mg = 0 (i.e.
0; = 0 a.s. and the variance of 0, 02, is 0), and the alternative hypothesis in
(4) implies g, > 0. Hence, in this section we set the hypotheses in terms of

the first moment of 0; as follows:
Hp : Mo 1 = 0, (6)

and

Hl : ,LLQJ > 0. (7)

To test these hypotheses, Moon and Perron (2004) proposed ¢ - ratio tests
based on a modified pooled OLS estimator of the autoregressive coefficient and

show that they have significant asymptotic local power in neighborhoods of



unity shrinking at the rate ﬁ This section first derives the (asymptotic)
power envelope and shows that the power function of a feasible point optimal
test for Hy achieves the envelope for the hypotheses above. We then compare the
asymptotic local power of this point-optimal test with that of the Moon-Perron

test.

3.1 Power Envelope

The power envelope is found by computing the upper bound of power of all

point optimal tests for each local alternative. To proceed, we define
Ci
Pei =1 nl/2T’
where ¢; is an iid sequence of random variables on [0, M,] for some M, > 0.
Denote by p, , the k*" raw moment of ¢;, i.e., per =E (cF).

Define

10 0 0]
Pe, 1
A, = o . - 0o 0 |
(TH+1)x(T+1))
Pe; 1 0
0 ... 0 =—p, 1

C =diag(c1,...,cn), and Ac = diag (Aey, -y Ac,) -
When w; are iid N (0,07) with 0 known and the initial conditions y; 1

are all zeros, so that y;o = u;o for all 7, the log-likelihood function is
1 _
Ly (C) = 5 (vec (Y") AL (57 ® Irgr) Ac (vee (Y)) .

Denote by L, (0) the log-likelihood function when ¢; = 0 for all s.
Define

1
Vor (C) = =2L,7 (C) 4+ 2L, (0) — 5[%,2.

The statistic V;,r (C) is the (Gaussian) likelihood ratio statistic of the null hy-
pothesis p; = 1 against an alternative hypothesis p; = p.. for i = 1,...,n. Ac-

cording to the Neyman-Pearson lemma, rejecting the null hypothesis for small



values of V7 (C) is the most powerful test of the null hypothesis H, against
the alternative hypothesis p; = p... When the alternative hypothesis is given by
H;, the test is a point optimal test (see, e.g., King (1988)). Let ¥,,7 (C) be the
test that rejects Hy for small values of V,,r (C).

Theorem 6 Assume that b; = 0 for all i or g = 0 for all t in (1). Suppose
that Assumptions 1 — & hold. Then,

VnT ((C) =N (_E (6191) ) 2/“0,2) .

The asymptotic critical values of the test ¥, 7 (C) can be readily computed.
In a notation we will use throughout the paper, let z, denote the (1 — a)—
quantile of the standard normal distribution, i.e., P(Z < —z,) = «, where
Z ~ N (0,1). Then, the size a asymptotic critical value ¢ (C, ) of the test
U, 7 (C) is ¥ (C,a) = — /24, 574, and its asymptotic local power is

FE (0191) _3
o (\/m a) ; (8)

where @ () is the cumulative distribution function of Z.

Using (8), it is easy to find the power envelope, i.e., the values of ¢; for which

power is maximized. By the Cauchy-Schwarz inequality

(b E (Ci0i> - za S (b w - Za )
vV 2”5,2 2

and the upper bound of ® < “92’2 — Ea) is achieved with ¢; = 6;. Then, by the

m _
Neyman-Pearson lemma, ® <\/ 52— za> traces out a power envelope and we

have the following theorem.

Theorem 7 Assume that b; = 0 for alli or gy = 0 for allt in (1). Suppose that
Assumptions 1 — 5 hold. Then, the power envelope for testing Hy in (3) against
Hy in (4) is <I>< Foz za) , where g = E(Gf) and Zq is the (1 — a)—

quantile of the standard normal distribution.



3.2 Implementation of the test

In order to implement a test that achieves the power envelope, estimates of the
variances, a?, are necessary. The estimator we propose computes the variances
under the null hypothesis. To simplify notation, let the first difference matrix
Ag be simply denoted by A. Our estimator just takes the sample average of the

squared first differences for each cross-section:

. 1 1
017 = T (AZ,) AZ; = (9@0 + Z Ayir) ) :

t=1

Denote by 3 = diag (6’%,1T, cees &inT) the estimated covariance matrix and by
Ly (C) and Ly,7 (0) the log-likelihood functions where the unknown ¥ has been
replaced by 3.

The feasible point-optimal statistic is:

. . 1
Var (C) = —=2Lyr (C) + 2Lynr (0) — He2

n T n
Z 21 Zio + Z (A, zit) ] Z 22+ Z Azn
i 1 t=1 i=1

AT
The following theorem establishes asymptotic equivalence between the feasible

2:“’0 2

and infeasible versions of the test:

Theorem 8 Assume that b; = 0 for all i or g = 0 for all t in (1). Suppose
that Assumptions 1 — 5 hold. Then, Vyp (C) = Vyp (C) + op(1).

3.3 Power Comparison
3.3.1 The t— ratio Test

We start by investigating the t— ratio test of Quah (1994), Levin et al (2002),
and Moon and Perron (2004), which is based on the pooled OLS estimator?.

4When the error term u;; is serially correlated, one can use a modified version of the pooled
OLS estimator. Details of this modification can be found in Moon and Perron (2004a). A
more detailed discussion of the case where the errors are serially correlated can be found in

section 6.4 below.



2
i

T
Z?:l %3 Zt:1 YitYit—1

b = T ’
Z?:l # Zt:l yiQt—l

be the pooled OLS estimator with corresponding ¢ statistic

For simplicity we assume that the error variances o; are known. Let

Under the conditions assumed above, we have t = N (— “\%1 , 1) (see Moon and

Perron (2004)). The power of the t test with size « is then
Hoa1  _
b — -2z, ). 9
( V2 ) ¥

Remarks

(a) By the Cauchy-Schwarz inequality, it is straightforward to show that

@(%—%)g@(@—%). (10)

In view of (10), the ¢ ratio test achieves optimal power only when the
alternative is homogeneous as in Hs, that is when 6; = € a.s., so that
E(0;) = +/E (93) Otherwise, the power of the t ratio test is strictly
sub-optimal. This implies that the ¢t— ratio test is the uniformly most
powerful test for testing Hy against Hy but not against Hy. The result is
not surprising since the ¢ ratio test is constructed based on the pooled OLS

estimator and pooling is efficient only under the homogeneous alternative.

(b) Notice from (9) that the asymptotic local power of the t-test is deter-
mined by g 1, the mean of the local to unity parameters ¢;. In the given
formulation, the local alternative is restricted to be one sided in Assump-
tion 5. If we allow two-sided alternatives, this opens the possibility that
pg,1 = 0 even under the alternative hypothesis, in which case the power

of the pooled t— test is equivalent to size.

10



(¢) The pooled OLS estimator defined above can be interpreted as a GLS
estimator since it gives weights that are inversely related to the variance of
each observation. Moon and Perron (2004) do not make this adjustment
and use a conventional OLS estimator. However, Levin et al. (2002)
first correct for heteroskedasticity by dividing through by the estimated
standard deviation before using pooled OLS on this transformed data.
Their procedure can thus also be interpreted as a GLS estimator although
it is commonly called pooled OLS. To avoid confusion with the previous
literature, we will keep referring to estimators with weights that are the

reciprocal of the standard deviation as pooled OLS estimators.

3.3.2 A Common-Point Optimal Test with ¢; = ¢

As shown earlier, to achieve the power envelope, one needs to choose ¢; = 0; a.s.
for W, (C) . Denote this test ¥,,r (0). Of course, the test ¥, (0) is infeasible
because it is not possible to identify the distribution of #; in the panel and
generate a sequence from its distribution. Indeed, if the 6; were known, there
would be no need to test the null of a panel unit root.

One way of implementing the test ¥, 7 (C) is to use randomly generated ¢;’s
from some domain that is considered relevant. The variates ¢; are independent

of 6; and the power of the test ¥, (C) is
P He,1Mo,1 _a ). (11)
vV 2/”’0,2
Since ji.; < /T, the power (11) is bounded by

o (‘% - za) , (12)

which is achieved when we choose ¢; = ¢, where c¢ is any positive constant. We

denote this test ¥, (¢).

Remarks

(a) Not surprisingly, the power (12) of the test ¥,,r (c) is identical to that of

11



the t - ratio test in the previous section. Of course, both tests are based

on the homogeneous alternative hypothesis.

(b) Note that the power of the test ¥,r (c) does not depend on c. The test
is optimal against the special homogeneous alternative hypothesis Hy for
any choice of ¢. This result is in contrast to the power of the point optimal
test for unit root time series in Elliot et al (1996), where power does
depend on the value of ¢. The reason is that the local alternative in the
panel unit root case, p., = 1 — —%=, is closer to the null hypothesis than
the alternative p., = 1 — £ that applies in the case where there is only
time series data. In effect, when we are this close to the null hypothesis

with a homogeneous local alternative, it suffices to use any common local

alternative in setting up the panel point optimal test.

4 Fixed Effects I: Incidental Intercepts Case

We extend the analysis in the previous section by allowing for fixed effects,
i.e. bigr = bo;, so that g = 1. In this case, the model has the matrix form

4.1 Power Envelope

This section derives the power envelope of panel unit root tests for Hgy that
are invariant to the transformation Z — Z + B{G{, for arbitrary 85. When wu;
are iid N (0,07) with o7 known and the initial conditions y; _1 are zeros, i.e.

Yi0 = Ujo, the log-likelihood function is
1
Loz (C, By) = =5 [vee (2 = Go3y)] AL (7" @ Iria) Ac [vee (2 = GoBy)]

We denote by L, (0, 3,) the log-likelihood function when ¢; = 0 for all 4.
A (Gaussian) point optimal invariant test statistic for this case can be con-

structed as follows (see, for example, Lehmann (1959), Dufour and King (1991),

12



and Elliott et al (1996)):

1

SHec,2-

Vielnr (C) = =2 |min L,,p (C, By) — min L, 7 (0, 8y) | — ’
Bo Bo 2

For given ¢;’s, the point optimal invariant test, say ¥ fe1 7 (C), rejects the null

hypothesis for small values of Vie1 5,7 (C).

Theorem 9 Suppose Assumptions 1 — 5 hold and that by; = 0 or are known.

Then, as (n,T) — oo

(a) Viernr (C) = N (=E (cifh) , 211, 2) -

(b) The power envelope for invariant testing of Hy in (3) against Hy in (4)

is ® (1/% - za> , where g, = E (012) and Z, 1s the (1 — a)— quantile

of the standard normal distribution.

Remarks

(a)

As in the case of ¥, 7 (c), we define the test Uc1 7 (¢) with a common

constant point ¢; = ¢. Then, the power of the test Wse1 7 (c) is

o <“L\/§1 - za> , (13)

which is the same as for the ¥, (¢) test in the previous section without

fixed effects.

Note that the asymptotic power envelope is the same as in the case without
incidental intercepts, so estimation of intercepts does not affect maximal
achievable power. The result is analogous to the time series case in Elliott

et at (1996, p. 816).

With incidental intercepts in the model, Levin et al. (2002) proposed
a panel unit root test based on the pooled OLS estimator. Let Z; =

1 T ~ _ 1 T .
Zit—p D pq it and Zyy_1 = Zig_1—7 » ;1 Zit—1. When the error variances
2

o; are known, the ¢ - statistic proposed by Levin et al. is asymptotically

equivalent to the following t - statistic




where

1 I “lra 1 X
ppool [Z o2 - 1] [Z—QZ Zit—17%it
=11 t=1

i=1 t t=

As shown by Moon and Perron (2005), the ¢ test also has significant

asymptotic local power within n='/2T7~! neighborhoods of unity, and its

3 /5 _
@ (5 ﬁﬂe,l - Za) )

which is below that of the W1 7 () test.

power is given by

4.2 Implementation of the test

As in the case without fixed effects, we need to estimate the unknown quantities
to make the point-optimal test feasible. In this case, the unknown quantities
are the intercepts, b, and variances, o7. The fixed effects will be estimated by

generalized least squares (GLS) under the null hypothesis, or
bo; (0) = (AGHAGY) '  AGLAZ;.

where AGy = (1,0....,0)", and the resulting estimate is simply the first obser-

vation, z;9. The variance estimator for each cross-section is then:

T
Z AZ”

Define 3, = diag (&%,1% - &;RT) as before, and let Ly, (C, 8,) and L7 (0, 3,)

Pir = 7 [5Z: ~ AGobs ()] [AZ; ~ AGuh: (0)] =

’ﬂ |

be the log-likelihood function values with the unknown X replaced by 3. The

feasible statistic is then
N Lo Lo 1
erl,nT (C) =-2 Hﬁlll’l LnT ((Cv /BO) - Il’ﬁlln LnT (0; 60) - 5;“’@23
0 0
leading to an asymptotically equivalent test.

Theorem 10 Suppose that Assumptions 1 — 5 hold and that by; = 0 or are
known. Then, erLnT (€)= Vor (C) + 0, (1).

14



5 Fixed Effects II: Incidental Trends Case

This section considers the important practical case where heterogeneous linear

trends need to be estimated. Set g, = (1,t)" and for this case, we consider local

1

neighborhoods of unity that shrink at the slower rate of —7—=.

Assumption 11 x =1/4 in (2).

We relax Assumption 5 to allow for two-sided alternatives, so that the time
series behavior of y;; can be either stationary or explosive under the alternative

hypothesis.

Assumption 12 0; ~ iid with mean py and variance 05 with a support that is

a subset of a bounded interval [—Myg, Mg, where Mg, M9 > 0.

Under Assumption 12, we can re-express hypotheses (3) and (4) using the

second raw moment of 8; as follows:

Ho : pg 0 =0, (14)
and

Hy : pg o > 0. (15)

The usual one-sided version where the series has a unit root or is stationary is
the special case with My = 0. We proceed as above by first deriving the power
envelope, developing a feasible implementation of the resulting statistic, and

then investigating the asymptotic local power of different panel unit root tests.

5.1 Power Envelope

This section derives the Gaussian power envelope of panel unit root tests for Hy
that are invariant to the transformation Z — Z + "G’ for arbitrary 8*. When
w;e are ild N (O,U?) with 02 known and the initial conditions Yi,—1 are Zeros,

that is, y;0 = w0, the log-likelihood function is
Lur (€. 0) = — [vee (2~ )]/ A (274 ® Frpn) Ac [vee (2~ GF)]

15



We denote by L7 (0,3) the log-likelihood function when ¢; = 0 for all i. As

above, a (Gaussian) point optimal invariant test statistic can be constructed as

Vieomr (C) = =2 [mﬁin L,r (C,08) — mﬁin L,r (0, ﬁ)}
n Lo Lo
+ <n1/4 Z l) + (WZ@) Wp2T + <_Zci> WpdT
1= =1 i=1
where
le~t—1 2t [t—1) 1
wpr = 727*?2?(7)‘5’
I et —1s5—1 t—1s-1) 21 t—1\> 1
“paT = ﬁ;zl T T min( T T )_§T;<T) Ty

For given ¢;’s, the point optimal invariant test, say VU fe2 7 (C), rejects the null
hypothesis for small values of Va1 (C).

The asymptotic behavior of Vs 7 (C) is given in the following result.

Theorem 13 Suppose that Assumptions 1 - 3, 11, and 12. Then, Ve nr (C) =
N (=55 B (c7607) . 5 E (cf))

From Theorem 13, the size o asymptotic critical value is

_ /Mc,4 _
'1/er2 (C7 O[) - 45 Rovs

and the asymptotic power of the test is given by

1 F (03012) B
d (Tﬁﬁ - za> . (16)

By the Cauchy-Schwarz inequality, we have

1 E(c07) 1 _
(I)<6_\/5W2a> §©<6—\/5\/m,za). (17)

Again, the maximal power, ® (6—\1/5 /To.a — %) , is achieved by choosing ¢; = 0;.

According to the Neyman-Pearson lemma, & (ﬁ /Tho.1 — Ea) traces out the

power envelope. Summarizing, we have the following theorem.
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Theorem 14 Suppose that the trends big; in (1) are unknown and need to be

estimated and Assumptions 1 — 3, 11, and 12 hold. Then, the power envelope

for testing the null hypothesis Hy in (3) against the alternative hypothesis Hy in
(4) is ® (le\/m - Za) , where g , = E (9?) and Z, 1s the (1 — a)— quantile

of the standard normal distribution.

Remarks

(a)

An important finding of Theorem 14 is that in the panel unit root model
with incidental trends, the POI test has significant asymptotic local power

in local neighborhoods of unity that shrink at the rate By contrast,

in the panel unit root model either without fixed effects or only with in-
cidental intercepts, the POI test has significant asymptotic power in local
neighborhoods of unity that shrink at the faster rate ﬁ This differ-
ence in the neighborhood radius of non-negligible power is a manifestation
of the difficulty in detecting unit roots in panels in the presence of het-

erogeneous trends, a problem that was originally discovered in Moon and

Phillips (1999) and called the ‘incidental trend’ problem.

The power envelope of invariant tests of Hy in (3) against H; depends on
the fourth moment of the local to unity parameters }s. This dependence
suggests that panels with more dispersed autoregressive coefficients will

tend to more easily reject the null hypothesis.

When the alternative hypothesis is the homogeneous alternative Hy (i.e.,
0; = 0), the power envelope is
1
o —=0"—2,). 18
<6¢5 > (%)

and, in this case, the power envelope is attained by using ¢; = ¢ for any

choice of c.

If the 6; are symmetrically distributed about p, 1 and k4 is the 4t cumu-

— 2 602 | 3odtrs /2 L
lant, then /Iy, = g, {1 + ﬁ + #} and this will be close to
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2 . 602 30’4+H4 ey .
{15, when the ratios =% and =&—= are both small. In such cases, it is
’ 9,1 6,1
clear from (17) that the test with ¢; = ¢ for any choice of ¢ will be close

to the power envelope.

5.2 Implementation of the test

Again, the covariance matrix ¥ is generally unknown and needs to be estimated.

To do so, we use the GLS estimator of b; under the null hypothesis,

b (0) = (AG'AG) ' AG'AZ = | 0
T 21 Dzt

/

10
where AG = , and define the estimator of the error variance

for cross-section i as:

1 / 1 1 o i
52 = — . — A. L — A, e e — .
63ir = 7 |AZi — AGH (0)] [AZ; - AGH (0)] = 7 ?:1: (Azlt = ;:1: Az,t> .

Denote 33 = diag (&g)lT, e 6§7nT) .Let L7 (C) and L,7 (0) be the log-likelihood

function with the unknown ¥ replaced with $3. The feasible statistic is then:

erQ,nT ((C) = -2 |:mén f’nT ((Cv /B> - m,(;n f’nT (Oa 5>:|
1< 1 &, 1.,
+ WZQ + mzci Wp2T + ;Zci WpdT -
i=1 i=1 i=1

Again, we have an asymptotically equivalent test.

Theorem 15 Suppose that Assumptions 1 — & hold. Then, ‘A/feg’nT (C) =
erng ((C) + 0p (1) .

5.3 Power Comparison

We compare the power of five tests, and for simplicity assume that the error

2

variances oj are known.
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5.3.1 The Optimal Invariant Test of Ploberger and Phillips (2002)

We start with the optimal invariant panel unit root test proposed by Ploberger
and Phillips (2002). To construct the test statistic, we first estimate the trend
coefficients 3 by GLS 3 = (AZAG) (AG’AG) ™", and detrend the panel data
Z giving E = Z — BG’. Define

1
Vyur = v (mtr (2—1/2EE'2—1/2) - w1T> : (19)

—iyT (1 _ L . i i
where wir = % >,_; % (1 — %) . In summation notation, we have

T —
Z ZiQt,T — wlT] 5 (20)
t=1

1 n
gnT—%Z

=1

where
Z‘t,T = L [(Zzt - Zi()) - i (ZiT - Zzo)] s
VT T
a maximal invariant statistic. In view of (19) and (20), we may interpret V,
as the standardized information of the GLS detrended panel data. The test
U, »r proposed by Ploberger and Phillips (2002) rejects the null hypothesis Hy
for small values of Vj 7.

To investigate the asymptotic power of ¥, 7, we first derive the asymptotic

distribution of Vg ,r.

Lemma 1 Suppose Assumptions 1 — 3, 11, and 12 hold. Then, Vy,r =
N (—3510,2: 35) -

Using Lemma 1, it is straightforward to find the size o asymptotic critical
values ¢, («) of the test W, . For Z,, the (1 — a)— quantile of Z, the critical
value is ¢, (a) = —3—\1/5%7 and the asymptotic local power is given by

Moo _
Pl —=—-2z,], 21
(o2 -z,) (1)

showing that the test ¥, ,,r has significant asymptotic power against the local

alternative Hj.

19



Remarks

(a)

Notice that the asymptotic power of the test ¥, 1 is determined by the
second moment of 0;, iy 5, so that it relies on the variance of 0; as well as

the mean of 6;.

According to Ploberger and Phillips (2002), the test ¥, is an opti-
mal invariant test. Let Qg 7 (6) be the joint probability measure of the
data for the given ;s and let v be the probability measure on the space
of 6;. Ploberger and Phillips (2002) show that the test W, ,7 is asymp-
totically the optimal invariant test that maximizes the average power
[ ([ ¥ynrdQo,nr () dv, a quantity which also represents the power of
U, 7 against the Bayesian mixture [ Qg 7 (6) dv.

Comparing the power (21) of the test ¥, ,r to the power envelope is

straightforward. By the Cauchy-Schwarz inequality we have

o(85+)=o ()

The test W, ,7 achieves the power envelope if the 6; are constant a.s.
That is, the power envelope is achieved against the special alternative

hypothesis Hs.

5.3.2 The LM Test in Moon and Phillips (2004)

The second test we investigate is the LM test proposed by Moon and Phillips

(2004), which is constructed in a fashion similar to Vj ,r. The main difference

is that Moon and Phillips (2004) use ordinary least squares (OLS) to detrend
the data. To fix ideas, define Qg = Iy — Pg with Pg = G(G’G)_l G'. Let
Dy =diag (1,T). and

1
Vour = Vi (mtr (z-UQZQGZ’E—W) . ng> ,
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where

1T
WQT:TZ

i
T
1 & -
hr(ts) = ¢Dg' (TZDTlng;DT1> Dr'gs.

Define

a scaled version of the OLS detrended panel. Then, we can write

which

panel

1 5
T—ngzz—%,T—MT] ;

v ot=1

1 n
V. =— g
onT \/ﬁ vt
can also be interpreted as the standardized information of the detrended

data. The LM test, say U, 7, of Moon and Phillips (2004) is to reject

the null hypothesis Hy for small values of V, ,,1 (c) .

The following theorem gives the limit distribution of V, 1 (c).

Lemma 2 Suppose Assumptions 1 — 3, 11, and 12 hold. Then, Vonr =

N (= g35H0.2: 5500

The size o asymptotic critical value of U, ,, 1, say ¢, («) , is given by ¢, (o) =
— /%%7 and the asymptotic power is ® (;L\/% — %) .

Remarks

(a)

Similar to the test ¥y 7, the test ¥, ,r has significant asymptotic power
against the local alternative H;, and its power depends on the second

moment of 6;, fig 5.

The asymptotic power of the optimal invariant test ¥, ,,» dominates that
2 2 2 2
Hp+o Ho+0o f e .. .
of the test ¥, ,,r because MQ Vi < MQ T This is not so surprising since
the optimal invariant test W, 7 is based on GLS-detrended data, while

the test U, ,,r is based on OLS-detrended data.
As remarked earlier, the test erg)nT(C) will achieve power close to the

. 602 3044k
power envelope when the ratios #—gﬂ and %@fﬂ are both small.
6,1 6,1
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5.3.3 The unbiased test of Breitung (2000)

Breitung (2000) has proposed an alternative test to the Levin et al. (2002) test

that does not require bias adjustment. The idea is to transform the data as

. 1
Yie = St |Dzi— T 1 (Azjpy1 + ... + Azir)
. t—1
Tip = zit-1 — 2Zi0 — —7— (zir — Zio)
and note that ¥}, and z}, are orthogonal to each other. The pooled estimator
proposed by Breitung is then
—2
i Zt 2 05 YuZis
—2 & ?
i Zt 5 0 T

and is correctly centered and does not require bias adjustment in contrast to

pr=1+

the Levin et al. (20002) pooled OLS estimator. Breitung suggests testing the

panel unit root null hypothesis by looking at the corresponding t-statistic:

UB,p = > i IZt 2 0 yztxzt
\/Zz 12:& 2 ‘77233;2

Under a homogeneous local alternative, Breitung claims (theorem 5, p. 172)

that this statistic has power in a local neighborhood defined with x = 1/2, and

is

that the expectation in the asymptotic normal distribution under the alternative
NG [ lim OF (T_l sz*tyz*t)

T—co  0(0/v/n) 0_0] '

In a separate paper (Moon, Perron, and Phillips (2006a)), we show analytically

that the limit above is 0, and therefore that Breitung’s test does not have power

in a neighborhood that shrinks at the faster rate towards the null. Instead,

1
1/2T

we show that the necessary rate is the same slower rate that applies to the

1/4T
other tests with incidental trends. Indeed, we show that under the assumptions

in this section, the U B statistic has the following distribution.

Lemma 3 Suppose Assumptions 1 — 3, 11, and 12 hold. Then, UB,r =

N (§e2.1).
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Remark The above lemma shows that the asymptotic power of Breitung’s test

Ho 2

is ¢ (6_\/6 — Za) , which is obviously below the power envelope.

5.3.4 A Common-Point Optimal Invariant Test

The test Viea nr (©) that achieves the power envelope is infeasible. If we use
randomly generated c}s that are independent of #; and the panel data z; in

constructing the test, according to (16), the power of the test Vieo 1 (C) is
o L Healo2 5 (22)
6\/g \/Mc,4 “
Since fi, 5 < \/flc,4, the power (22) is bounded by

o (6—\1/5“9’2 - za) , (23)

which is achieved when we choose ¢; = ¢ for Ve 7 (C) , where ¢ is any positive

constant. We denote this test Vieo n7(c).

Remarks

(a) The power (23) of the test Viea nr (c) is identical to that of the Ploberger-

Phillips optimal invariant test Vg 7.

(b) The power of the test Vieo 1 (¢) also does not depend on c. It is optimal
against the special homogeneous alternative hypothesis Hy for any choice

of c.

5.3.5 A t-test

In a manner similar to Moon and Perron (2005), we can define statistics that
are asymptotically equivalent to the Levin et al. (2002) statistic based on the
pooled OLS estimator for this case. When there are incidental trends, the Levin

et al. statistic is asymptotically equivalent to the following ¢ - statistic
112 B .
= 1/@\/17‘ (5122020,5712) (plo = 1),

23




where the bias-corrected pooled OLS estimator is

Ppool = {tr (2_1/22712’,12‘1/2)} B [tr (2—1/22712’2—1/2” + %

On the other hand, Moon and Perron (2004) consider the following t-ratio test

based on a different bias-corrected pooled estimator

o = W (5122020, 5772) (it —1)

where

S -1 . T
o= [ (5702205 7) | o (52207500 1 2
By definition,
- 4 15 tr (271/22_12/_1271/2) — HI—T:
ppool - ppool = ﬁ

tr (5127422, 57112)

and

1 — 7 7 — 1
o 2 D 112 \/ﬁ{”ptr (E et 1/2) _ E}
“ V193 2 ‘

_ 172
193 #” (Z_l/zz_lz/_lz—l/Q)

Using Theorem 4 of Moon and Perron (2004) and Lemma 2, it is possible to

show the following.

; 15v15 /112 Mo,
Lemma 4 Suppose Assumptions 1 -3, 11, and 12 hold. Then, tT™ = N (f 2 195 150 1) .

6 Discussion

6.1 Case with Incidental Intercepts but a Common Trend

This section investigates the panel model for z;; in (1) where there are incidental

intercepts but a common trend, viz.,

zit = boi + b1t + v,

it = piYie—1 Ui, i=1,.5 6 =01
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This model is relevant because there is a tradition of imposing such a com-
mon trend in empirical work in microeconometrics. In addition, the analysis
of asymptotic local power for this model provides further evidence that it is
the presence of incidental trends, by;t, rather than incidental intercepts bg; that
makes the detection of unit roots more challenging.

To proceed, we make the same assumptions as in Sections 2, 3, and 4, so

that
Pi = 711/2T .
Let I, = (1, ..., 1)' , n— vector of ones. Using notation defined in Section 2, we

write the model as

= BoGhH+hl,G1+Y,

= pY_1+U.

In the following theorem we show that the power envelope of panel unit root

tests for H that are invariant to the transformation Z — Z + 3;Gy + bil,, G}

for arbitrary £ and b is the same as the one we found in Sections 3 and 4.
When wu;; are iid N (0,012) with af known and the initial conditions y; —;

are zeros, that is, y;0 = u;0, the log-likelihood function is

Lur (€, fg,ba) = — [vee (2 — Goffy — Grllh)) A (87 @ Tran) Ac [vee (2

As before, a (Gaussian) point optimal invariant test statistic for this case can

be constructed as follows:

. . 1
Viesnr (C) = =2 |min L7 (C, By, b1) — E}I’llgl L7 (0,8,01)| — 5'%’2'
0591

0,91

For given ¢;’s, the point optimal invariant test, say ¥ fes 7 (C), rejects the null

hypothesis for small values of Vies 7 (C).
Theorem 16 Suppose Assumptions 1 — 5 hold. Then,

Vieant (C) = Vier,n1 (C) + 0, (1)

25
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6.2 Initial conditions

In the derivations above, we have assumed that all series in the panel were
initialized at the origin (y;,—1 = 0). It is well-known in the time series case
that the initial condition can play an important role in the performance of unit
root tests (Evans and Savin (1984), Phillips (1987), Elliott (1999) and Miller
and Elliott (2004)). A common assumption made in the time series context is
that the initial condition is drawn from the unconditional distribution under
the stationary alternative, i.e. yo ~ N (O, #) . In the local to unity case,
p=1— %, this formulation of the initial condition gives yo = O,, (\/T ) , which
has some appeal because the order of magnitude of the initial condition is the
same as that of the sample data y;.

This commonly used set up for the time series case does not extend natu-
rally to the panel model. Indeed, under the assumption y; -1 ~ N (O, ﬁf) ,
and with local alternatives p, = 1 — nl‘j—gT or p, =1— nﬁ—iT (depending on
whether trends are present or not), we have y; _1 = O, (n1/4ﬁ) or y; 1 =
O, (nl/ 8T ) , respectively, in which case y; _; diverges with n. The sample
data y;+ for this series is then dominated by the initial condition y; ;. There
is, of course, no reason in empirical panels why the order of magnitude of the
initial condition for an individual series should depend on the total number of
individuals (n) observed in the panel and such a formulation would be hard to
justify. In this sense, the situation is quite different from the time series case,
where there are good reasons for expecting initial observations for nonstation-
ary or nearly nonstationary time series to have stochastic orders comparable to
those of the sample. Moreover, under the initialization y; _1 ~ N (O, 17—1p$> , the
likelihood ratio statistic diverges to negative infinity under the local alternative,
as we show below.

To illustrate, consider the case with no fixed effect and with u;; ~ éid N (0,1)
n—ﬁfﬁ, as in Sections 3 and 4.
Assume that if 0; # 0, y; —1 are 7id N (0, ﬁ) and independent of wuj;, and

across ¢ over t. Here we assume that p; = 1 —

if ; =0, y;,—1 are iid N (0,1) and independent of w;;. Denote deviations from
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the initial condition as

Yit = Yit — Yi,—1

= Uit + piUit—1 + piUit—2 + ... + pluio + (PfJrl 1) yi—1

All quantities based on §;; will behave as in the case of a fixed initial condition.

Define the notation

1/2 !
DY, = ((1*/)?) / yi,—l;Aé)iyiOv---aAQI;yiT)
!
_ o122 _ _i ) - 0;
- ((1 Pi) Yi,—1, Ayio nl/QTyz,fla-n-,Asz —nl/QTsz 1) )

AgY;, = (yi,flaAyiO>-~->AyiT)l~

Then, the likelihood ratio is

1
—atn _Ln
5 T7A‘|‘2 T,0
S MR IPRES SN}
i=1 i=1
n T 0 2 T
= |- z(Ayzt I/QTym—myi,l) —yzl—zAgst]
i=1 t=0

I
M§

2 T
< HT pz) yiQ,—l 1/2T Z@%—l Z Ayzt + 2 Ze Yi,—1 Zyzt 1
1
n T
2% Z@i ZA%& (it—1) T2 292 Zyn 1
i=1 t=0

The last two terms behave as in the case of fixed initial conditions in the limit

7

since they are deviations from the initial condition. As for the other three terms,
we concentrate on the homogeneous case, §; = 0 for simplicity. We can show

that the first term is

i(g—; m)yzl Oy (n?’/QT),

while the second term is
1 n
nl/2T Z@yi,,l (yir — Yi,—1) = Oy (n1/4) ,
i=1
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and the third term is

1 & a 1
2 : 2 E ~ _
nT* i=1 P t=0 Jut = O (n1/4> .

Thus, the behavior of the likelihood ratio statistic is dominated by the first
term. This first term has a negative mean and thus the likelihood ratio statistic
diverges to negative infinity under the local alternative.

This example makes it clear that mechanical extensions of time series formu-
lations that are commonly used for initial conditions can lead to quite unrealistic
and unjustifiable features in a panel context. It is therefore necessary to con-
sider initializations that are sensible for panel models, while at the same time
having realistic time series properties. Given the more limited focus of the
present study, we will not pursue this discussion of initial conditions further
here but retain the (simplistic) assumption of zero initial conditions. Clearly, it
is an important matter for future research to extend the theory and relax this

condition.

6.3 Cross-sectional dependence

As with most of the early panel unit root tests that have been proposed in the
literature, the above analysis supposes that the observational units that make
up the panel are independent of each other. This assumption is not realistic in
many applications, such as the analysis of cross-country macroeconomic series,
where individual series are likely to be affected by common, worldwide shocks.
Accordingly, more recent panel tests such as those in Bai and Ng (2004) , Moon
and Perron (2004), Phillips and Sul (2003), Chang (2002), and Pesaran (2005)
allow for the presence of cross-sectional dependence among the units, typically
through the presence of dynamic factors.

In order to handle such cross-sectional dependence, we can combine the
defactoring method of Bai and Ng (2004) , Moon and Perron (2004) or Phillips
and Sul (2003) to the analysis of this paper. The idea is to apply the optimal

tests developed here to the data after the common factors have been extracted.
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Once the extraction process has been completed, there is, of course, no claim of
optimality in the resulting tests, and we do not prove here that this approach
has any optimality property. However, intuition suggests that this approach
should perform well in practice, and simulation evidence provided in Moon and
Perron (2006) confirms this.

For illustration, we will use the model of Moon and Perron (2004). Thus,

the assumption is that the disturbance in (1) has a factor structure
wir = i fi + e (24)
The proposed procedure is as follows:
1. Estimate the deterministic components (b;) by GLS to obtain g;
2. Use the pooled OLS estimate to compute residuals ;¢;

3. Use principal components on the covariance matrix of these estimated
residuals to estimate the common factor(s), ft and factor loadings, #;.
Post-multiply the data matrix Z by Q5 =1 —% (’Ay/@)_l 4" so that ZQ is

no longer affected by the common factors;

4. Use the common point optimal test proposed earlier in the paper on ZQ5.

6.4 Serial correlation

Serial correlation can be accounted for in the construction of the test statis-

oo
j=—o0 Vij»

tics by replacing variances with long-run variances, w? = where
vi; = F (w;,pu;¢— ;) - Since serial correlation is not accommodated in the above
derivation of the power envelope, this procedure will not in general be optimal,
but should result in tests with correct asymptotic size under quite general short
memory autocorrelation (as in Elliott et al. (1996)). Standard kernel-based es-
timators of the long-run variance as in Andrews (1991) and Newey and West
(1994) can be used to estimate the long-run variances. The development of op-
timal procedures that accommodate serial correlation is of interest but beyond

the scope of the present contribution.
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7 Simulations

This section reports the results of a small Monte Carlo experiment designed to
assess and compare the finite-sample properties of the tests presented earlier in

the paper. For this purpose, we use the following data generating process:

zit = boi + bt + yis,
Yit =  PiYit—1 + Uit,
Yi,—1 = O, Uit ~ iid N (0, 0'?)

o? ~ U[0.5,1.5].

K2

We consider both the incidental intercepts case (by; = 0) of section 4 and the
incidental trends case (by; # 0) of section 5. In each case, the heterogeneous
intercepts and/or trends are itdN (0,1). We assume that the error term is in-
dependent in both the time and cross-sectional dimensions with a Gaussian
distribution and heteroskedastic variances. Initial conditions are set to zero
and, as discussed earlier, this is a limitation of the experiments and may lead to
more favorable results for many of the tests than under random initializations
where there is some dependence on the localization parameters.

We focus the study on three main questions. The first is the sensitivity
of the point-optimal invariant test to the choice of ¢;. The second is how far
the feasible and infeasible point-optimal tests are from the theoretical power
envelope in finite samples. Finally, we look at the impact of the distribution of
the local-to-unity parameters under the alternative hypothesis.

We consider the following nine distributions for the local-to-unity param-
eters: 0; = 0 Vi for size, and for local power, (1) 8; ~ #dU [0,2], (2) 0; ~
iidU [0,4], (3) 0; ~ idU [0,8], (4) 0; ~ didx? (1), (5) 0; ~ didx?(2), (6)
0; ~ iidx®(4), (7) 0; = 1 Vi, and ; = 2 Vi. These distributions enable us
to examine performance of the tests as the mass of the distribution of the lo-
calizing parameters moves away from the null hypothesis. We can also look
at the effect of homogeneous versus heterogeneous alternatives (cases (1) and

(4) versus (7), and cases (2) and (5) versus (8)) together with the role of the
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higher-order moments of the distribution. For instance, case (1) has the same
mean as case (4) but smaller higher-order moments. The same situation arises
for cases (2) and (5), and cases (3) and (6). Note that the alternatives with x?
distributions do not fit our asymptotic framework since they have unbounded
support.

We take three values for each of n (10, 25, and 100) and 7' (50, 100, and
250). All tests are conducted at the 5% significance level, and the number of
replications is set at 10,000.

Table 1 presents the results for the incidental intercepts case. The tests
we consider are the infeasible point-optimal test with ¢; = 0; (the finite-sample
analog of the power envelope which uses the local-to-unity parameters generated
in the simulation), our common point-optimal (CPO) invariant test for three
values of ¢ (1, 2, and 0.5), the t-ratio type test as in Moon and Perron (2005),
and the t — bar statistic of Im, Pesaran, and Shin for which no analytical power
result is available ®. The first panel of the table provides the size and power
predicted by the asymptotic theory in section 4 using the moments of #; and
¢;. The other panels in the table report the size and size-adjusted power of the
tests for the various combinations of n and T. Thus, if asymptotic theory were
a reliable guide to finite-sample behavior, subsequent panels in the table would

mirror the first panel.

***Table 1 about here ***

The main outcomes from the first panel of the table can be summarized as

follows:

e The power envelope is higher for the x? alternatives than for the uniform
alternatives with the same mean. This is because the power envelope

depends on the second uncentered moment of 6;;

5We have also considered tests with randomly generated values for the c}s. Since the results
were inferior to those with fixed choices of ¢, we do not report them here, but they are available

from the authors upon request.
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e The power of the feasible CPO test is the same for the uniform and y?2

alternatives since power in this case depends only on the mean of 6;;
e The test based on the ¢T statistic is less powerful than the CPO test;

e The power envelope is higher for the heterogeneous alternatives than the

homogeneous alternatives with the same mean.

For the other panels of the table, the second column gives the expected
value of the autoregressive parameter implied by the distribution of the local-
to-untiy parameter and the values of n and T. As can be seen, the alternatives
considered are very close to 1, and at a qualitative level, the results match

closely the asymptotic predictions. The main conclusions are:

e The size properties of the common point-optimal test appear to be mildly

sensitive to the choice of ¢. The size of the test tends to increase with c;

e In terms of power, the choice of ¢ is much less important, as predicted
by asymptotic theory. In fact, most of the variation is within 2 simula-
tion standard deviations, and much of the difference is probably due to

experimental randomness;

e In all cases, power is far below what is predicted by theory and below the
power envelope defined by ¢; = 6;. The differences are reduced as both n

and T are increased;

e In all cases, the t1 test is less powerful than the CPO tests, but it does

dominate the t-bar statistic;

e In the homogeneous cases, there is less power difference between the CPO
tests and the optimal test. This is expected since the CPO test is most

powerful against these alternatives;

e Finally, despite the theoretical predictions that they should be equal, the
actual power for the x? alternatives is slightly below that for the corre-

sponding uniform alternatives.
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Table 2 reports the same information as Table 1 for the incidental trends
case. In addition to the above tests, in this case we also consider the optimal
test of Ploberger and Phillips (2002) the LM test of Moon and Phillips (2004),
and the unbiased test of Breitung (2000). Once again, the first panel of the
table gives the predictions for size and power based on our asymptotic theory.

Just as in unit root testing with time series models, power is much lower
when trends are present or fitted. In fact, power is much lower than it may
first appear in the table since the actual local alternative approaches the null
hypothesis at the slower rate O (n‘l/ iT _1) than in the incidental intercepts
case. Thus, for the same distribution of the local-to-unity parameters, the

alternative hypothesis is actually further from unity than in Table 1.

**¥* Table 2 about here ***

The main predictions contained in the first panel of the table for the inci-

dental trends case are as follows:

e In contrast to the incidental intercepts case, power of the CPO test is
higher for x? alternatives than for uniform alternatives since it depends

on higher-order moments in this case;

e The Moon and Phillips test, although dominated, is expected to perform

well;
e The t1 test has lowest power as is expected;

e Breitung’s unbiased test has power that lies between the common point-

optimal test and the Moon and Phillips test;
e The power envelope is lower for homogeneous alternatives.

The simulation findings reported in the remaining panels of table 2 conform
well to these predictions. We have not reported the finite-sample analog of the

power envelope because of numerical problems encountered in the computation.
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In a finite sample, the terms involving high powers of ¢; dominate for distant
alternatives, and this pushes the distribution of the statistic to the right, leading
to negligible rejection probabilities.

Our other findings for this case are:

e The size properties of the point-optimal test are much more sensitive to
the choice of ¢ and values of n and T than for the incidental intercepts
case. It is therefore difficult to come up with a good choice of ¢ based
on these results, although values between 1 and 2 seem to provide a good

balance for all values of n and T

e Both the Ploberger-Phillips and Moon-Phillips tests tend to underreject,

sometimes quite severely;

e The t-type test tends to overreject, and its power is close to that of Moon

and Phillips;

e As in the incidental intercepts case, the power properties of the CPO test
do not appear sensitive to the choice of c. There is a slight tendency for

¢ = 2 to achieve highest power;

e The fatter-tailed distributions have higher power than the corresponding
uniform distributions for the two closest alternatives. For the alternatives

that are furthest away (cases (3) and (6)), the reverse is true;

e The Ploberger-Phillips test behaves in a similar way to the CPO test, as
predicted by the asymptotics;

e The LM test of Moon and Phillips has good power but appears to be
slightly dominated by the other two tests, as again predicted by our theory;

e Power of the unbiased test of Breitung is generally between that of the

Ploberger-Phillips and Moon-Phillips test, again as predicted;

e When the alternative hypothesis is homogeneous (cases (7) and (8)), the

tests based on a common value of ¢; have higher power than for the corre-
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sponding heterogeneous alternative case. This phenomenon is more pro-

nounced for the y? alternative hypothesis.

These results suggest that the asymptotic theory generally provides a useful
guide to the finite sample performance of the tests statistics in the vicinity of
the panel unit root null. However, the presence of more complex deterministic
components and increasing distance from the null hypothesis reduces the ac-
curacy of the analytic results from asymptotic theory. Overall, the simulation
findings strongly suggest that use of the CPO test (and the Ploberger-Phillips
test in the trends case) improves power over the commonly-used ¢-ratio type

statistics.

8 Conclusion

In terms of their asymptotic power functions, the Ploberger-Phillips (2002) test
and the common point optimal test have good discriminatory power against
a unit root null in shrinking neighborhoods of unity. When the alternative is
homogeneous it is possible to attain the Gaussian asymptotic power envelope
and both the Ploberger- Phillips test and the common point optimal test are
uniformly most powerful in this case. Interestingly, the common point optimal
test has this property irrespective of the point chosen to set up the test. This
is in contrast to point optimal tests of a unit root that are based solely on time
series data (Elliott et. al. 1996), where no test is uniformly most powerful, and
an arbitrary selection of a common point is needed in the construction of the
test.

An important empirical consequence of the present investigation is that in-
creasing the complexity of the fixed effects in a panel model inevitably reduces
the potential power of unit root tests. This reduction in power has a quanti-
tative manifestation in the radial order of the shrinking neighborhoods around
unity for which asymptotic power is non negligible. When there are no fixed

effects or constant fixed effects, tests have power in a neighborhood of unity of
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order n=1/2T7—1. When incidental trends are fitted, the tests only have power
in a larger neighborhood of order n=1/4T~1. A continuing reduction in power
is to be expected as higher order incidental trends are fitted in a panel model.
The situation is analogous to what happens in time series models where unit
root nonstationary data is fitted by a lagged variable and deterministic trends.
In such cases, both the lagged variable and the deterministic trends compete to
model the nonstationarity in the data with the upshot that the rate of conver-
gence is affected. In particular, Phillips (2001) showed that rate of convergence
to a unit root is slowed by the presence of increasing numbers of determinis-
tic regressors. In the panel model context, the present paper shows that dis-
criminatory power against a unit root is generally weakened as more complex

deterministic regressors are included in the panel model.
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9 Appendix: Technical Results and Proofs

Let z;: (0) and y;; (0), respectively, denote the panel observations z;; and y;;
that are generated by model (1) with p; = 1, that is, 8; = 0. Also define Z (0),
Y (0), Y_4 (0), respectively, in a similar fashion to Z, Y, and Y_;. For notational

simplicity, set u;o = y;0. Throughout the proofs, we will use the notation

and
—1

1 fol rdr 1

h(r,s)=(1,7)
fol rdr fol r2dr s

=4 —6r — 65+ 127rs.

9.1 Preliminary Results

Lemma 5 Suppose that Assumption 1 is satisfied. Then, as n,T — oo with

7 — 0, the following hold.
no 2
(a) Doy (U?T - 072,) =o0p(1).
(b) SUPi<i<n |‘~712T - ‘722’ =0, (1).

(¢) With probability approaching one, there exists a constant M > 0 such that

inf; 67, > M.
Proof. See Moon, Perron, and Phillips (20060) . B

Suppose that ¢; is a sequence of iid random variables, independent of w;; for

all ¢+ and ¢, with a bounded support.

Lemma 6 Suppose that Assumptions 1 — 8, 11, and 12 hold. Then, the follow-
ing hold as (n, T — oo) with % — 0.
n 2
(a) ﬁ Zi:l C? {—Tzlaf 2321 {(yit — Yio) — % (yir — yio)} - WIT} =N (—
(b) J= iy [ S0 vh — wr S Sy vaishe (ts) —war| = N (—

Proof. See Moon, Perron, and Phillips (2006) . B
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9.2 Proofs and Derivations for Section 3

Proof of Theorem 6

Since Ay;; = — /QTyzt 1 + u;; under Assumption 4, we can write
Var (C)
n 1 1 n T
= D vt Z e:Yit) ] — = (vt ) (Auir) ] SHe
i=1 1 i oi=1 t=1

Ci 1
- 1/2T Z Z e nT? < af

— Ztl

2
nT 03
i=1 t=1 g
n o T
LSES R, =y s
nT?2 Jg it—1 p 2 c,2)

and

2 n
T Z Zuztyzt 1=> N (0 20, 2)
i=1 o} t=1

thereby giving the required result. B

Lemma 7 Let M be a finite constant. Under Assumptions 1 and 2, the follow-
ing hold.
2
(a) sup; £ {(% 23;1 uityit,l) ] < M.
2
(b) sup; E {(% 23:1 yzth) ] <M.
(c) sup; E [yf] < M.

Proof. The lemma follows by direct calculation and we omit the proof. B
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Lemma 8 Suppose that Assumptions 1 — 3, and 4 hold. Then, the following

hold.

(b) SUPi<i<n |&?,iT - qu,| = 0p (1).
(¢) With probability approaching one, there exists a constant M > 0 such that

inf; 63 ;0 > M.

Proof. See Moon, Perron, and Phillips (20060) . B

Proof of Theorem 8.
By definition,

VnT = T2 Z Zylt 1 + = 1/2T Z A2 Zuztyzt 1

i=1 1 AT =1 01 AT =1
T2 Z A2 Zyzt 1 2/’LC 2
1 T =1
First, by the Cauchy-Schwarz inequality,
1 2": 1 1) cifi o
. ~2 2| 72 Yit—1
niZ\otr 0i) TP
2\ 1/2 2\ 1/2
1 2 (&%iT—UZz) 1 2 (Ciei 1 2 )
< \nxl— 2\ r v
i 91,iT nig\o "5
o\ 1/2
N T
SUPAU%JT_U%\ M 1< 1 Zyz
e - : = o) it—1
inf; 6%, infiof \ n g \ T2 &7

= 0p(1)0p (1) =0, (1),

where the last line holds by Lemmas 7 and 8, the assumption that ¢; and 6;

have uniformly bounded supports, and inf; 0? > 0. Similarly, by Lemmas 7 and
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8, the assumption that ¢; has a bounded support, and inf; o7 > 0, we have

1/QZ<U“T > To Qzultyzf 1

01,4iT T ot=1

1/2 1/2
) 9 2 / n 2 /
0147 — 0; 1
B R oy E 02 E UitYit—1
i=1 14T i=1 i 4=

no . 1/2 1/2
(Zi:l (6% — 05)2) M [1&(1& ’
< — v gl Z T Zuityitq

IA
/-~
M:

lnfi Ul,iT lnfz gy i=1 t=1
= 0 ()0, (1),
and
n (22 T
2
T S L 9L S SET
= bt t=1 = t=1

Combining these, we complete the proof that V,,r (C)=Vor(C)+o0,(1). N

9.3 Proofs and Derivations for Section 4

Proof of Theorem 9.

For the theorem, it is enough to show that
erl,nT (C) = VnT ((C) =+ Op (1) .

Let bo; (¢;) = (Ae,GhAe,Go) ™" (A, GhA,Z;) . Then Z; — Gobyi (¢;) = Y, —
Go (ZA)O,I; (c;) — b0i> , and we can rewrite Vie1 1 (C) as

Viernr (C)
_ i 1 (AciL- - A, Gy (501' (ci) — bm‘))/ (AciL — A, Go (I;Oi (ci) — bm‘))
i=1 ; - (AXZ- — AGy (i)oz (ci) — boz'))l (AXZ- — AGy (Z;Ol (ci) — b(n‘))
1
—§MC,2

where
Vi (©) =3 & (AYIAG)) (AGyAGy) ™ (AGHAY,)
07 | = (AuYIALGo) (AeGhALGo) H (Ar GHALY)
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For the required result, it is enough to show that
Vierinr (C) = op (1)

asn, T — oo with 7 — 0, which follows by Lemmas 7(c) and 9 and the assump-

tion that inf; 02 > 0, since

erll,nT ((C)
2
1, 1 ¢ 1
= Z? yiO_E<yi0+mT<yiT_yzO +__Zyzt 1)
i=1 " n T
= L1 —Ih—1Is— 214 — 215 — 21,
and
1 & 2 c? 1
-3 % () -0 (3) e
i=1 1 1+ﬁ
Iz—izn: c? <yiT_yiO>2_O (l) — 0, (1)
- . 4 - ¥p ’
nT i—1 0% (1—1—%) VT T

1 « c; yiT_yi(J)
Ll = :

1/2
n 1 & C; 2 1 & Ci (sz—yw)
= T\ X Yio .
VilnZan ) hEapp U

|
5

Q
=
E
Q
b
=
|l
_GQ
E

1O c Yir = Yio 1
I: L ! k& it— =0 17
5 n3/2T;ag(1+i)< VT ) T 2t | o )

1 - c? 1 T
fo= nT Z 2 (1 N c; )yw (T\/T t_zly“1> =o0p(1),

as required. l
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Lemma 9 Let M be a finite constant. Under Assumptions 1 and 2, the follow-
ing hold.

(a) sup; E [(%)2] <M.

) s, | (7 Sl ) | <

Proof. The lemma follows by direct calculation, and its proof is omitted.

Lemma 10 Suppose that Assumptions 1 — 8, and 4 hold. Then, the following
hold.

(a) SUPi<i<n (&g,iT - 01‘2) =0p(1).
(b) With probability approaching one, there exists a constant M > 0 such that
inf; 63 ;0 > M.
Proof. See Moon, Perron, and Phillips (2006) . B
Proof of Theorem 10
Using Lemmas 7(c), 9, and 10 and the assumptions that the supports of 6;

and ¢; are bounded and inf; 07 > 0, we can show using arguments similar to

those used in the proof of Theorem 8 that

f/fell,nT (©)
n T 2
1|, 1 ¢ 1 21
= Z 52 | Yo~ —1 3 (yz‘o + TRT (Yir — Yio) + W T2 ;yit—l

c? 1
i=1 %i T T

= Vierinr (©) + Op (1)

The required result now follows. H
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9.4 Proofs and Derivations for Section 5

Lemma 11 Under Assumptions 1 — 8, 11, and 12,

()

Vieanr (C)

1« ¢
= > sznym (
i=1 7

T
Z 3 T2 Zt 1yzt 1 ) (—T\l/f Zt:1 %yit71>
n1/2 of +3 y—) + 02w
VT p2T

—_— T 2
1 cf - (T\l/f Zt:l %yit 1) % (y_T) ( N Zt 1 Tyzt 1)
- § :_2 2
n =1 ’L

—% (y’\/—%) + 02wpar
1 SlzT SQzT SSZT
ToAT Z o2 T n1/2T1/2 Z n5/4 Z

with 237" | E[SEr] =0 (1), for k=1,2,3 when (n,T — o0) with % —

Proof. See Moon, Perron, and Phillips (2006) . B

Lemma 12 Under Assumptions 1 — 3, 11, and 12, the following hold:

2 2
() i i o [% Y Ay — (%) + (%) + af] =0, (1);

(5l -l ) 1 () o) |
_{2 (%) (T\/_Zt L FYit— 1) af%Zle (4) (%)}
5B (cl)) s

n P (%ﬁ Zthl %yitfl) + %2 (%) (T\/— Zt 1 Tyzt 1) _

1 (yir
-3 \/1_) +aiwp4T

N (=& E (c267)

17

~

Proof: see Moon, Perron, and Phillips (2006b) .
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Lemma 13 Let M be a finite constant. Under Assumptions 1 — 8, 11, and 12,
the following hold.

(a) sup; E [y4] < M.

(b) sup; E

2
(c) sup; ¥ %Zthl yitﬂuit) ] < M.

2
(d) sup; F %Z?ﬂ yizt—l) ] <M.

4
(e) sup, F T—\l/TZtT:l yit71> ] < M.

£) sup; B | (== 7, 2y ) | < M
() Sup; T Zt:l T Yit—1 < .

Proof. The lemma follows by direct calculations and we omit the proof. B

Lemma 14 Suppose that Assumptions 1 — 3, and 11 hold. Then, the following
hold.

(8) S0y (6340 — 02) = 0, (1).
(b) supy<icy (637 —02) = 0, (1).
(© Y0, (630 —02) =0, (1).
(@) supyic, (6340 — 07) = 0, (1).

(e) With probability approaching one, there exists a constant M > 0 such that

inf; 63 ;0 > M.

Proof. See Moon, Perron, and Phillips (2006) . B
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Proof of Theorem 15

For the required result, it is enough to show that

1§ 1 1 2 v Yir ? Yio ?
(&) + —7 o T 3 |G Ayityit—1 (1 ) +(l> + 02| =0, (1),

nt/4 ; G3ar O T ; VT VT g

1 n 6'2 T g

3,7 i _
o« oy (B —a
T ; T

1 < 1 1) , 77 21 Vi1 2(%) (# 21 %yitﬂ)

(c) : iz o T2 C; 2 :O:U(l)v
i=1 03,iT i (y‘\/—%) CT T WpaT

YiT
\/’LT) +Uin4T

Parts (¢) — (g) hold by arguments similar to those used in the proof of Theorem 8,
that is, use the Cauchy-Schwarz inequality, Lemmas 13, 14 and the assumptions
that the supports of 6; and ¢; are uniformly bounded and inf; 0? > 0. For Part
(a), notice by definition that

i—1 \93,iT i
n T T T
1 1 1 5 1 9 1 1 9
= ~2 — = |G|~ (pz - 1) T Yig—1 T 2 (1 pz) el Yit—1Uit T Uiy — 0y
i/t = (UB,iT Ti T t:zl T t:zl T t:zl
n ~2 2 2 T n ~2 T
1 O34T a; Czal 2 03T 5 Czez
= ) yzt 1 ) Yit—1Ust
1 = 6-3 T
+n1/4T1/2 Z &g,iTo—Q T1/2 Z Wit = l

Using similar arguments to those in the proofs of Parts (c¢) — (g), we can show

that the first and the second terms are of O, (=) and O, () , respectively.
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Also the third term is o, (1) since by the Cauchy-Schwarz inequality, Lemma
14, and the assumption inf; 02 > 0, it follows that

03T —
n1/4T1/2 Z ( Us lTo.Q ) <T1/2 Z )’

1/4 n ~2 2\ 2 1/2 1 T 2\ 1/2
n 93,1 — 9 1/2 2 2
1/2 2\ 1/2
nt/4 1 - 1 —
< - T1/2
- TY2inf, 03 Tlnf o? 1:1 n; Z

nl/4
= Zi0r (1) 0p (1) 0y (1) =0, (1),

which yields Part (a).
For Part (b), notice that

- ‘731T B - ‘731T 1 o 2 1 1
n1/4z< O—S’LT )—an( o2 >+n1/4;(03,m0@‘) &37”*? .

The second term is o, (1) by Lemma 14 and the assumption inf; 02 > 0, since

1 <N, A 11 ang 02)?
WZ;(US,@T*%) 2 T2 - n1/4z

03T i Ua 1TU

1 1 1 N o\ 2
nl/4 inf; &zz)) . inf; ‘7? (Z (US,iT - Ui) > =

i=1

To complete the proof of Part (b), it is enough to show that the first term is
op (1) . Write the first term as

nl/4z< 31T )

1 Ui _U,i Uz
= n1/4;< 3,T0—2 : T) n1/4z< — ) n1/4z< )

3

By definition and by Lemma 13, we have
n ~2 o ~2 ) ) ) 2 3/4
1 037 — 01T\ _ YiT — Yio _ n _
n1/4 ; ( O_ZQ ) - n1/4T Z (yl() ( \/T - OP T = 0Op (1) 9
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n ~2 ~2 2 T
1 Olsr —0ir \ Vio 0; 1 9
nl/4 ZZ; ( U? ) - 1/4 Z ( nl/2T T2 ;yit—l - n1/4T Zu1tyzf 1

() o (2 0, (1) -t

1 - 5-12T — Uzz — 1 1 a 2 2
ni/4 Z o2 - n1/4T1/2 Z 2\ 112 Z (ui — 07)
i=1 v i=1 Ti t=1
nl/4
Op (m) =0p (1),

2
the last line holding because F [nl/Q S22 (ﬁ S (g~ af))} =0(1).

Combining these, we have

n ~2 2
1 93,7 — 0i
nl/4 § : ( o2 =0, (1),
i=1 i

and

as required. W

Proof of Lemma 1

The lemma holds by Lemma 6(a) with ¢; = 1. B

Proof of Lemma 2

The lemma holds by Lemma 6(b). B

9.5 Proofs and Derivations for Section 6

Proof of Theorem 16:
Denote Z¢ = (872 ® Irgq) Acvee(Z), G o = (872 @ Irg1) Ac (I @ Go)
o= = (=" 1/2 g Iri1) Ac (I, ® GO) e Y& = (7Y2® Ipg1) Acvec (Y'), and
Mg = Inryy — Goc (Gacho,C) GS)C. Under the null, when C =0, we de-
note these quantities by 75, G¢ o, G7 Yy, and Mg respectively. Then, by
definition

Z(E = GS,CﬁO + GT,Cbl + YE
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er3,nT ((C)

Using this notation, we may express

0°91 0,01

* * * * * * * * * 71 * * *
—Y5 IMl,oYO + Y5 IMLOGI,O ( 1:0M1,0G1,0) 1foM1,0Yo -
In what follows we show that

w7 * */ * x 1
Y& Mg o Gi ¢ (GYe Mg oG )

x/ * * x/ * * -
-Yy M1,0G1,0( 1,0M1,0G1,0)

op (1).

Then, by definition, it follows that

Vieant (C) Y& Mg eYe = Y5 M7 Y5 —

2

Vietnr (C) + 0, (1),

as required for the theorem. Wl

Proof of (25)

By definition

Y- * */ * x O\ 1 s * *
Y& Mg oG ¢ (GYe Mg oGi ¢) 1L.cMpcYe

2 2
(Y MicGic) — (Y MioGiy)

—2 | min L, (C, By, b1) — énigl L7 (0,39, b1)

x/ * * x/ * * x/ * *
Yo My cYe — Yo' Mg Gl ¢ (G1,<CM0,<CG1,<C)

1 */ * *
ﬁGl,CMO,CGL(C

1
- 5#@,2

_1 x/ * *
GYcMycYe

1
5”5,2'

*/ * *
1.cMgcYe

1 */ * *
1oM7 oYy

1
SHe2 + Op (1)

. . 1
—2 |min L,1 (Ca ﬁO) —min Ly (07 BO) — SHec2 +0p (1)
Bo Bo 2

Py * %/ * £\ 1 s * *
- Y M170G1,0( 1,0M1,0G1,0) LoM{i Yo

2
1 1
(\/TLT 0 oL (nlil”GT:CMg,CGT,C

I+ 11, say.

For term I, with probability approaching one,

x/ * *
GlleMicGi e

0
nT > 5
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since

GYlc M oG ¢
- onr
>
Next,
1 */ * *
Y Mg Gl e

/T

because

Similarly, we have

1
vnT

3 1 7
Then, since T >

C; (yzO + n_l',_z—(sz Yio)

2
1 1 & 1 [(A;G1) (A Go)]
—= ALG) (A G — —= ) — i i
nT pot l ( i 1) ( 1 nT Z:: g (AciGo)/ (Ac,‘,Go)
2
T 5
DU ) 1 e [PEG ()
nT &~ ¢? nl/2T 2T £ 52 2
i=1 ¥ t=1 i—1 "% —
1+o(1)
inf; o2
1 */ * 1 %/ w
YC Y(C GO () (GO7 GQ (C) G 1.C

VT

YC*/GS,(C (GS:(CGS,(C) G 1 C

2
+ o7 Zt:1 yit—l) (1 + T thl T)

(.2
1+ %

1 &1 (yir —yio
Yo MioGilo = = 2_2 (7> +op(1).
vn — o; VT

(2

1T —Yi 3 T — i s 72 T _
;1%(%>:Op(l)andﬁzz;léf(%Jr%y\/_%jL%T}/th 1Ty” 1)_

O, (1), the numerator of term I is

49



1 — i YiT — Yio & sz C__ i . 2
TR

Il
[\
——
z"‘
(]
=
7N
<
] -
|
<
S
N———
H’_/H—’

where the last line holds since

2L (Hs s L) <o () —n

n T

Therefore, we have

Next, we show that IT = o, (1) . Since \/%YO*’M%GT,O \/ﬁ Yim -7 (yTT%ﬂ)"'

op (1) = O, (1), the required result I = o, (1) follows if we show that

1 1 (1)
— = 0
T QU Mo Gre G M Gry)

which follows because with probability approaching one,
*/ M* G* 1 n 1 1

1,0M10%10

CoMiaio 15" %>

nT n 4= c? = inf; 0%’
i=1 ¢
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and

*/ * * /
Gl,tho,ccGLcc _ GT70MT,0GT,0

nT nT
T c;
n 2 AT (14 554)]

11 [1 ¢ t\* 1
L () )R e
7 . nT

2
n n 15T _ci_t
_ 1 ¢ 1i 2t LG (t>2 1 c? [thzl (1"'7;,1/2%)}
n3/2 — J? T — T ni/2\T n2T P U? 1+ ;;
1 1
Therefore,

o1



References

Andrews, D., 1991, Heteroskedasticity and autocorrelation consistent covariance
matrix estimation. Econometrica 59, 817-858.

Bai, J. and S. Ng, 2004, A PANIC attack on unit roots and cointegration.
Econometrica 72, 1127-1177.

Bowman, D., 2002, Efficient tests for autoregressive unit roots in panel data.
Mimeo.

Breitung, J., 1999, The local power of some unit root tests for panel data. SFB
373 Discussion paper, No 69-1999, Humboldt University, Berlin.

Breitung, J., 2000, The local power of some unit root tests for panel data, in: B.
Baltagi (ed.), Nonstationary panels, panel cointegration, and dynamic panels,
Advances in Econometrics, Vol. 15, JAI, Amsterdam, 161-178.

Choi, 1., 2001, Unit root tests for panel data. Journal of International Money
and Finance 20, 249-272.

Dufour, J. and M. King, 1991, Optimal invariant tests for the autocorrelation
coefficient in linear regressions with stationary or nonstationary AR(1) errors.
Journal of Econometrics 47, 115-143.

Elliott, G. T. Rothenberg, and J. Stock, 1996, Efficient tests for an autoregres-
sive unit root. Econometrica 64, 813-836.

Evans, G. B. A. and N. E. Savin, 1984, Testing for unit roots: 2. Econometrica
52, 1241-1269.

Im, K., H. Pesaran, Y. Shin, 2003, Testing for unit roots in heterogeneous panels.
Journal of Econometrics 115, 53-74.

King, M., 1988, Towards a theory of point optimal testing, Econometric Reviews
6, 169-218.

Lehmann, E., 1959, Testing statistical hypotheses Wiley, New York.

Levin, A., F. Lin, and C. Chu, 2002, Unit root tests in panel data: Asymptotic
and finite-sample properties. Journal of Econometrics 108, 1-24.

Maddala, G.S. and S. Wu, 1999, A comparative study of unit root tests with

panel data and a new simple test. Oxford Bulletin of Economics and Statistics

92



61, 631-651.

Moon, H.R. and B. Perron, 2004, Testing for a unit root in panels with dynamic
factors. Journal of Econometrics 122, 81-126.

Moon, H.R. and B. Perron, 2005, Asymptotic local power of pooled t-ratio tests
for unit roots in panels with fixed effects. Mimeo.

Moon, H.R. and B. Perron, 2006, An empirical analysis of nonstationarity in a
panel of interest rates with factors. Journal of Applied Econometrics forthcom-
ing.

Moon, H.R., B. Perron, and P.C.B Phillips, 2006a, A note on “The local power
of some unit root tests for panel data” by J. Breitung. Econometric Theory 22,
1177-1188.

Moon, H.R., B. Perron, and P.C.B Phillips, 2006b, Unpublished appendix for
“Incidental trends and the power of panel unit root tests”. Mimeo.

Moon, H.R. and Phillips, P.C.B., 1999, Maximum likelihood estimation in panels
with incidental trends. Oxford Bulletin of Economics and Statistics 61, 771-748.
Moon, H.R. and P.C.B. Phillips, 2004, GMM estimation of autoregressive roots
near unity with panel data. Econometrica 72, 467-522.

Newey, W. K. and K. D. West, 1994, Automatic lag selection in covariance
matrix estimation. Review of Economic Studies 61, 631-653.

Phillips, P. C. B., 1987, Time series regression with a unit root, Econometrica
55, 277-302.

Phillips, P. C. B., 2001, New unit root asymptotics in the presence of determin-
istic trends. Journal of Econometrics 11, 323-353.

Phillips, P.C.B. and H.R. Moon, 1999, Linear regression limit theory for non-
stationary panel data. Econometrica 67, 1057-1111.

Phillips, P. C. B. and D. Sul, 2003, Dynamic panel estimation and homogeneity
testing under cross-section dependence. Econometrics Journal 6, 217-239.
Ploberger, W. and P.C.B. Phillips, 2002, Optimal testing for unit roots in panel
data. Mimeo.

Quah, D., 1994, Exploiting cross-section variations for unit root inference in

dynamic panels. Economics Letters 44, 9-19.

93



Table 1. Size and size-adjusted power of tests - Incidental
intercepts case
DGP: z;; = by; + Z?t
Z? = (1 — i‘ ) Z?t—l + 0;eit
n2T
b0i7 €t ~ 1tdN (0, 1)
o; ~1idU [0.5,1.5]

Panel 1A. Theoretical values

c=0; c=1 =2 ¢ =05 tt IPS

0; =0 (size) 5.0 5.0 5.0 5.0 50 5.0
0; ~U0,2] 204 174 174 174 120 -
0; ~U[0,4 495 40.9 409 409 240 -
0, ~U[0,8]  94.7 88.2 882 88.2  59.2 -
0; ~ x> (1) 33.7 17.4 17.4 174 120 -
0; ~ x*(2) 63.9 40.9 409 409 240 -
0 ~ x> (4) 96.6 88.2 882 88.2  59.2 -
0; =1 17.4 174 174 174 120 -
;=2 40.9 40.9 409 409 240 -




Panel 1B. n =10, T =50

E(p) ci=0; =1 ¢=2 ¢=05 t- IPS

0; = 0 (size) 1 - 2.8 5.2 1.9 71 54
0, ~U0,2] .9684  14.0 11.9 119 12.0 9.1 80
0; ~U[0,4 .9368  41.0 23.1 235 229 144 98
0, ~U[0,8] .8735 889 46.4 482 45.6 259 14.7
0; ~x*(1) .9684 159 1.2 11.2 11.2 9.1 74
0; ~x*(2) .9368  46.5 20.6 20.9 207 132 95
0;~x*(4) 8735  87.8 439 455 431 246 151
9; =1 9684 7.9 129 129 13.1 9.2 7.1

0; =2 9368 285 275 276 275 155 10.5



Panel 1C. n =25, T =50

E(p) c=0; c=1 ¢=2 ¢=05 t" 1IPS

6; =0 (size) 1 - 3.8 5.5 3.2 84 6.4
0, ~U[0,2] 9817  20.1 135  13.7 134 102 7.9
0, ~U0,4 .9635  47.0 272 278 269 168 10.7
0, ~U[0,8) .9270  90.8 588  59.7 579 323 16.9
0, ~x*(1) 9817 234 126 127 124 94 75
0; ~x>(2) 9635 551 246 252 243 151 9.9
0, ~x>(4) 9270 91.7  56.8 578 55.9 320 168
0; =1 9817 122 154 152 153 109 7.8

0; =2 9635 342 326  32.6 324 189 113



Panel 1D. n =100, T' = 50

E(p) c=0; c=1 ¢=2 ¢=05 t" 1IPS

0; = 0 (size) 1 - 4.4 5.3 4.1 129 8.3
0, ~U[0,2] .99 23.7 141 14.2 141 105 8.0
0, ~U0,4 .98 494 294 296 294  19.1 116
0, ~U[0,8) .96 91.6  67.7 682 67.6  40.1 21.1
6; ~ x> (1) .99 31.7 132 134 13.2 9.6 7.9
0; ~ X2 (2) 98 60.0 278 281 278 178 120
0; ~ X (4) .96 93.9  66.8  67.2 66.8 409 21.1
0; =1 .99 144 159 158 158  10.7 7.8

0; =2 98 386 373  37.2 374 212 120



Panel 1E. n =10, T' = 100

E(p) c=0; c=1 ¢=2 ¢=05 t" 1IPS

6; =0 (size) 1 - 2.6 5.1 1.7 6.7 5.1
0, ~U[0,2] .9968 138 135  13.8 134 91 7.6
0, ~U[0,4] .9937 393 232 239 232 137 9.3
0, ~U[0,8) .9874  89.3 481  50.4 469 243 14.1
0, ~x*(1) .9968 144  11.0 112 11.0 82 7.2
0, ~x>(2) .9937 443 211 216 20.7 118 86
0; ~x>(4) 9874  88.0  47.7  49.7 46.7 241 149
0; =1 9968 8.6 142 14.3 140 99 7.9

0; =2 9937 284 277 28.0 27.1 160 104



Panel 1F. n =25, T'= 100

E(p;)) ci=0; ci=1 ¢=2 ¢=05 - 1IPS

0; =0 (size) 1 - 4.0 5.6 3.4 6.7 5.4
0, ~U0,2] .9982 195  13.7  13.6 136 99 7.7
0, ~U[0,4 .9963 458 285 285 28.3 166 11.3
0; ~U0,8 .9927 910 589  59.3 584 310 16.7
0; ~x>(1) .9982 219 128 129 127 92 77
0. ~x>(2) .9963 535 258 259 255 151 106
0; ~x>(4) 9927 916  57.9 588 57.2 298 164
0, =1 9982 121 147 147 146 96 7.6

0; =2 9963 337 319 321 31.7 174 115



Panel 1G. n = 100, T = 100

E(p) ci=0; =1 ¢=2 ¢=05 t- IPS

0; = 0 (size) 1 - 4.6 5.3 4.3 84 6.3
0, ~U[0,2]  .999 22.9 147 14.6 14.8 108 82
0; ~U[0,4 998 489 315 314 31.6 197 114
0, ~U[0,8]  .996 92.8 714 717 71.5 421 20.8
0i~x>(1)  .999 30.3 133 13.2 133 102 8.2
0; ~ x*(2) 998 59.9 28.7  28.8 28.8 18.6 11.9
0; ~ x* (4) 996 94.1 68.6  68.6 68.5 404 20.8
0; =1 999 14.5 155  15.8 154 102 76

0; =2 998 37.8 36.4  36.7 364 193 12.0



Panel 1H. n = 10, T' = 250

E(p;)) ci=0; ci=1 ¢=2 ¢=05 - 1IPS

0; =0 (size) 1 - 3.2 5.5 2.1 6.2 4.3
0, ~U0,2] .9989 126 117  12.0 116 94 74
0, ~U[0,4 9979 375  21.8 226 21.9 133 9.3
0; ~U[0,8] .9958  88.8  46.4  48.7 452 235 139
0. ~x>(1) .9989 137 103  10.6 102 80 68
0; ~x>(2) 9979 439 192 200 188 127 8.9
0; ~x>(4) .9958 874 443  46.7 433 237 143
0, =1 9989 8.6 129 129 128 95 7.9

0; =2 9979 281 260  26.3 25.7 144 9.9



Panel 11. n = 25, T = 250

E(p;)) ci=0; ci=1 ¢=2 ¢=05 - 1IPS

0; =0 (size) 1 - 3.8 5.2 3.2 6.1 4.8
0, ~U[0,2] .9994 187 139  14.1 139 98 7.9
0, ~U[0,4] .9988 451 281 284 28.0 160 10.2
0; ~U0,8 .9976  91.1  60.0  60.9 59.6 309 16.7
0; ~x>(1)  .9994 211 122 124 122 85 7.0
0; ~x>(2) 9988 524 250 256 24.9 150 10.7
0; ~x>(4) 9976 915 583  59.1 57.9  30.6 17.1
0, =1 9994 120  14.8 146 149 106 8.2

0; =2 9988 336 327 3238 329 180 111



Panel 1J. n =100, T' = 250

E(p) ci=0; =1 ¢=2 ¢=05 t- IPS

0; = 0 (size) 1 - 4.8 5.6 4.5 64 5.3
0, ~U[0,2] .9997  21.6 149 149 148 109 7.9
0; ~U[0,4 .9993  49.7 333  33.2 329 204 122
0, ~U[0,8] .9987  92.3 733 734 731 419 20.7
0; ~x>(1) 9997  30.4 14.5 143 144 105 7.6
0; ~x*(2) .9993  59.9 304 305 30.1 184 11.3
0, ~ x> (4) 9987 944 713 713 71.0 409 20.6
0; =1 9997 15.2 157 158 157 124 8.7

0; =2 9993 36.8 349 352 349 216 12.0



Table 2.

Size and size-adjusted power of tests - Incidental trends
case
DGP: zy = bo; + byt + 29,
2% = (1 - néiT> 2% 1 +oien
boi, b14, €t ~ 14dN (0,1)
o; ~1idU [0.5,1.5]

Panel 2A. Theoretical values

ci=0; ¢c=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips tt IPS UB

6; = 0 (size) 5.0 5.0 5.0 5.0 5.0 5.0 50 50 5.0
9; ~ UJ0,2] 6.5 6.1 6.1 6.1 6.1 5.8 58 - 6.0
0; ~U[0,4] 133 10.6 10.6 10.6 10.6 9.0 86 - 10.0
0; ~U0,8  68.7 478 478 47.8 47.8 33.4 301 - 423
0; ~ x> (1) 18.9 7.8 7.8 7.8 7.8 7.0 69 - 75
6: ~ x*(2) 42.7 14.7 14.7 14.7 14.7 11.7 1.1 - 136
i ~ x> (4) 94.7 55.7  55.7 55.7 55.7 39.1 35.2 - 495
0;=1 5.8 5.8 5.8 5.8 5.8 5.6 56 - 5.7

6; =2 8.9 8.9 8.9 8.9 8.9 7.8 76 - 8.5



Panel 2B. n =10, T' = 50

E(p)) c=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢t IPS UB

0; = 0 (size) 1 2.2 0.1 3.2 1.3 1.0 6.1 7.1 6.0
0; ~U0,2] .944 5.9 6.0 5.8 5.8 5.8 5.4 5.2 5.9
0; ~ U [0,4] .888 8.3 8.4 8.3 8.3 8.1 7.3 6.2 8.3
0; ~U0,8] 775 18.3 18.4 18.2 18.1 15.3 13.3 10.6 16.0
0; ~x2 (1) .944 6.4 6.6 6.4 6.4 6.1 6.2 58 63
0 ~x*(2) 888 94 95 9.3 9.3 8.7 77 70 8.1
0; ~ x* (4) 775 18.1 18.3 18.0 18.1 15.5 13.5 10.8 15.2
;=1 944 5.7 5.6 5.7 5.7 6.0 5.8 5.9 5.9

0; =2 888 8.3 8.2 8.2 8.2 7.8 7.4 6.9 7.4



Panel 2C. n =25, T =50

E(p)) c=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢t IPS UB

0; =0 (size) 1 5.6 1.8 6.7 2.5 1.3 78 9.0 50
0; ~U0,2] 957 5.3 5.3 5.3 5.3 4.8 4.5 4.8 5.6
0; ~ U [0,4] 915 8.7 8.6 8.7 8.7 7.3 6.0 6.2 7.9
0; ~U0,8] .829 22.6 22.6 22.5 22.5 17.7 142 11.7 18.8
0; ~x*(1)  .957 6.2 6.1 6.2 6.3 5.7 48 52 6.7
0; ~ x*? (2) 915 9.1 9.0 9.1 9.1 7.9 6.6 6.4 9.2
0; ~ x* (4) 829 22.2 22.3 22.1 22.2 174 13.9 115 185
;=1 957 5.6 5.5 5.6 5.6 5.1 5.5 5.0 6.0

0; =2 915 8.1 8.1 8.1 8.1 6.9 6.9 6.1 7.5



Panel 2D. n =100, T' = 50

E(p)) c=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢t IPS UB

0; =0 (size) 1 12.9 7.9 14.0 3.2 0.1 10.6 12.8 4.2
9 ~U[0,2] .968 54 54 5.4 5.4 6.0 61 53 5.1
0 ~U[0,4 937 92 94 9.3 9.3 8.9 87 70 79
0; ~U0,8] .874 29.0 29.3 29.0 29.0 23.6 20.4 13.5 21.7
0 ~x*>(1)  .968 7.0 7.2 7.0 7.0 7.2 7.2 58 56
0; ~x*(2) 937 10.5 10.6 10.5 10.5 10.1 10.0 8.0 8.8
0; ~ x* (4) 874 279 28.3 27.9 27.9 22.6 204 139 214
0;, =1 968 6.4 6.3 6.4 6.4 5.6 5.7 5.4 4.8

0; =2 937 8.4 8.4 8.4 8.4 7.0 6.8 6.4 7.4



Panel 2E. n =10, T' = 100

E(p)) c=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢t IPS UB

0; = 0 (size) 1 1.2 0.1 1.8 1.3 1.5 5.5 5.7 6.2
0; ~U0,2] 0.994 5.8 5.6 5.7 5.8 5.7 5.4 5.7 6.0
0, ~U0,4] 0.989 8.6 8.5 8.6 8.6 8.7 7.4 6.6 7.6
0; ~U0,8 0978 19.3 19.3 19.3 19.4 16.6 14.1 11.2 16.1
0 ~x3(1) 0994 67 6.7 6.8 6.8 6.7 65 64 65
0 ~x*(2) 0989 96 9.6 9.6 9.6 8.4 81 74 85
0; ~x° (4) 0.978 18.2 18.1 18.1 18.2 15.7 13.6 11.2 16.0
0;, =1 0.994 5.3 5.4 5.3 5.4 5.1 5.3 5.3 5.6

0; =2 0.989 6.9 6.8 6.9 6.9 6.5 6.4 6.9 7.0



Panel 2F. n = 25, T'= 100

E(p)) c=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢t IPS UB

0; = 0 (size) 1 3.6 1.0 4.6 2.7 2.1 6.0 6.2 5.7
0; ~U0,2] .996 5.7 5.7 5.7 5.7 5.7 5.6 5.6 5.8
0 ~U[0,4 992 88 88 8.7 8.7 8.5 777179
0; ~U0,8] .983 22.7 22.7 22.7 22.6 18.4 16.4 129 184
;i ~x>(1) 996 68 68 6.7 6.7 6.7 67 64 6.0
0; ~ x*(2) 992 9.5 9.4 9.4 9.3 8.3 84 76 8.1
0; ~ x* (4) 983 21.2 21.2 21.1 21.1 17.5 15.7 12.6 18.0
;=1 996 5.9 6.0 5.8 5.8 5.9 5.5 5.7 5.4

0; =2 992 7.4 7.5 7.3 7.3 7.2 6.8 6.2 7.8



Panel 2G. n = 100, T = 100

E(p)) c=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢t IPS UB

0; = 0 (size) 1 7.1 3.5 7.9 3.4 1.6 80 86 4.7
0, ~U0,2]  .997 6.2 6.3 6.2 6.2 5.9 60 52 5.6
0, ~U 0,4 994 102 104 10.3 10.3 8.7 87 74 84
9, ~U0,8 .988 288  29.1 28.8 28.8 21.6 19.6 13.7 23.2
0 ~x*(1)  .997 7.1 7.1 7.1 7.1 6.3 6.4 6.1 6.5
0; ~ x*(2) 994 10.7 10.8 10.7 10.7 9.3 9.0 74 96
0; ~ x* (4) 987  30.0 304 30.0 30.1 22.2 20.1 143 23.1
9; =1 997 5.9 6.0 5.9 5.9 6.2 60 52 56

0; =2 994 9.2 9.3 9.2 9.3 8.0 7.2 62 1.7



Panel 2H. n = 10, T' = 250

E(p)) c=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢t IPS UB

0; = 0 (size) 1 1.2 0.0 2.0 1.8 2.5 6.0 5.2 6.2
0 ~U[0,2] 998 51 5.1 5.0 5.0 5.1 52 54 6.1
0; ~ U [0,4] .996 7.8 7.8 7.9 7.9 6.6 6.2 6.0 7.5
0; ~U0,8] .993 18.1 18.4 18.2 18.2 14.4 126 9.8 16.6
;i ~x>(1) 998 63 64 6.3 6.3 6.0 58 58 63
0; ~ x*(2) 996 9.1 9.1 9.2 9.2 7.4 70 67 83
0; ~ x* (4) 993 17.2 17.2 17.2 17.2 13.9 12.1 10.2 159
;=1 998 5.8 5.7 5.8 5.8 5.7 5.7 5.2 5.2

0; =2 996 7.2 7.2 7.2 7.3 7.0 6.6 5.9 7.8



Panel 21. n =25, T = 250

E(p)) c=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢t IPS UB

0; = 0 (size) 1 2.6 0.6 3.2 2.8 2.7 5.4 5.2 5.8
0; ~U0,2] .999 6.6 6.5 6.5 6.5 6.2 6.1 5.8 5.4
0; ~ U [0,4] 997 8.9 8.8 8.8 8.8 8.2 7.8 7.1 7.4
0; ~U0,8] .994 23.1 23.2 22.9 22.9 19.1 16.1 12,5 19.0
0 ~x2(1) 999 66 65 6.5 6.5 6.3 60 59 62
0; ~x*(2) 997 9.4 9.5 9.3 9.3 9.0 8.5 7.3 8.6
0; ~x° 4) 994 21.5 21.4 21.4 21.3 174 15.0 124 189
0;, =1 999 5.4 5.4 5.3 5.3 5.4 5.3 5.7 5.6

0; =2 997 7.4 7.3 7.4 7.4 6.8 6.5 6.5 7.4



Panel 2J. n =100, T' = 250

E(p)) c=1 ¢ =2 ¢ =05 Ploberger-Phillips Moon-Phillips ¢t IPS UB

0: =0 (size) 1 47 22 5.4 3.9 3.3 66 62 52
0; ~U0,2] .999 5.9 5.9 5.8 5.8 5.2 5.2 5.5 5.7
0 ~U0,4 998 92 9.2 9.1 9.2 8.3 75 73 85
0; ~U0,8] .996 29.6 29.8 29.6 29.6 21.9 186 14.3 235
0 ~x2(1) 999 66 6.6 6.5 6.5 6.2 58 54 6.6
0 ~x2(2) 998 104 105 104 10.4 9.2 83 77 95
0; ~x° 4) 996 274 27.5 274 274 20.8 17.8 145 24.1
;=1 999 6.0 5.9 5.9 5.9 5.8 5.9 5.5 5.4

0; =2 998 9.1 9.0 9.1 9.0 8.1 8.3 7.2 7.7



