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Abstract

I propose a fixed effects expectation-maximization (EM) estimator that can be ap-
plied to a class of nonlinear panel data models with unobserved heterogeneity, which
is modeled as individual effects and/or time effects. Of particular interest is the case
of interactive effects, i.e. when the unobserved heterogeneity is modeled as a factor
analytical structure. The estimator is obtained through a computationally simple, iter-
ative two-step procedure, where the two steps have closed form solutions. I show that
estimator is consistent in large panels and derive the asymptotic distribution for the
case of the probit with interactive effects. I develop analytical bias corrections to deal
with the incidental parameter problem. Monte Carlo experiments demonstrate that
the proposed estimator has good finite-sample properties. I illustrate the use of the
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1 Introduction

Panel data allow the possibility of controlling for unobserved heterogeneity. Such heterogene-
ity can be an important phenomenon, and failure to control for it can result in misleading
inference. For example, in demand estimation, unobserved individual heterogeneity is an
important source of variation.

In this paper, I model unobserved heterogeneity as individual-specific effects to control
for individual heterogeneity, and/or time specific effects to control for common shocks that
occur to each individual. The way I control for those individual and time effects in nonlinear
models is to treat each effect as a separate parameter to be estimated, and I propose a fixed
effects expectation-maximization (EM) estimator that can be applied to a class of nonlinear
panel data models with those individual and/or time effects. Of particular interest is the
case of interactive effects, i.e., when the unobserved heterogeneity is modeled as a factor
analytical structure. To the best of the author’s knowledge, the current paper presents the
first fixed effects EM-type estimator for nonlinear panel data models.

Interactive effects relax the invariant heterogeneity assumption and allow a more general
model of time-varying heterogeneity. These interactive effects can be arbitrarily correlated
with the observable covariates, which accommodates endogeneity and, at the same time,
allows correlations between individual effects. As an example of why these interactive ef-
fects are important, Moon et al. (2014), in a demand estimation setting, demonstrate that
interactive fixed effects can capture strong persistence in market shares across products and
markets, and find evidence that the factors are indeed capturing much of the unobservable
product and time effects leading to price endogeneity.

The nonlinear panel data models with unobserved fixed effects that I consider in this

paper have the following latent representation:

Yi = XuB+glai,m)+ e (1)
Ya = r(Ya), (2)
fort=1,..,T and i = 1, ..., N. The econometrian observes Yj;, the dependent variable for
individual ¢ at time ¢ (or ¢ can be a group), and X, the time-variant K X 1 regressor matrix.
The econometrician does not observe Y} (the latent dependent variable), a; (the unobserved
time-invariant individual effect), ; (the unobserved time effect), or ;; (the unobserved error

term). The vector 3 contains the main structural parameters of interest. The function r(-) is



a known transformation of the unobserved latent variable. The individual effects «; and time
effects v, are allowed to be correlated with the regressor matrix. I do not make parametric
assumptions on the distribution of either individual effects or time effects, hence the model
is semiparametric.! The method proposed here can be applied to many functional forms
between «; and ~;. The leading case I consider is when g(o;,v) = a;'yt where both «; and
v; are R x 1 vectors; note that this includes the special case settings with only individual
effects or settings with additive individual and time effects.

Substantial theoretical and computational challenges are present in nonlinear panel mod-
els involving a large number of individual and time effects. In particular, in these models it
is in general not possible to remove the unobserved effects by differencing as is commonly
done in linear models. The incidental parameter problem, first pointed out by Neyman and
Scott (1948), may also be present due to the fact that an estimator of § will be a function
of the estimators of «; and ~;, which converges to their limits at slower convergence rates
than that of 5.

To deal with these problems, I propose a fixed effects expectation-maximization (EM)
type estimator, which I denote IF-EM when applied to the interactive effects case. The
estimator is obtained through an iterative two-step procedure, where the two steps have
closed-form solutions. The first step (the “E”-step) involves obtaining the expectation of the
mean utility function (the latent index) conditional on the observed dependent data.? The
second step (the “M”-step) involves maximizing the resulting “linear” model. In practice, the
estimator is simple and straightforward to compute. Monte Carlo simulations demonstrate
it has good small-sample properties.

The incidental parameters problem might be present because estimates of fixed effects are
partially consistent, and structural parameters of interest are functions of these estimates.?
For example, I discuss a panel probit model with interactive fixed effects (which I denote
PPIF) and demonstrate that its estimator PPIF is biased. I develop analytical bias correc-
tions to deal with the incidental parameter problem. The correction is based on adapting

to my setting the general asymptotic expansion of fixed effects estimators with incidental

'Relaxing parametric assumptions on the distribution of unobserved heterogeneity in nonlinear models is
important, as often such restrictions cannot be justified by economic theory.

2As shown later, this is essentially an inverse distribution approach. For the exponential class of distri-
butions, under Bregman loss, the conditional expectation is optimal in terms of MSE.

3The incidental parameters problem has different effects in different contexts and might not be present
in some nonlinear models, e.g., Poisson models or slope coefficients in Tobit models. Additionally, marginal
effects in probit models with individual fixed effects might not have bias or might have small bias, as shown
in Fernandez-Val (2009).



parameters in multiple dimensions under asymptotic sequences where both dimensions of the
panel grow with the sample size (as in Fernandez-Val and Weidner (2014)). In addition to
model parameters, I provide bias corrections for average partial effects, which are functions
of the data, parameters, and individual and time effects in nonlinear models.

The proposed model and estimates can have wide applications in economics. For example,
factor structures have been used in a probit setting to represent market structure (as in Elrod
and Keane (1995)) or, in a linear setting, to explain labor and behavioral outcomes (Heckman
et al. (2006)) or estimate the evolution of cognitive and noncognitive skills (Cunha and
Heckman (2008); Cunha et al. (2010)). Another example where the fixed effects approaches
are used is the international trade partner choice (as in Helpman et al. (2008)). The estimator
is also particularly useful in empirical finance and in the setting with long time series, such
as empirical work using PSID data. Furthermore, the estimation procedure can easily be
extended to multinomial choice models.

This paper is related to multiple strands of the literature. First, it is related to the litera-
ture on linear panel data models with factor structures. Bai (2009a) estimates factors using
the method of principal components. Moon et al. (2014) extend the standard BLP random
coefficients discrete choice demand model and propose a two-step procedure to calculate the
estimator. Other related papers include Holtz-Eakin et al. (1988); Ahn et al. (2001); Bai
and Ng (2002); Bai (2003); Ahn et al. (2013); Andrews (2005); Pesaran (2006); Bai (2009b);
Moon and Weidner (2010a), and Moon and Weidner (2010b). Some of these papers (e.g.
Bai (2009b)) let N — 0o and T' — oo while others (e.g. Ahn et al. (2013)) have T fixed and
N — o0.

This paper is also related to the literature on nonlinear panel data models and bias
correction, such as Arellano and Hahn (2007); Hahn and Newey (2004); Hahn and Kuersteiner
(2002); Fernandez-Val (2009); Bester and Hansen (2009); Carro (2007); Fernandez-Val and
Vella (2011); Bonhomme (2012); Chamberlain (1980), and Dhaene and Jochmans (2010).
Charbonneau (2012) extends the conditional fixed effects estimators to logit and Poisson
models with exogenous regressors and additive individual and time effects. Fernandez-Val
and Weidner (2014) develop analytical and jackknife bias corrections for nonlinear panel data
models with additive individual and time effects. Freyberger (2012) studies nonparametric
panel data models with multidimensional, unobserved individual effects when T is fixed.
Chen et al. (2013) develop analytical and jackknife estimators for a class of nonlinear panel
data models with individual and time effects which enter the model interactively.

A final contribution of this paper is on the computation front, relating to the EM algo-



rithm and latent backfiting procedure. Related work includes Orchard et al. (1972); Demp-
ster et al. (1977); Pan (2002); Meng and Rubin (1993); Laird (1985), and Pastorello et al.
(2003).

The remainder of the paper is structured as follows. Section 2 introduces the model,
the leading examples and their estimators. T also discuss the convergence of the estimation
procedure. Section 3 presents consistency and asymptotic results for probit with interactive
fixed effects. Section 4 presents some extensions and discussions. Section 5 contains Monte
Carlo simulation results and Section 6 presents the empirical examples. Section 7 concludes.

All proofs are contained in the Appendix.

2 Models and Estimators

In this section, I start with the panel probit with interactive individual and time effects case.
I first specify the model and present the parameters and functional of interest and then show

how the model can be estimated using the proposed EM procedure.

2.1 Panel probit with interactive fixed effects (PPIF)
2.1.1 Model

I consider the following interactive fixed effects probit model

Y, = X6+ Oélﬂt + €it,

fort=1,...,Nand t =1,....,T. Here, Y} is a scalar outcome variable of interest, X;; is a
vector of explanatory variables, and [ is a finite dimensional parameter vector. The variables
a; and 7, are unobserved individual and time effects that in economic applications capture
individual heterogeneity and aggregate shocks, respectively. The model is semiparameteric
in that I do not specify the distribution of these effects nor their relationship with the
explanatory variables, but, given that I consider probit in this section, I do specify € to be
normally distributed with unit variance.

Denoting the cumulative distribution function of ¢;; as ®(-), the standard normal distri-
bution, the conditional distribution of Y;; can then be written using the single-index specifi-

cation
P(Yit = UXz't,ﬁ,Oéi,%) = @(Xitﬂ + 04;%)-



For estimation, T adopt a fixed effects approach, treating the unobserved individual
and time effects as parameters to be estimated. I collect all these effects in the vector
ont = (o1, ..., an, 7, -, Yn) . The model parameter S usually includes regression coeffi-
cients of interest, while the unobserved effects ¢7 are treated as nuisance parameters. The
true values of the parameters are denoted by 8° and ¢ = (a2, ...,a%,7?,...,7%)". Other
quantities of interest involve averages over the data and unobserved effects, such as average
partial effects, which are often the ultimate quantities of interest in nonlinear models. These

can be denoted

Nt = Eqﬁ[ANT(ﬁOa onr)ls  Anr(B, ¢nr) = (NT)_IZA(X%,B,OC;%): (4)

it

where A(Xj;, B, a;y,) represents some partial effect of interest and E,4 denotes the expectation
with respect to the distribution of the data, conditional on ¢%; and 3°.

Some examples of partial effects are the following:

Example 2.1. (Average partial effects) If X, ;, the k-th element of X, is binary, its partial
effect for model specified by (3) on the conditional probability of Y is

A(Xir, B, 04;%) = ®(B) + X;t,—kﬁ—k + 04;%) - ‘I)(X;a_kﬁ—k + 04;%)7 (5)

where [ is the k-th element of 3, and X;; _, and S_j include all elements of X;; and /3
except for the k-th element. If X, is continuous, the partial effects of X for model (3)

on the conditional probability of Yj; is

A(Xit, i) = Buobp(XiuB + apne), (6)
here ¢¢(-) is the derivative of ®.

A particular application of this model is the study of international trade partner choice.
For example, Helpman et al. (2008) consider panel of unilateral trade flows between 158
countries for the year 1986. They use a probit model for the extensive margin of a gravity

equation with exporter and importer country effects to allow for asymmetric trade.

Example 2.2. (International Trade)

Pr(Trade; = 1|1X;5,00y;) = ®(XLB+ o), Vi, j eV, i+#4,



here V contains the identities of all the countries considered.

Here T'rade;; is an indicator for positive trade from country j to country 7, X;; includes log
of bilateral distance, and nine indicators for geography, institution and culture differences.?
In this setting, N =~ T. The estimated fixed effects can be used for forecasting network

linkages or calculating average partial effects as well.

2.1.2 Estimator for panel probit with interactive fixed effects

In this section, I describe how the model with interactive fixed effects can be estimated using
the proposed EM procedure. I discuss the case where the model has a known number of
factors R.> T will start with R = 1; the case for R > 1 will be discussed in Section 4. For full
identification, I assume v, = 1, though different normalization restrictions can be imposed
and will require different maximization steps, but this does not affect the estimation of 3 as

the factor structure enters into the model jointly as o;~,.

Definition 2.1. (PPIF) The EM procedure for estimating the panel probit model with
interactive fixed effects is as follows:

(1) Given initial (8®,a® +™), denote pF = Xx7,8%) B ),

(2) E-step: Calculate

Y = EY;|Yi X, 89,0l AW

7,

= ui) + (Y — qmt )) - b (i) @) (1 — @ (i)},

(3) M-step: This contains three conditional maximization (CM) steps
CM-step 1: Given a; and ~;, the parameter 5 can be updated by

LN T
o= (Sxn) S5 -an))
i=1 t=1 i=1 t=1
CM-step 2: Given (8 and -y, the parameter «; can be updated by

ot = {5 - o} /3 )

t=1

4See Helpman et al. (2008) for additional details.
Choosing the number of factors is beyond the scope of this paper.



CM-step 3: Given (8 and «y, the parameter v, can be updated by

,yt(k—f—l) _ {i()/;ik ztﬁ k+1) k+1)} /Z{ (k+1) }

i=1
(4) Tterate the above steps until convergence.

Convergence and consistency, along with the asymptotic distribution of 5 will be dis-
cussed in the next sections.

Note that the estimation procedure can be adapted to linear panel data models with
interactive fixed effects, e.g. Bai (2009b). In a linear panel data model, Y* is observed, and
hence the E-step described here will not be needed. However, the conditional maximization
procedure can still be applied to estimate a linear model.

The EM procedure proposed here is simple, easy to implement and has closed-form
solutions in each step. The conditional maximization steps involves replacing the functional

of the current estimates of the other parameters.®

Remark 2.1. Different normalizations for the individual and time effects can lead to different
estimation procedures, even for linear models. For example, with the normalization v, = 1,

the linear panel data model with interactive fixed effects
Yie = X{, + aiye + i,

can be estimated as follows

CM-step 1: Given a; and ~;, the parameter 5 can be updated by

1N T
glk+1) (Z > XX, ) {Z > Xu (Et —a® %(k)) } 7
i=1 t=1 i=1 t=1
CM-step 2: Given 8 and ~;, the parameter «; can be updated by

T T

’ 2

a§k+1) = {E :(Yit _ Xitﬁ(kﬂ))%(k)} /Z {%(k)} 7
t=1

t=1

6This is an expectation and conditional maximization (ECM) procedure, see Meng and Rubin (1993) for
more details about ECM.



CM-step 3: Given (8 and «y, the parameter v, can be updated by

%Sk:—&-l) _ {i( g tﬁ(k-&-l (k+1 }/Z{ k+1}

i=1
Iterate until convergence.

Since individual effects and additive individual and time effects are special cases of in-
teractive effects, I will present results for the individual effects case only.” For the case with

additive individual and time effects, see Appendix A.1.

2.2  Panel probit with only individual fixed effects

In this setting, I consider the following model

Vi = X0+ o+ e,
Vi = 1{Y; >0}, (7)

fore=1,...,N and t = 1,.....,T. Here, Y}; is a scalar outcome variable of interest, X;; is a
vector of explanatory variables, [ is a finite-dimensional parameter vector, «; are unobserved
individual effects.

Similarly to Section (2.1), I model the conditional distribution of Yj; using the single-index

specification
P(Yi = 1|XG, B, i) = ®( X8 + i),

and for estimation I adopt a fixed effects approach treating the unobserved individual effects
as parameters to be estimated. I collect all these effects in the vector ¢y = (o, ..., an)’. The
true values of the parameters are denoted by % and ¢, = (a2, ...,a%;)’. Other quantities

of interest involve averages over the data and unobserved effects

e =E[ANT(8% ¥7)],  Anr(B, ¢nT) = (NT)~ ZA Xit, B, o), (8)

2t

and examples of partial effects (A) are the following:

"More precisely, when the unobserved individual and time effects are multidimensional, the additive
individual and time effects case is a special case of the interactive effects case.



Example 2.3. (Average partial effects) If X, ;, the k-th element of X, is binary, its partial
effect for model (7) on the conditional probability of Y;; is

A(Xi, By 0i) = @B + Xy 1B + i) — (X Bk + i), 9)

where B, is the k-th element of 3, and X;; _; and S_; include all elements of X;; and 3
except for the k-th element. If X, is continuous, for model (7) the partial effects of X
on the conditional probability of Yj; is

A(Xir, i) = Proop (X8 + i), (10)

where ¢¢(-) is the derivative of ®.

Definition 2.2. The fixed effects EM estimator for panel probit with individual fixed effects
is defined by

(1) Given initial (8%, ™), denote u{¥ = X7,8®) + o,

(2) E-step: Calculate

k k k k
uiﬁ + (Vi — @(u;)» S () (1 — (i),

(3) M-step: This contains two conditional maximization steps

CM-step 1: Given «;, the parameter 5 can be updated by

N T
Bl+D) ZZX“X 1{ZZX¢(Y/;EI€) - O‘z(k))}’

i=1 t=1 =1 t=1

CM-step 2: Given (3, the parameter a; can be updated by

T
1 ~ /
ot = 23 - X 0),

t=1

(4) Tterate until converge.

This is essentially the case v, = 1,Vt = 1,..,T. Note that the CM-step 2 here is just the
average over time using f/zgk) as surrogate for Y;;. This estimation procedure does not involve
computing the inverse of the Hessian, unlike the Netwon’s method described in Greene

(2004).

10



2.3 Nonlinear panel models with multiple unobserved effects

In this section, I describe how a general nonlinear panel data model with individual and time

effects can be estimated using the proposed EM procedure.

Definition 2.3. The fixed effect EM estimator for a class of nonlinear panel data model
with individual and time effects is defined by

(1) Given initial (ﬁ(k),agk),’yt(k));

(2) E-step: calculate Y.\* := E[Y;|Yi, Xiy, 8%, g(al® )],

(3) M-step:

(B oD 4Dy € argminS (B®, a®) 4 W) = (VI — X168 — g(os,3))?), (1)

Biasy
(4) Iterate until convergence.

Convergence and consistency of B, defined as the output from the iteration, will be
discussed in the following sections. Note that this procedure is different from the traditional
EM algorithm (discussed in Dempster et al. (1977)), which is used to maximize the expected
log-likelihood function when there are latent variables, and its E-step is to augment the
incomplete likelihood with conditional likelihood for Y;;|Y;;; while here, the E-step is to
calculate a surrogate, Yy, for the unobserved ;¥ when there are unobserved individual and
time effects. This difference leads to a different strategy of proof. Specifically, I adopt
the approach of using the conditional expectation of Y;; because under Bregman loss the
conditional expectation is optimal in terms of mean squared error. Under certain conditions,
e.g., the density of the error term is in the exponential class of distributions, as shown in
Section 3, as well as for probit, those two have the same score functions. This is due to the

quadratic loss function of the probit model.

Remark 2.2. Depending on the functional form of the individual and/or time effects, the
M-step can be as follows:

CM-step 1: Given «; and ,, the parameter [ is updated via

N T N T
B = QD XuXi) YD XV — g™ )},

=1 t=1 i=1 t=1

CM-step 2: Given (3, the parameters «; and v; are updated by maximizing

11



2D = X = glal )2,

and this step can be implemented by using the method of least squares (or principal com-

ponents).

2.3.1 Convergence

In this section, I show the resulting estimate from the estimation procedure converges to a
point that maximizes the observed log-likelihood function. I focus on the interactive fixed
effects case, which is more complex due to the high degree of nonlinearity of the unobserved
effects term (all the other cases are concave in the fixed effects, though the convergence rates
are different). Consistency results are discussed in Section 4. The IF-EM for probit suffers
from asymptotic bias because the fixed effects converge slowly, which I address in Section 3.

For a binary model, denote the negative log-likelihood function

—Lyr = =Y _logF(qa(X},8 + ajm)),
it
where ¢;; := 2Y;;—1 and F'is the cdf of Y}; conditional on X;;,a; and ~;. For brevity, assume F
is symmetric. Define the hazard function h(6,) := —0logF (0,)/00, for a particular argument
0.

Recall the quadratic loss function S(5®), o) ~*)) = (fﬁgk) — X8 — g(as,v,))? of the
M-step that the proposed fixed effects EM-type estimator depends on. The strategy of
the proof is to show the negative log likelihood function of the model under consideration
is majorized by this quadratic function (up to some constant), which is satisfied by the

following propositions

Proposition 2.1. Suppose X is a three-dimensional matriz with p sheets (N x T x p), 3
and E are p X 1 vectors, a and a are N x R matrices, and v and 7 are T X R matrices.
Define hit 1= h(qit(X;t§+ al)), then

—Lnr(8,0,7) < —Lyr(B.@,7) — —Zh Z Za — X8 — aim)*.
it

Proof: See Appendix A.2.

12



Proposition 2.2. (i) Up to a constant that depends on (8%, o™ ~®) but not on (B, a,7),
the function S(B®, a® ) majorizes —Lyr(B,a,7) at (BF), aF) 4F),

(ii) Let (B®), a®) ")) k=12, ..., be a sequence obtained by the IF-EM procedure. Then
S(B®) k) 4 ®)) decreases as k increases and converges to a local minimum of —Lyr(B, a, )

as k goes to infinity.

The proof of part (i) follows by applying the result from Proposition 2.1. The proof of
part (ii) follows from the property of the quadratic majorization.

This proves the convergence of the general EM procedure. Note that although I show
it for an interactive fixed effects model, the same proof procedure can be adapted to other
single index models with individual and time fixed effects. I discuss consistency in Section 4.
Since the asymptotic distribution differs for different models, in the next section I will show
the asymptotic distribution for the probit model, in which case the incidental parameter
problem occurs, and provide an analytical bias correction solution.

The EM procedure proposed here is simple, easy to implement, and has a closed form solu-
tion in each step. The method can be extended in a straightforward way to handle composite
data which consists of both binary and continuous variables. While the binary variables are
modeled with Bernoulli distributions, the continuous variables can be modeled with Gaussian
distributions. Including some continuous variables corresponds to adding some Gaussian log-
likelihood terms to the existing log-likelihood expression. Since the Gaussian log-likelihood

is quadratic, the ultimate function would still be majorized by a quadratic function.®

3 Asymptotic theory for panel probit with interactive fixed effects

In this section, I discuss consistency and asympototic bias of the proposed estimator. I do so

in the context of PPIF but my method of proof can be extended to a wider class of models.

3.1 Consistency

I show PPIF is consistent but suffers from incidental parameters bias. I will also discuss bias
corrections to the parameter and average partial effects in the next section.
I consider a panel probit model with scalar individual and time effects that enter the

likelihood function interactively through m; = a;v. In this model, the dimension of the

8When there are no fixed effects, convergence is proved by the contraction mapping theorem argument.
See Gourieroux et al. (1987)

13



incidental parameters is dim ¢y = N + 1. 1T prove the consistency of PPIF under assump-
tions on the indexes. Since the proposed fixed effects EM estimator has the same score as
that of MLE, I derive its properties directly through the expansion of the score of its profile
likelihood function.

In this section, the parametric part of the model takes the form

Log®(qin( X[, + 7)) = LB, Tit).

Hence, the log-likelihood function is

»CNT(ﬁv ¢NT) = »CNT(ﬁa 7T) = %Z&t(ﬁv 7T) = %ng@(%t()ﬁ{tﬁ + Wit))-

I make the following assumptions:

Assumption 1. Let v > 0 and p > 4(8 + v)/v. Let € > 0 and let B? be a subset of
RY™EF L hat contains an e-neighborhood of (8°,7%) for all i,t, N, T.

(1) Asymptotics: Consider limits of sequences where N/T — k?, 0 < k < 0o, as N, T —
0.

(ii) Sampling: Conditional on ¢, {(Y;', XT) : 1 < i < N} is independent across i, and
for each i, {Yy, Xy : 1 <t < T} is a-mizing with mizing coefficients satisfying sup; a;(m) =

O(m™*") as m — oo, where

a;(m) :=sup sup |P(ANB)— P(A)P(B)|

t A€A},BEB, .,

and for Zy = (Yi, Xit), Al is the sigma field generated by (Zi, Zi1—1, ...), and B; is the sigma
field generated by (Zit, Zi 41, -..)-

(iii) Moments: The partial derivatives of Ly (S, m) w.r.t. the elements of (B, ) up to fourth
order are bounded in absolute value uniformly over (3, 7) € B2 by a function M(Z;) > 0 a.s.,
and max;; Eg[M(Zy)%""] is a.s. uniformly bounded over N,T. There exist constants by
and buay such that for all (B,7) € B2, 0 < byin < —Eg[0:20it(B,7)] < biax a.5. uniformly
over i,t, N, T.

(iv) Non-colinearity condition: Ic > 0, such that w.p.a.1,

1
) mn ——1T - XYM - X
e i, o Lrllen X Mo(ac- X > e

14



Assumption (i) defines the large-7" asymptotic framework as in Hahn and Kuersteiner
(2002); Fernandez-Val and Weidner (2014); Chen et al. (2013). Assumption (ii) defines the
data sampling conditions. Assumption (iii) defines the finite moment condition. Assumption
(iv) states that no linear combination of the regressors converges to zero, even after projecting
any two-dimensional factor loading «. Note that this rules out time-invariant and cross-

sectional invariant regressors.
Define the fixed effects EM estimator for PPIF as Bpplp.

Lemma 3.1. Under Assumption 1, BppIF = Y+ op(1).

The proof is found in Appendix B.1 and contains two steps. I first show the consistency
of the index with the generalized residuals from the E-step. Then, in step two I show that
the residuals satisfy the conditions imposed on the linear panel data models with interactive
fixed effects as in Bai (2009b). The consistency of Bpplp follows.

3.2 Asymptotic results

Define the nonlinear differencing operator
Dﬁwqgit = 7rq+1€it(Xit - Eit)7 for q=0,1,2

where =;; is a dim [-vector including the least squares projections of X;, on the space of

incidental parameters spanned by a7} (c; + ;) weighted by E4(—0,20), i.e.,
S = a2Plais + 70 (12)
Stk = QY QT Vik)s

(ag,vy) € arg minZqu[—@Zz&t(Xit — a?v?(a@k + %,k))2].
QG Ky Ytk it
Let H be the (N +7) x (N +T) expected value of the Hessian matrix of the log-likelihood

with respect to the nuisance parameters evaluated at the true parameters, i.e.,

_ Hiao)y Hiam
H = Ey[~0pp L] = :

Hiayy Hem

where Haa) = diag(>", (1) Eg[—0r2lin])/(NT), Hiapit = (a9 Ey[—04204])/(NT), and

Hyy = diag(Y;(a?)?Eg[—0,20,])/(NT). Furthermore, let ﬂ(_ala), 7-[(_;7), ﬂ(_vla), and ﬁ(_vlv)
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denote the N x N, N x T, T x N and T x T blocks of the inverse H ' of 7. Then

_‘lt = ZZ (aar) z]’YTth + H oz'y)ZT ]’Yt + H(’ya )tj 177' + H (vy) tT 7 ])Etb(aﬁﬂ' 3413)

]17’1

This nonlinear differencing operator generalizes to nonlinear models the partialing-out of
individual and time effects in linear models. For example, if the model is linear, 0,2¢;; = —1,
Oprliy = — X4, and

T N N T
Za =T ) Bo[Xa] + N7' Y Eg[Xa] = (NT)T' Y D EylXy
t=1 i=1

i=1 t=1

SO that Dﬁ&t = _(th — Eit>aﬂ£it, D,ngit = _<X7,t — Ez‘t), and DﬁﬂQ&;t = O
Let E := plimy 7. The following theorem establishes the asymptotic distribution of
the fixed effects EM estimator for PPIF, BPPIF.

Theorem 3.1. (Asymptotic distribution of BppIF). Suppose that Assumption 1 holds, that

the following limits exist

E = —E Z Zt 1 r=t Jt ’YTE(Z)[@ EZtD'BW ZT] +3 Zt 1<7t )2E¢(Dﬂw2€zt)]
Zt*l (% )2E¢(67r2 Uir)
Eoo == _E Z ZZ 1 E¢(a EZtDBﬂ—EZt + Dﬂﬂ’Qg’Lt)] )
L Zz 1( )2E¢(87r2£zt>

=
2

I

|
<

N T
| - =
NTZZ]E(z,(@gg/fit — aﬂ&t:it:it)] )

1=1 t=1

and that W, > 0. Then,

VNT(Bppir — 8°) < W;N(REOO + K 1 Do, Wao).

The detailed proof is in Appendix B.2.
Let )Z'Z-t = X — =i be the residual of the least squares projection of X;; on the space spanned by
the incidental parameters weighted by Eg(wir), for wi = (¢5(X;,8+a279))?/[®(X;,8°+af?) (1—
d( ztﬁ + Oéz Ve ))]
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Remark 3.1. For the probit model with X; strictly exogenous, observe that

53 = Zt 1 'Vt [witi@'ti@{t] 0
By = E[— B,

5N Z 1= 1(7 )?Eplwi] |
- titi

)2E¢[wne]
1 N T
W, = E N—gz; olwin X X2,

The asymptotic bias is therefore a positive-definite-matrix of the weighted average of the

true parameters as in the case of the probit model with additive effects (see Fernandez-Val
and Weidner (2014)).

3.3 Asymptotic distribution of the average partial effects

In nonlinear models, the researcher is often interested in average partial effects in addition
to the model structural parameters. These effects are averages of the data, parameters and
unobserved effects as in equation (4). Timpose the following sampling and moment conditions
on the function A that defines the partial effects:

Assumption 2. (Partial effects). Let v >0, € > 0, and B° all be as in Assumption 1
(i) Sampling: for all N, T .{a;}n and {v}r are deterministic;
(ii) Model: for all i, t, N, T, the partial effects depend on «; and ~y; through o;y;:

A<Xit7 B, Oéz‘a%) = Ait(6> Oéi%)-

The realizations of the partial effects are denoted by Ay := Ay (8°, ad4P).

(11i) Moments: The partial derivatives of Ay (S, ) with respect to the elements of (3, )
up to fourth order are bounded in absolute value uniformly over (B3,7) € BY by a function
M(Zy) > 0 a.s., and max;; Ey[M(Z;)%1Y] is a.s. uniformly bounded over N, T.

(iv) Non-degeneracy and moments: min,;; Var(A;) > 0 and max;; Var(A;) < oo, uni-

formly over N, T.

Analogous to Z;; in equation (13), define

T
1 _
__TZZ(H(QQ 1]77'7t + H (ay)irT ]fYt + H (ya)tj zfyﬂ' + H('y'y tr & Oé])a Aﬁ"

j=17=1
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which is the population projection of 0,A;;/Ey[0,2¢;] on the space spanned by the incidental
parameters under the metric given by E4[—0,2¢;]. I use a analogous notation to the previous
section for the derivatives with respect to 8 and higher order derivatives with respect to 7.

Let 6%, be the APE as defined in equation (4), and § be its estimator Ayz (8, dnr) =
(NT )_1Zi,tA(Xit7 B,dfyt). The following theorem establishes the asymptotic distribution
of 4.

Theorem 3.2. (Asymptotic distribution of 5) Suppose that the assumptions of Theorem
3.1 and Assumption 2 hold, and that the following limits exist:

(DsA),, = E NTZZE¢ Opit — Ziu0r i),
i=1 t=1
E(S — (DIBA)I W71§ +E[ii Zthl ZT + TVt VT]EQﬁ(a gzta 2627—\1/@7)]
h T N i=1 thl (% )QEqb(an?Eit)
_E[Li S O [Eo(@ ) — Bl Ol Bl Vi),
2N ZtT 1(7?)2E¢(a7r2€it)
2
EZO = (D A) W DOO+E Zzz 1 ) ]E¢(a gzt 7r2€Zt\IJzt)]

it (af)2E (O i)

S ()2 [Eg(0r2Ai) — B0l B (Wye)]
Z Zl (a )2E¢(57r2€zt)

v, = E{—Z ZE¢ AuAL) +ZE¢ T}

=1 t,7=1

]

for some Vio > 0, where ﬁit = Ay —E(Ay) and Ty, = (DﬁA) W Dﬁﬁzt Ey(Vit)0xlis.
Then,
VNT(5 - 8%, — T "B, — N'D.) -4 N(0, V).
The bias and variance are of the same order asymptotically under the asymptotic sequence
of Assumption 1(i).

Remark 3.2. (Average effects from bias-corrected estimators). As in the case of the probit
with additive effects (Fernandez-Val and Weidner (2014)), the first term in the expressions
of the biases Eio and ﬁio comes from the bias of the estimator of 5. It drops out when

the APEs are constructed from asymptotically unbiased or bias-corrected estimators of the
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parameter [, i.e.,
5= A, 6(B)),
where 3 is such that vV NT(5 — °) A N(O,W;). The asymptotic variance of 4 is the same
as in Theorem 3.2.
In the following examples I assume that the APEs are constructed from asymptocially

unbiased estimators of the model parameters.

Example 3.1. Consider the partial effects defined in (5) and (6) with

Ai(B, i) = P(By, + Xz{t,—kﬁfk + Qi) — q)(X;t,—kﬂ*k + i)

and
N, i) = Bror(XiuB + aive).

Denote Hy; = ¢¢(X;,8 + afy?)/[®(X;,8° + a?9) (1 — &(X,;,8 + a?4?))] and use notations

(2 (2

previously introduced, the components of the asymptotic bias of S are

e E[Li 1250 B (i (Vi — c1>it)wiTT\“13iT) = B (Bu)Bo(HudP i) + Bol@ue )]
NS 2 i=1 Bo(wir)
B, - By T BB 0 ) + EGnd)
t=1 D im1 Eg(wir)

where \I’it is the residual of the population regression of —0,A;;/Ey[w;:] on the space spanned
by the incidental parameters under the metric given by Eyjw;]. If all the components of X

. . -
are strictly exogenous, the first term in the numerator of B is zero.

3.4 Bias-corrected estimators

The results of the previous sections show that the asymptotic distributions of the interactive
fixed effects estimators of the model parameters and APEs can have asymptotic bias under
sequences where T grows at the same rate as N, as also discussed in Chen et al. (2013).
This large-T" version of the incidental parameters problem can invalidate any inference based
on the asymptotic distribution. In this section I discuss how to construct analytical bias
corrections for PPIF and give conditions for the asymptotic validity of the analytical bias
corrections. The proof strategy here is similar to Ferndndez-Val and Weidner (2014) which

is under the additive individual and time effects setting.
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The analytical corrections are constructed using sample analogs of the expressions in
Theorems 3.1 and 3.2, replacing the true values of 8 and ¢ by the estimated ones. To
describe these corrections, I introduce some additional notation. For any function of the
data, unobserved effects and parameters gom(ﬁ Qe iy—y) with 0 < j < ¢, let ¢y =
gplt(ﬁ, &, Qi) be its estimator, e.g., E¢[8ﬂ2€2t] denotes the estimator of Ey[0.20;]. Let
Ho 7-[_ HL and H(w) denote the blocks of the matrix H~!, where

(aa)? "H(ay)? " (ya)

Hiaw) = ding(— 2, (30)°Esl0rlal)/(NT), Heana = —aAEo[dra0a] /(NT), and Hiy) =
diag(— >, (&) Ey[0n2li]) /(NT). Let

N T
—_—

2 1 . .
Sit = __ZZ(/H ocla)w%% + H(M)ZT%% +H,. ”/oz)tjaﬁT +H w)hazaj)E(ﬁ(aﬁﬂEjT%

the kth component of =N corresponds to a least square regression of X;; on the space spanned
by the incidental parameters weighted by —Ed)(ﬁ/g:éit). The analytical bias-corrected esti-

mator of 3 is

where

B — _li ZJL:U (T/(T - 3)) z;{:j-u YV B(Onlit Drlir) + % Z?:l (’AYt)Q]E(DﬂWZEit)
- N . T N — 9

Et 1(%)2 (Ox2liy)
D = __ZZ@ (@) 2E(, 0 Dr iy + 1 Do)
and L is a trimming parameter for estimation of spectral expectations such that L. — oo

S (6:)E(Dra)
and L/T — 0, see Hahn and Kuersteiner (2011).

Asymptotic (1 — p)- confidence intervals for the components of 3° can be formed as

Bt 21\ Wil /(NT), k= {1,..,dim 8°}.
where z;_, is the (1 — p) quantile of the standard normal distribution, and /Wk_kl is the
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(k, k)-element of the matrix W' with

N T
- 1 — =
W= _WZZEM%H@J — By (02 lir =it E5y).

i=1 t=1

The analytical bias-corrected estimator of 6% is
64 =46 —B°/T — D°/N,

where I use g, i.e., the APE constructed from a bias corrected estimator of 3. Let

N T
A 1 A PR A ~ A ~ A ~ A —_—
Vi = _WZZ(H@)@%% Moy Q573e  Hgi 0 + iy 005) On A
j=17=1
then the estimated asymptotic biases are
B6 _ ii Z]I'lzo [T/(T - ])] Zz:j+1 :Yt:Y‘rE¢(aﬂgi,t*jaﬂgitqjit)
N i=1 23’:1(%)21[3(;5(8”25“)
N R —_— —_— —
_LZ Zf:1(7t)2[E¢(an2Az‘t) — ]Ejb\(avr?’fz‘t)EM‘I’itﬂ
2N 5 > o1 (36)*E (O i)
T N —_— _— —_— ~
P lz > () By (O lisDa lir Wir) — $Eg (D2 Aiy) + %Eﬁf’(aﬁgit)E(b(\Ijit)]]'
r'= i (64)?E g (D2l

The estimator of the asymptotic variance depends on the assumptions about the distribu-
tion of the unobserved effects and explanatory variables. Assumption 2(i) requires imposing
a homogeneity assumption on the distribution of the explanatory variables to estimate the
first term of the asymptotic variance. For example, if {X; : 1 < i < N1 <t <T}is

identically distributed over ¢, this term is given by

N T / T
A 1 LR —
Vo= WZ[Z Al + > E(Tal})],
i=1 t,7=1 t=1

for ﬁit = Ait — Nt Zfil Ait. Bias corrected estimators and confidence intervals can be
constructed in the same fashion as for the model parameter.
The following theorems show that the analytical bias corrections eliminate the bias from

the asymptotic distribution of the fixed effects estimators of the model parameters and
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APEs without increasing the variance, and that the estimators of the asymptotic variances

are consistent. Those are the main results of this section.

Theorem 3.3. (Bias correction for B} Under the conditions of Theorem 3.1,
w2 W,
and, if L — oo and L/T — 0,

VNT (A — 8% - N(0, W ™).

Theorem 3.4. (Bias correction for 5) Under the conditions of Theorems 3.1 and 3.2,
VLV
and, if L — oo and L/T — 0,

VNTGA - 8%,) % N0, V2.

Remark 3.3. Split-panel jackknife as described in Chen et al. (2013); Fernandez-Val and
Weidner (2014) can also be applied.

4 Discussions and Extensions

4.1 Comparison with the existing estimators: No fixed effects or only individual

effects

When there are no fixed effects, the model becomes

Y;: = Xz{tﬁ"i_gitﬂ
Vi = 17 >0, (1)

where all objects are as defined previously. The conditional distribution of Y}; is given by
P(Yi = 1| Xu, B) = ®(XitB),
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and for estimation the following EM procedure can be used:

Definition 4.1. (1) Given initial 3%, denote ,ugf) = X, 8",
(2) E-step: Calculate V" := E[Y|Y;, Xuy, B0);
(3) M-step: The parameter (3 is updated via

N T N T
BRI = 37N "X X)) DY XV}

i=1 t=1 i=1 t=1
(4) Iterate until convergence.
I start by comparing this estimation with existing methods.

Proposition 4.1. For panel probit models, the proposed EM-type estimator is asymptotically
equivalent to the MLE.

Proof: See Appendix C.1.1. When applying the proposed fixed effects EM-type esti-
mator to probit (or for the general exponential family), its E-step involves calculating the
conditional expectation of the error, which is exactly the score of expected, complete data,
log-likelihood function or the score of the observed log-likelihood (it also corresponds to the
notion of generalized residuals proposed in Gourieroux et al. (1987) for cross-sectional data).
Hence, the fixed effects EM-type estimator directly works with the observed score. For the
case when there are no unobserved effects, the EM method is asymptotically equivalent to
MLE and there is no asymptotic bias. For the cases when there are unobserved effects, and
when there are incidental parameter problems, an iterated bias correction to the score can

be easily implemented through the E-step.

Proposition 4.2. For the panel probit model with individual effects, the difference between
the proposed fized effects EM-type estimator and Newton’s method lies in whether inverting
the Hessian of the observed data log-likelihood function.

Proof: See Appendix C.1.2. I explicitly compare the two iterative steps of the fixed effects
EM-type estimator and the Netwon’s method. Each iteration of the proposed fixed effects
EM-type estimator is a least squares calculation (with the generalized residual); it does not
use the inverse of the Hessian of the observed data log-likelihood function like Newton’s

method.?

9See Greene (2004) for more about estimation of nonlinear panel data models with individual fixed effects.
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4.2 PPIF with multiple factors

In this setting, the model, written in matrix notation, is
Y =1(Xg+ay +e>0),

where Y = (Y,...,Yn) (with Y; = (Yi1,...,Yir), a T x 1 vector) is an N x T" matrix and
X (with X; = [X;1, ..., Xir] is a T X p matrix) is a three-dimensional matrix with p sheets
(N x T X p), the (-th sheet of which is associated with the (-th element of (¢ = 1,...,p).
a = (aq,...,ay) is an N x R matrix, while v = (v1,...,77)" is a T x R matrix. The product
Xpis an N x T matrix and € = (g1, ...,ey) is an N x T matrix.

Since ay’ = a A1 Ay for any R x R invertible A, identification is not possible without

restrictions.
Condition 1. (Normalization) (i) 7/v/T = Ig; (ii) o/ = diagonal.

Under different normalization conditions, the estimation procedure (the conditional max-

imization steps) for the factor is different.

Definition 4.2. The EM procedure for estimating a panel probit model with multi-dimensional
interactive fixed effects under Condition 1 is defined by the following:

(1) Given initial (8®, o™ 7*), denote u{¥ = X180 + (a{F)y®)

(2) E-step: Calculate

Vi = Bl X, 80,0 4]

'L

i 4+ (Y — @(ul) - 05l {2 (i) (1 — S (ui)},

(3) M-step: This contains three conditional maximization (CM) steps
CM-step 1: Given «; and 7, the parameter [ is updated via

() e

CM-step 2: Given [ and «;, the parameter v is updated via

N
o1 > Y
D = eig—— (VY — x50 0) (VP — x50,
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CM-step 3: Given 8 and =, the parameter « is updated via
o) = =iy (®) — x gty (kD)

(4) Iterate until convergence.

The CM-step 2 calculates the R largest eigenvector of the matrix in brackets, arranged
in decreasing order. It imposes the normalizations of Condition 1 by using eigenvectors.
An alternative estimation procedure based on a QR decomposition that does not impose

Condition 1(ii) is also proposed below.

Definition 4.3. The QR-based decomposition EM procedure for estimating a panel probit
model with multi-dimensional interactive fixed effects is defined by the following:
(1) Given initial (8™, (»k),% ), denote ,ugt) X/,p%) + (agk))/%(k),
(2) E-step: Calculate
Vi = BYa, X, B0, 0, 4]
k k
)+ (i — ¢<u§2>> s (i) @) (1 = (")},

(3) M-step: This contains three conditional maximization (CM) steps
CM-step 1: Given ; and ~;, the parameter  is updated via

o= () {Sos o),
CM-step 2: Given 8 and «y, the parameter ~ is updated via

’Y(k+1) (Y(k Xﬁ(k+1))/a(k)((a(k))/a(k)>_1

(1) — F(+1)

Compute the QR decomposition y )R); and replace 4+ by F(k+1),

CM-step 3: Given § and 7, the parameter « is updated via

a(kJrl) (1}-( Xﬁ (k+1) ) (k+1)

Y

(4) Tterate until convergence.

Through the iterations, the columns of the updated values of 4 are made orthonormal via

the QR decomposition (imposing normalization, but other decomposition methods can also
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be used), i.e., (F*+V)F*+D is orthonormal (Iz). The QR decomposition is often used to
solve the linear least squares problem, and is the basis for a particular eigenvalue algorithm.
With additional restrictions, such as a full rank condition on v and a sign restriction on R,
the QR decomposition method can achieve unique values of o and 7.

Note that the orthogonalization does not alter the convergence property. Let 4*+1) be the
optimizer before orthogonalization. Then S(3,vy* 1, a®) < S(B8,4®), a®), Let 4*+D) =
75+ Ry be the QR decomposition of v¥+1) and let a® = a®R),. Then a® (F*+1))" =
k) (kDY g0 S(B, 7D @)y = S(B, 4+ k) and, consequently, S(3, 7+ a®)) <
5(577%)7 a(k)),

4.2.1 Consistency

In general, the consistency proof contains two steps as shown in the proof for PPIF. The
first step involves the consistency of the conditional expectation, and the second checks the

assumptions needed for the consistency of the “linearized” model.
Assumption 3. (Bounded second-order derivative) Op2 Lt (5, 7) > bmin-
Lemma 4.1. Under Assumption 8 and Assumption 1(i), (ii), and (iv), Brp—py = 3°40,(1).

Proof: See Appendix C.2.

5 Simulations

This section reports evidence on the finite sample behavior of fixed effects estimators in
static models with strictly exogenous regressors. This includes several cases: no unobserved
effects, individual effects, additive individual and time effects, and interactive individual and
time effects. I analyze the performance of the generalized least square (GLS) method using
the R-package glm, which is available on CRAN, and the fixed effects EM-type estimators
in terms of bias and inference accuracy based on their asymptotic distribution. I also ana-
lyze the performance of the uncorrected and bias-corrected interactive fixed effects EM-type
estimators in terms of bias and inference accuracy. In particular, I compute the biases,
standard deviations, and root mean squared errors (RMSE) of the estimators, the ratio of
averaged standard errors to the simulation standard deviations (SE/SD); and the empirical
coverages of confidence intervals with 95% nominal value (p; .95). All results are based on
500 replications.

The data generating processes are:
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e DGP-1: Y, = 1{Xyf+ey >0}, (i=1,..N;t=1,..,T),
e DGP-2: Y;t = 1{th6 +o; ey > O}, (Z = ]., ...,N; t= 1, ...,T),
e DGP-3: YV =1{Xyf+a;+v+ex >0}, (i=1,..,N;t=1,...,T),

[ ] DGP—4 Y;t = 1{X’Lt6 + O +€it > O}, 7 = ]_, ,N7 t = 1, ...,T,

where 3 = 1, a; ~ N(0,1), 74 ~ N(0,1), and X;; ~ N(0,1) are strictly exogenous with
respect to g;; with g;; ~ N(0, 1).

Throughout, “No FE” refers to the probit without fixed effects; “FE i” refers to the probit
with individual fixed effects; “FE 2”7 refers to the probit with additive individual and time
fixed effects; “IF” refers to the probit with interactive fixed effects; “glm” refers to the GLS
estimator in R, while “EM” refers to the fixed effects EM-type estimators proposed. For
interactive fixed effects, I also implement the bias correction procedure proposed here; “BC-
IF” refers to the bias-corrected estimator. All the results are reported in percentages of the
true parameter value.

The simulation results are summarized in Table 1 for N = 100 and T = §8,12,20, and
in Table 2 for N=52 and T" = 14,26, 52. They show that in all the cases analyzed EM has
smaller biases and variances and compares favorably to glm. For example, for the case with
additive individual and time effects, when N = 100 and T" = 12, the bias for glm is 21%,
whereas the EM estimator is only 11%. Even for the case without unobserved effects, when
N =100 and T = 20, the bias for glm is 0.52%, whereas the EM estimator is only 0.11%. In
terms of RMSE, for the case of individual effects, when N = 52 and T = 14, the RMSE for
glm is 16%, whereas for the EM estimator it is 15%. When there is a bias, the results also
show that it is of the same order of magnitude as the standard deviation for the uncorrected
EM and glm estimator, and this causes severe undercoverage of the confidence intervals.
The analytical bias correction removes the bias without increasing dispersion and produces
substantial improvements in terms of RMSE and coverage probabilities. For example, the
analytical bias correction reduces the RMSE by more than 4% and increases coverage by
around 20% in the N = 100 and T' = 12 case.
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6 Empirical example

6.1 A gravity equation and the extensive margins of trade

Understanding how different trade barriers influence trade flows is key when one wants to
study the impact of distance, trade agreements, and other trade frictions. See Helpman et al.
(2008); Bernard et al. (2007); Charbonneau (2012). For my application, I use the same data
set as in Helpman et al. (2008), which consists of information on who trades with whom for
a large set of countries.

I illustrate the estimation and difference when including differing degrees of fixed effects,
namely the cases with no fixed effects, only individual fixed effects, additive individual and
time fixed effects, and interactive fixed effects. The fixed effects are importer and exporter
fixed effects for a single year, the year 1986. I obtain a balanced panel of 158 countries that
account for the majority of world trade. The probability of country j exporting to country

7 1S
Prob[Trade;; = 1| Xy, g(ai,v;)] = ®(Xi;6 + glau,75))-

Here X;; contains D;;, representing the distance between country i’s and country j’s
most populated cities; Border;;, a dummy that takes the value 1 if ¢ and j share a border;
Legal;j, a dummy that takes the value 1 if the two countries have the same legal system;
Language;j, a dummy that takes the value 1 if ¢ and j have the same official language;
Colony,;, a dummy that takes the value 1 if 7 and j were ever in a colonial relationship;
Currency;j, a dummy that takes the value of 1 if the two countries use the same currencys;
RTA

finally, o and ~;, respectively representing importer and exporter fixed effects.

ij, & dummy that takes the value 1 if ¢ and j are in a regional trade agreement; and,

The results of the effects of trade barriers are summarized in Table 3. After accounting
for exporter fixed effects the effect of a common currency decreases in magnitude from about
-0.45 to -0.16. This suggests that excluding exporter effects may overstate the decrease in
the likelihood of trade when trading partners share a common currency. The changes of
magnitude on language and region suggest that excluding exporter effects may understate
the importance of having the same language and the same religion. Similarly, the magnitude
changes of distance, from about -0.19 to -0.29, suggesting that excluding exporter effects
may understate the importance of distance. Importantly, the magnitude of the coefficient

for border changes from 0.16 to -0.03 suggests overstating the importance of sharing a border.
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Note also that the effect of free trade agreements is rather robust to the inclusion or complete
omission of fixed effects. This suggests that perhaps the effect of a free trade agreement on
the likelihood of trade between a pair of countries does not depend on the exact trade network
of those countries; FTAs appear to increase the likelihood of trade regardless of which fixed

effects are included.

7 Conclusion

This paper presents an EM type method of estimating nonlinear panel data models with
multiple unobserved effects, allowing for interactions between the unobserved individual and
time specific effects. The method can be applied to models with individual effects, additive
individual and time effects, interactive effects and other general functional form of unob-
served effects. In finite-sample simulations, the method outperform the existing generalized
least square methods for the models with individual effects and additive individual and time
effects in terms of both bias and variance. Furthermore, I derive the asymptotic distribu-
tion of the proposed EM estimator for the panel probit model with interactive fixed effects.
Analytical bias corrections are developed to deal with the incidental parameter problem for
both the estimates of the coefficients and its associated average partial effects. Simulations
demonstrate the correction works well in reducing the bias and root mean squared error and
improves coverage rates. Finally for purpose of illustration, I use the example of interna-
tional trade networks demonstrating that misspecifying the fixed effects model can over or
understate the importance of certain factors on the likelihood of trade. A wide range of
future theoretical and empirical work can build upon the results of this paper. For example,
sample selection models with interactive effects or models with strategic interactions, such

as binary game models, could benefit from and build on the approach proposed here.
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A Results of Section 2

A.1 Panel probit with additive individual and time effects

In this setting, I consider the following model

Yi = X6+ +v+en
Y = 1{Y; >0}, (15)

fori =1,..., N and t = 1,....,7. Here, Y}, is a scalar outcome variable of interest, X;; is
a vector of explanatory variables, [ is a finite-dimensional parameter vector, the variables
a; and 7, are unobserved individual and time effects that in economic applications capture
individual heterogeneity and aggregate shocks respectively.
Similarly to Section (2.1), I model the conditional distribution of Y;; using the single-index
specification
P(Yi = 1| X, B, i, 1) = (XS + i + 1),

and for estimation I adopt a fixed effects approach treating the unobserved individual
and time effects as parameters to be estimated. T collect all these effects in the vector

ént = (a1, ...;an, Y1, -, 7n)- The true values of the parameters are denoted by ° and

0 _ (A0 0 A0 0
NT — (O{17"'7&N7717"”7T)

and unobserved effects

', Other quantities of interest involve averages over the data

Br = EolAnr(8°, %), Anr(B,dnr) = (NT) 'S AXu, i) (16)

it
and examples of partial effects (A) are the following:

Example A.1. (Average partial effects) If X;; ., the k-th element of X;;, is binary, its partial
effect for model (15) on the conditional probability of Y;; is

A(Xit, By + 1) = @By, + X;t,_kﬂ—k +a; + ) — (I)(X;t,—kﬂ—k + i + 7)), (17)

where ), is the k-th element of 3, and X;; _, and [_j; include all elements of X;; and 3
except for the k-th element. If X, is continuous, for model (15) the partial effects of Xy
on the conditional probability of Y is

A(Xity g, 1) = Broos(Xi + i + 1), (18)
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where ¢¢(-) is the derivative of ®.

Definition A.1. The fixed effect EM estimator for panel probit with additive fixed effects
is defined by
(1) Given initial (3%, (-k),% ), denote ,uzt X/, 5% AW,
(2) E-step: Calculate

Y = B Y, X, B, ol A0
k k k k k
i (Vi = (i) - (1) {@ () (1 = (1)},

(3) M-step: This contains three conditional maximization steps

CM-step 1: Given a; and ~;, the parameter 5 can be updated by

B(k-i—l _ ZZX”X 1{22)(” _ ) ,yt(k)>}’

i=1 t=1 i=1 t=1

CM-step 2: Given 8 and -, the parameter «; can be updated by
1 A /
k1 k
O‘z( )= TZ(YE Xitﬁ(k+1) - %F ))7
CM-step 3: Given (8 and «;, the parameter v; can be updated by
k 1 o (k ' k
W = G = X = o)

(4) Iterate until convergence.

Note that the CM-step 2 and CM-step 3 here are just the average over time and individual

using }A/;gk) as surrogate for Y.

A.2 Proof of Proposition 2.1

By second-order Taylor expansion, for any two arguments 6; and 6,

OlogF(02)
005

19%logF ()

s o (= 0)

—~logF(01) = —logF () — (01 — 62) —
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Denote h(f) = _ Qlogk(6) Using the fact that —logF'(g;;2i) is strictly convex on (0,1) for

06 >
logit and probit, and simple calculation shows 0 < —dloagf?(m@* < 1, one has

1
—logF(@l) S _ZOgF(GQ) + h<92>(91 - 92) + 5(91 - 92>2,

by completing the square, this can be written as
1 2 L

Now substitute g (X138 + a}y,) for 6, and q;(X[,8 + &7,) for 65, one has

- -
—logF (que( X}, + ajye)) < —logF(qu(X;,8 + &) — §h2(Qit(X£t5 + &%)
1

5 (X8 + ain) = (X6 + &) + quhlga (X3 + G73)))°

sum over ¢ and t to obtain the required results.

B Proofs of Section 3

B.1 Proof of Consistency for Bpplp

The proof contains two steps. In Step 1, I show the estimated index Zz;; is a good approxi-
mation to z; with some structural error (the generalized residuals). In Step 2, I show the
structural error satisfies the assumption in Bai (2009b) for linear panel data models with
interactive fixed effects. With a little abuse of notation, in this section I use B to denote
Bpp;p which is the estimate of the EM procedure for panel probit models.

Step 1. Denote ¢; = 2Y;; — 1. I prove the consistence directly from the likelihood

function

/ 1
git(ﬁa 0%%) = lqu)(Qz‘t(Xitﬂ + Oéi%)), Lyp = Wztfit = Zthg‘I)(Qz’tZit)>
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for any 0, and 6,, the following is an upper bound for the negative log-likelihood:

log®(6) < —zog<b<92>—‘fg‘<(§22))<91—92>+§<91—92>2

= —log®(6s) + %(61 — 0y — 43;‘((522)))2 — %(ggj)))?,

where ¢¢(-) is the Gaussian density. Substitute g;;z;; for 6, and ¢,z for 65, then

~ 1 ¢f<QZtZzt) 2 1 ¢f(Qitgit> 2
—log®(qizie) < —log®(quzit) + = (2 it gp————=) — = (—— 19
9 (QtZt) B 9 <Qt2 t)+ Q(Zt Zt_'_Qt (I)<qu,2zt) 2 (I)(QitZit) ( )
Note, from the proof here, one can also infer using Z; = zi + gL ZZ0) — . 1

D(qit2it)
%@(qnzn) is a good next step approximation, as the quadratic loss is a surrogate

for the Bernoulli log-likelihood function.

Step 2. Denote the structural error (generalized residual) as e; = (If(;j—f(iz))gbf(qnzn)
One has Egle;] = 0. Since the estimated parameters minimize the objective function, with
equation (19) one has

.. 1 R
0 > £NT(B07 ¢0) —Ln7(B8,9) 2 555 [(ng — Zi t eit)2 - e?t]
2NT <
The consistency proof for B is equivalent to that for the linear regression model with inter-
active fixed effects. In matrix notation, as in Section 4, the above inequality would be

SFTrEe) 2 o Tr(X (B = 87) +ad — % — e (X'( = ) + 47 — a%° = ¢)

1 /A 0 "M 0
> WTT[( (5_/8)_6) Ocao( (B B )—6)]

where M4,00) = 11 — (&, a°)[(&, @) (&, )] ' (&, o) is the projector that projects orthog-
onal to (&, a®).

With Assumption 1 (iv), which says that no linear combination of the regressors converges
to zero, even after projecting any factor loading c, one has +=T7r(Xe') = 0,(1), and Ele;| =
0. One can also check that |le]| = 0,(V/NT). The assumption =Tr(XX') = O,(1) is
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satisfied from the distributional assumption on the regressors above. One then has
1 / 1 /
|—Tr(e Mo Xe)| < W|TT(@ Xe)| + W|Tr(e Plaan)Xi)|

2
on(1) + il Xl = 0,(1)

IN

Under these, one has

0> c|lB =Bl + 0yl — B°ll + 0p(1),

from which it is concluded that 5 = ° + 0,(1).

B.2 Proofs of Theorems 3.1 and 3.2

In the section, I suppress the dependence on NT of all the sequences of functions and
parameters to lighten the notation, e.g. I write £ for £y and ¢ for ¢ . It is also convenient

to introduce some notation that will be extensively used in the analysis. Let

S(B,9) = 0,L(5,9) H(B,0) = —0s0 L5, 0),

where 0, f denotes the partial derivative of f with respect to x, and additional subscripts
denote higher-order partial derivatives. I refer to the dim ¢ -vector S(3, ¢) as the incidental
parameter score, and to the dim ¢x dim ¢ matrix H(S,¢) as the incidental parameter
Hessian. T omit the argument of the functions when they are evaluated at the true parameter
values (3%, ¢°), e.g. H = H(B°, ¢°). 1 use a bar to indicate expectations, e.g. dsL = E[DsL],
and a tilde to denote that the variables are in deviation with respect to their expectations,
e.g. 0L = gL — O3L. For ¢ > 0, T define the sets B(c, 8°) = {8 : |8 — %]l < ¢}, and
B,(c,8°8°) = {(B,90) : ||B— B < ¢ ¢ —¢°|l, < ¢}, which are closed balls of radius ¢
around the true parameters 8° and (3, ¢°), respectively, under the L, norm and L,-norm.
Analogous to Z;; defined in Eq (13), I define

_71 —_—
Ait = _WZZ(H(O‘&)UWE’Y? + H(a'y )it j + 7-[ (ya) t‘],yT + H tTaj Oé?)@ EjT

j=17=1

and analogous to Dgl;; defined in the main text I also define DgA;; = 03y — 0:AiZis.
With a little abuse of notation, in this section I use B to denote Bpplp which is the

estimate of the EM procedure for panel probit models.
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A close look at the iterative EM procedure yields

BERD = (3 XuXp) ZX =y
0t

~

= 6(’“’+(XX)’13/35(B(’“,¢(5 ), (20)

which depends on the score of the profile likelihood function.

For r > 0, define the sets B(r, 8°) = {8 : [|3—8°|| <}, and B,(r,¢°) = {¢ : [|¢ — ¢°||, <
r}, which are closed balls of radius r around the true parameter values ° and ¢°, respectively.

Before going to the proof of Theorems 3.1 and 3.2, I first introduce two lemmas that will

be used.

Lemma B.1. (Asymptotic expansions of B} Let Assumption 1 hold. Then
VNT(B = 8%) = WU + 0,(1),

where U =U© + UMD W, = limN;p_mW exists with W > 0, and

W - ZZ Ed) aﬁﬁ/f“ +E¢( aﬂ'2€lt>‘—'zt\—4;t]

zltl

g  — \/_ZZDBK”’

i=1 t=1

MU:J—ZZ{W%M_M%W+A(%M%

i=1t=1

Proof. The proof follows from using Theorem B.1 of Fernandez-Val and Weidner (2014) and
applying Lemma D.1. From Theorem B.1 of Fernandez-Val and Weidner (2014),

VNTOL(B,6(8)) = U = WVNT(B - 5°) + R(B),

with

W = — (05 L + [0 LIH (055 L)),

hence applying Lemma D.1 (ii) yields

1 /
ZZ By (Oplit) + Eo(—0r2lit) 20 Zyy]. (21)

zltl
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Similarly, applying Theorem B.1 of Fernandez-Val and Weidner (2014) yields

U = VNT(95L + [050 LIH'S),

UV = VNT([0sg LTH 'S — [0 LIH HH 'S)
dim ¢

+VNT Y (Osgr, L + 105 LIH [0purs, L)) SIH ' Sly/2.

By using Lemma D.1 (i),

;] NI
— (D5l — Zan0rnlyy) Dst; (22)
NT;; Btit — Sit t) /—ZZ plit:

zltl

Decompose UM = U0 () with
UM = VNT([0s0 LIH 'S — [0sy L)H HH ' S),

and
dim ¢

= VNT S (90, L + 05 LI [Op0r0, LNH  SIH " Sly/2.

By using Lemma D.1 (i) and (iii),

N T

1
ute) = _—ZZAzt(aﬂn it T Zit Tr2£lt ZZA“ Dgrliy — EaS(Dﬁﬂf’Lt)]
VNT == i=1 t=1
and
U(lb = ZZA E¢ 85,;28” [85¢/Z]ﬂ_1E¢(8¢an2£it)]v
2” z 1t=1

where for each i, t it is the case that 0,0,20; is a dim ¢-vector, which can be written as

Alp
0p0r2liy = for an N x T matrix A with elements A;; = 03¢, if j =4 and 7 = ¢,

Aly

and A;; = 0 otherwise. Thus, again applying Lemma D.1(i) yields [8ﬁ¢/£_]ﬂ_18¢8ﬂ2€it =
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— ZLT Ejr0(i=j)0(t=r)Oralit = —Z40r3l;r. Therefore

{7 _ ZZA (D2 O lyy) _ZZA Eg(Dgn2lit)
Br2tit T —‘zt ™ zt ¢> B zt
2 1t=1 2 z 1t=1
hence
1 L& 1
_TZZ ANit|Dgoliy — E(Dgrly)] + §A§tE(D5W2€it)}. (23)

]

Lemma B.2. (Asymptotic expansion of §). Let Assumptions 1 and 2 hold and let ||3—5°| =
O,((NT)™Y/%) = 0,(rg). Then

VNT(6 —68) =V + vV +0,(1),

1 ——
V= (570 Ee(Dada)] W u© ZE¢ (Wit) O i,
7,t
1 —1
vy = [W;MDBA“)]/WOO U + FZAM 02l — By (W) By (D2

\/_ZA o(0r2liy) — By (Dps Ly ) B (W)

Proof. The proof follows from using Theorem B.4 of Fernandez-Val and Weidner (2014) and
applying Lemma D.1. Theorem B.4 of Fernandez-Val and Weidner (2014) implies

b —6=[0sD+ (O DVH  (DppD))(B— 8% + UL + UL +0,(1/VNT),  (24)

with

v = (0,A)H 'S,
UL = (0,A)VH 'S — (0,M)H HH 'S
dim ¢ L _
+5 37'1 (050D + > [Oowrs, LI (DD)JH 'S,

g=1
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By using Lemma D.1,

1
VNTU? = - NTEy (V)04 25
A m; ¢>< t) t ( )
1
VNTUY = —=N A [Ui0,2ly — B (W) Ey (9520
A m; t[ t t ¢( t) ¢( t)]
1

+ AR Or2N\it) — Eg(0:30;)Eqy(Wiy)]. 26
NWZt it Eo( t) — Eg(Onslic) Eg(Vir)] (26)

From the proof of Lemma B.1 and the following proof of Theorem 3.1, it follows that
VNT(B — %) = WU + 0,(1) = O,(1), by Lemma D.1,

—_— r=—1

— — 1 —a A 1
VNT(0y 8 + (O BVH (0us D)5 — 6°) = [ S B Ds2)] WU+ UD) 4 0,(1)
it
(27)
Combining equations 24, 25, 26 and 27 gives the result. O
B.2.1 Proof of Asymptotics for Bpplp

I characterize the asymptotic distribution of B from the limit average Hessian W, and the
limiting distribution of the approximated score U. Next two steps are to get the eventual

result.

Step 1 shows U N N(0,W). Inthelikelihood setting E9gL = 0, ES = 0, and, by the
Bartlett identities E(95L0p L) = — 37085 L, E(0sLS') = —570s5 L , and E(SS') = 7= H.
Denote v = ((a®), —(7°)"), S'v = 0 and dzy Lv = 0.

From the definitions W = — (95 L+ [8%/2}%71 (045 L]) and U®) = \/W(({)gﬁ—i-[agd)/Z]ﬂflSL

E(U®) =0, Var(U®) =W (28)

which implies limy 0o Var(U®) = W ..
According to Lemma B.1

N T
1
o_ 1 A
U _\/N_E‘ N "Dsty, (29)

i=1 t=1
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where Dgl;, := 0gliy — 0-0; = is a martingale difference sequence for each ¢ and independent

across 4, conditional on ¢. Applying Theorem 2.3 in McLeish (1974) yields

o 2, N[0, lim Var(U)] ~ N0, W) (30)

N, T—o00

Step 2 shows that U —p KBy + k' Ds.  Since UM = U1 4 U1 | with

1
Ute = —ﬁz&t [Dpnlic — Eg(Dprlis)]
it

and

e —

DﬁﬂQ gzt

'L 1t=1
Plugging-in the definition of A;, I decompose U1 = el 4 yae?) 4 ytesd) 4 ylad)

where

[e) (NT B Z"Hma (D 0x:7)> (Dsrlis — B Dgrlin) ),
r t

) e (S I Dt =Bt

7

1a,3) 0
Ul (NT )3/2 ZH(M )it Za gJTO‘ Z Dgrlis — By Dprlin)y

1 —1
lad) _ 0 0
Ut =y 2 e (20t a) ) _(Dintu = EoDyslu)os
t,T 7

%

By the Cauchy-Schwarz inequality applied to the sum over ¢ in U1®?)

IN

(Uted)y2 (NlT) Z Zﬁ;; 0l (O (Dsalis — EDgotin)ad)?)

t 7

Op(1/N) = 0p(1)

Using that both 7—[ 8 KJT”yT and (Dg -l — ED[gﬂ&t)aO are mean zero, independent across
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Therefore, U142 = 0,(1). Analogously U*3) = o,(1).

According to Lemma B.5, it is the case that H(M) = —diag[(NL_T_lz;tF:1 Ey(0r2lit(9)?)) 1+
O,(1). Analogously to the proof of U142 the O,(1) part of H(aq) has an asymptotically
negligible contribution to U%Y. Thus,

a 1 271
utel = WZ’H(aa)zj(ZawijVS)Z(Dﬁw&t - E¢>Dﬁw£z‘t)7§)
%, T t

1 (Z({)W@TVB) tZ(Dﬁﬂgit - Ed)Dﬁﬂezt)rY?
- - T +o,1)
(NT)'/2 ; S Eo(Oralin(79)?) !

previous assumptions guarantee that E [(U (1a.) ) ] = O,(1), uniformly over i. Note that
both the denominator and the numerator of U ) are of order T. For the denominator this
is obvious because of the sum over T'. For the numerator there are two sums over 1, but both
Onlizy? and (Dgrliyy —Ey(Dgrlir))yy are mean zero weakly correlated processes, the sum over

which is of order /T each. By applying the WLLN over 1, %ZUZ-(M’U = %]E(z,Ui(la) +op(1),

and therefore

tth

N Z quﬁ(a gltD,Bﬂg’LT’Yt 77')
VT N

1a 1)
+ 0p(1).
i=1 Zt 1E¢< 2€zt(’7t) ) )
. 0
Here, I use that E,(0,0;tDgrl;r) = 0 for t > 7. Analogously,
T 1 T ZE¢ a EztD,Bﬂélt( )2>
1a4 + Op(l).

= 1 ZE¢>( 2 lin(a)?)

N J/

hence U@ = kB 1 x1D" + 0p(1).

Next, I analyze U, T decompose A;; = Ag,}) + Agf) + Az(f) + Az(f)7 where
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N

T
Agtl) = _%Zﬁ(_ala)ijﬁygzaﬂngﬁygv 52) ZH (va)tj %i Za £3T77'7
T=1

Jj=1

T

1(3) ZH ow)m-,yt Za EJTOCJ7 Agf) %Z (vy) tT i Za éﬁ'a )

=1

This decomposition of A;; includes the following decomposition of U

4
Ui = 3 pleea e — DINDE(Dppaly).

2\/_ZA

p,q=1
Due to symmetry U9 = {(bar) this is a decomposition into 10 distinct terms.
Consider U1:1:2),
N

(1b,1,2) (bl 2) :
U ﬁ; with

(1b,1,2) I -1 0/ 1 a 0/ _1 I 0
U = Z (Dﬁﬂ'let) N2 Z IH aa) z]l/}_l('yoz)tjg&i <\/_T Zlaﬂ’gjl‘l"y‘z-)(\/_f 231871'6]’27'77')‘

J1,J2= T= T=

L
2T
Using E4(> 0 n%) =0, ]E¢(28 Cay? Z@-T%) for i # j, and the properties of the inverse
- :

expected Hessian from Theorem B.5 one ﬁnds E [U(lb b2 = O,(1/N), uniformly over i, and

E,[(UM)2) = 0,(1), uniformly over i, and B [U™" 2)U (16121 — O, (1/N), uniformly over
i # j. This implies that ExU*12) = O,(1/N), and Ey[(U( (112 —E U122 = 0,(1/V/N),
and therefore U412 = ¢ (1). By similar arguments one obtains U149 = o (1) for all

combinations of p,q =1,2,3,4, except forp=g=1and p=q = 4.
N
FOY p = q —= 1’ U(lbvlal) — %EUZ(1b7171)7 and

T T
b, _
Uz(l by - 2TZ<%& )2E¢(D5W2£Zt)N2 Z H aa)zylH aa)zyg(% Z JleYT)(\/LT Z:la J2T’y'r)
ji.g2=1 =1 =
Analogous to the result for U(*12) one finds E,[(UD) — E,U000D)2] = 0,(1/v/N),

and therefore U1 = B0 4 o (1).
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Furthermore,

N
E¢U(1b’1’1) _ 1 ZZ?1(7?)2E¢(D5w2€it)E¢[(8w€it7t())2] + 0(1>
2VNT i=1 [ 321(7?)2E¢<87r2£it)]2

(7)) Eg(Dgr2tir)

M=

21 > +0o(1),

=1

@

SR

(%) B (Or2lir)

J/

t

Il
—

;

B®

3

analogously,

T 1 2E D 2l;
U(lb’4’4) _ E U(1b44 +o (1 _ __ZZZ 1 ¢> B t) +0p<1)7
VNIT & SN (002 (0 l).

N

zm@

thus UMY = kB + k1 D® + 0,(1).

M —l—E(Z)] and Do, = impy 100 [b(l)

Since Bo, = limy7,00[B +E(2)], then UM = kB, +
K 'Do + 0,(1).

I have shown U© —% N(0,W4), and UM 25 kB + k"D, Using this and Lemma
B.1 T obtain

VNT(B = %) -5 W N(kBoo + £ " Doo, W),

B.2.2 Proof of asymptotic distribution of APE

I consider the case of scalar A;; to simplify the notation. Decompose
VNT(5 - 8%, — B )T — D’ /N) = VNT(6 — 6%) + VNT(5 — 6 — B )T — D°_/N).

# Part (1): Limit of VNT(6 — 6 — EiO/T — Eio/]\/'). An argument analogous to the
proof of 3.1 using Lemma B.2 yields

VNT(6 —8) % N(kB, + kD2, V),
where Viil) = E{(NT)™" 3, Ey[[%]}, for the expressions of B D

and I';; given in the

o o}

45



statement of the theorem. Then, by Mann-Wald theorem

—8(1)

VNT( -6 — B )T — D’ /N) % N0, 7).

# Part (2): Limit of VNT(6 — 6%, Here I show that vN ( — 80 & N0, 7

—4(2)

)

and characterize the asymptotic variance VOO . I characterize VOO sV =E{NTE[(0 —
8%7)%]}, because E[6 — 6%,1] = 0. Note, the rate v NT is determined through E[(0 — 6%7)?],

where

E[(6 — 0%)? = NTZ @ZE[&&SL (31)

i7j7t7s

for Ay = Ay — E(Ay). The order of E[(5 — 6%,)?] is equal to the number of terms of the
sums in equation (31) that are nonzero, which is determined by the sample properties of
{(Xit, i, 1) 1 <i< N,1<t<T}. Under Assumption 2(i)

E[(§ — 6%7)%] = @ZE[&&S] =O(NTY),

i,t,s

because {&t :1<i< N;1<t<T}isindependent across i and a-mixing across t.

#Part(3): Limit of vVNT(6 — 6%, — T‘lgio — N‘lﬁio).The conclusion of the Theorems
follows because (§ — 6%,) and (6 — & — T‘lgio — N‘lﬁio) are asymptotically independent
and Vo, = V' 4 7'

B.3 Proofs of Theorems 3.3 and 3.4

[ start by stating a lemma that is going to be used for this section. It corresponds to Lemma
C.2 of Fernédndez-Val and Weidner (2014) and the proof is omitted for brevity.

Lemma B.3. Let G(3, ¢) := T;])Z”MH 9(Xit, Xiv—j, B, Z-fyt, m ;) for0<j <T, and
B° be a subset of RY™F+2 that contains an e-neighborhood of (53, ) foralli,t,j, N, T,
and for some e > 0. Assume that (5,71, m2) = gitj (B, m1,72) = 9(Xit, Xis—j, 5, m1, m2) is Lip-

) zt7 zt]

schitz continuous over B a.s., i.e. |Git; (B, ™11, m21) — Git (Bo, T10, T20)| < Mg || (81, T, To1) —
(50,71'10,71'20)" fOT' all (51,71'11,7'('21) € Bg, (50,71'10,7'('20) € Bg, and some Mitj = Op(l) fOT' all
i.t,j,N,T. Let (3,0) be an estimator of (8, ) such that |3 — %) 2 0 and ||¢ — ¢°||s 2 0.
Then,

G(B,9) 5 E[G(8", ")),

provided that the limit exists.



This lemma shows the consistency of the estimators of averages of the data and param-
eters. I will use this result to show the validity of the analytical bias corrections and the

consistency of the variance estimators.

B.3.1 Proof of Theorem 3.3

I separate the proof in two parts corresponding to the two statements of the theorem.

Part I: Proof of W % W ... The asymptotic variance and its estimators can be expressed
as Wo, = E[W(B°, ¢°)] and W= W(B, (5), where W (3, ¢) has a first order representation as
a continuously differentiable transformation of terms that have the form of G(3, ¢) in Lemma
B.3.The result then follows by the continuous mapping theorem noting that || — 5°|| - 0
and [|¢ — ¢°[|c 0.

Part II: Proof of vV NT (34 — 3°) A N(O,W;l). I show that B & B, and D & D,,.
These asymptotic biases and their fixed effects estimators are either time-series averages of
fractions of cross-sectional averages, or vice versa. The nesting of the averages makes the
analysis a bit more cumbersome than the analysis of W, but the results follows by similar
standard arguments, also using that L — oo and L/T — 0 guarantee that the trimmed
estimator in B is also consistent for the spectral expectations; see Lemma 6 in Hahn and
Kuersteiner (2011).

B.3.2 Proof of Theorem 3.4

[ separate the proof into two parts corresponding to the two statements of the theorem.
Part I: V0 & Vio. Vio and V% have a similar structure to Wo, and W in part I of the
proof of Theorem 3.3, so that the consistency follows by an analogous argument.
Part 1I: v NT (64 — 69, A N(O,Vio). As in the proof of Theorem 3.2, I decompose

VNT(6* = 6%,) = VNT(8 — 6%;) + VNT (54 - 6).
Then, by Mann-Wald theorem,
—6(1)

VNT(3A — 6) = VNT(5 — BT — DN — §) % N(0, V'),

provided that B? % Eio and D° 5 Eio, and VNTS — 6%7) A N(O,Vif)), where Viil)

and Vif) are defined as in the proof of Theorem 3.2. The statement thus follows by using a
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similar argument to part IT of the proof of Theorem 3.3 to show the consistency of Bland D?,

and because (§ — %) and (SA —0) are asymptotically independent, and Vio =

B.4 Properties of the Inversed Expected Incidental Parameter Hessian

—5(2)

+7°W,

The following two lemmas would be used in the proof of asymptotic distributions of g and

J.
Lemma B.4. Let Assumption 1 hold, then Hﬁ@la)ﬁ(m)’\oo <1- gmai, and Hﬁ(_vlw)g(m)ﬂoo <
1 — Domin

bmax

Proof. Let hy = E(—0,20;), Assumption 1 guarantees that byin < hit < byax, therefore

||H(a1a)%(a’y)”00 — maxw —1— maXZt((%) _ ‘204@ Y ) hit
o200 hi ! > (1)

[17°1* = minfa? 17"l f,
i min

< 1-
12 Bimax
similar,
71 a7 >l ha 2oi(a)? — v} hat
H H allee = i1 —1— i i i
ey Momlle = Mo Gah, ~ S
e gl

la®]? Dmax

: . =1 = o
Since [|a°||? > $[|a°|l, as long as +||a®[|; > mt1n|fyt0|, 1 (o) Ham lloo < 1 — 22 similarly

. : 771 A
since[|[7°] > £[17°I13, as long as 7[7°[li > minjal], [[H ) Hiallee < 1 — e

bmax

Lemma B.5. Under Assumption 1,

-1 i T N

I — diag(Haay Hirm) ™ lmax = Op(1)-
Proof. By the inversion formula for partitioned matrices

—1
()

A A H
=——1

—1 — —1 S — — —
_H(W)H(VQ)A H(w) + H(’Y’Y)H(’YO‘)AH(O"Y)H(’W)
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with
— — —1 = _ -1 55 =1 = _
A—E(Hmr4ﬂ Y H oy Hva) ™ = Hiawy T = Hgoy Hamy Hip Hipey) ™
- aa)z (ac) /H(OW)/H(W Hye)"

Define

1 n
b= Z aa)H (o) W)H(W))a

then A=H, +H, B By using the matrix norm property that||AB||max < [|A||oo|| B || max
oeoc) (aa

and Lemma B.4

o 1 — =1 =1 =—1
HBHmaX < Z(H(aa)H(av)H(w)H('ya ) ”H (aa) HOOHH (a) HmaXHH () HOOHH (ye) Hmax
n=1
- bimin 2n -1
S [ (1 - ) ]TH/’L[ aa)HOO”H (vy) ||<>OH% (ay) ||max - O(N )
n=1 max

From this I obtain
— 1 — 1
[Alloo < [H (aay lloo + N[ H a0y lool| Bllmaz = O(N).

From the different blocks of

—1 — —1
. A—H. —AH (o H
H —Dlz (acx) (a7) T ()
—1 — e 1
HeHowd  HpyHow Ay )
it can be seen that
— 1 ——1 ——1

A — H(aa)”max = ||H(aa)B||max < ”H(aa)HOOHB”maX = Op(1)>

— — 1 — ——1
” - AH(a'y)H(—y»y)Hmax < HAHOOHH Oé“/)HmaXH%(’y’y)HOO = Op(l)

!mwﬁmﬁwm%mmméIWWHWMNMWMWMMW
NI I Alloe e e = Op(1)

IA

Having the bound O,(1) for the max-norm of each block of the matrix yields also the same

bound for the max-norm of the matrix itself, as desired. O
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This result establishes that H = can be uniformly approximated by a diagonal ma-
trix, which is given by the inverse of the diagonal terms of H. The diagonal elements of
diag(ﬂ(m),ﬂ(w))_l are of order N and T respectively, hence the order of difference estab-
lished by the lemma is relatively small.

With this result, |5 Joo < I =D oo+ D oo < N+ DIH ' =D lmax +
Hﬁ_lHoo = O,(N) which can be used to verify the assumption in the proof of Theorem B.1
of Fernandez-Val and Weidner (2014).

C Proof of Section 4

C.1 Compare with existing methods
C.1.1  Proof of Proposition 4.1

The proof is mainly for the case without unobserved effects, but similarly argument can be
used to the proof of other cases.

The model looks Yy; = 1{X,,3 + &; > 0}, and &y is normally distributed with variance
1. When estimating the structural parameter of probit using MLE,

B € argmaxLyr = Z&t = ZthlogQ) nﬂ) (1 —=Yi)log(1l — @(X;tﬁ)),

BeO© it

and then the score of 3 is

(bf( ztﬁ) _ ¢f( Z,tﬁ) _ D ;B) ! _
AT Th R Dkt re o A

-~

Git(B)
which relates to the generalized residuals part of EM,

~

Yie = XuB+ Y- ¢p(XuB)/®(XitB3) — (1 = Yit) - ¢5(Xie3) {1 — ®(Xir5)},

-~

9it(B)

= XitB+ (Y — ®(XitB)) - &(Xit8)/{P(XieB)(1 — ®(Xit3)) },

and

= (ZZXitX;t)_l{ZZXz{tY/it}'

i=1 t=1 =1 t=1
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Denote g(t = ztﬁ , the score function is of [ is zero, i.e. the unique fixed-point

property, means that,

D) XY — ©(X;,8)) - ¢7(X;08)/{D(X;,8) (1 — (X;,8)}) = 0= p®) = p°,
this is due to the identification condition that
Eo[gz't(ﬁoﬂXit] = EO[E[€it|Yz't, Xit, ﬁOHXz‘t] = EO[€it|X¢t] = 0.

By central limit theory for the score

2

VNTEV sla] = VNTE[Y XugulB)] 5 N0 B2 s XaXy)
it it ¥t

with Var (3" Xiga(8)) = var(zxﬁq} "ﬁ)(< it5) 05 (Xi8)). Since Var(Yy—®(X},8)[X) =
D(X},B)(1 — D(X}5)),

2

/N A d it -1
NT(B - ) — N(0, [EmXitXit] )

for both EM and MLE.

C.1.2  Proof of Proposition 4.2

This is to show the difference between the proposed fixed effects EM-type estimator and the
Newton’s method as described in Greene (2003).

Yie — ‘b(ﬂgf))
() (1 - 0 ()

-~

(k)

Gun(11ly).

7

From the E-step, one has ngk = X, 5% ) +

it
For fixed effects EM-type estimator, given «;, parameter S can be updated by

B = (S XX Y K — 0} = 50+ (33 XX 1{22?@:929}

i=1 t=1 i=1 t=1 'thl i=1 t=1

(k>
BEM

o1



hence «; can be updated by

k) _ 1 (k) 3 gkt
Q; - TZ<Yt X, B4Y) = q +9ii __ZX ,3EM

For Newton’s method as described in Greene (2003) Chapter 21

N T
5(k+1) = 5(k) - {Z tht(th - 71)( it T 1{22911& zt - } B(k + AﬁNRa
i=1 t=1 i=1t=1

and
alfth = alt — 0 ) X

BNR’

here hit - g;t - (g((::i?)) - ((ig((qz:;z:)) )27 Zit = let/B + a5, Qg = 1 2Y;t7 i T thh and

T

gii = Y_gi- The sign difference is due to that h; is negative for all values of z;;q.
t=1

C.2 Proof of Consistency for general B

In general, the consistency proof will contain two steps as shown in the proof of PPIF.
Denote z;; = X/,5 + a;y, under the bounded from below of the second order derivatives

assumption

Vyel, z€ Z: bpin < 0.2L(y, 2),

also assume that Z is convex, i.e. since Z C R it is an interval (either open or closed). From

this it follows that for all z;, z0 € Z one has

L(y,21) = L(y,z2) = [0.L(y,21)](21 — 22) + %[@25(% 2)(z1 — 2)?
b

> [0:L(y, 21)](21 — 22) + me(zl — %)’
- 2 (Zl — %2 + bmzn [azﬁ(ya Zl)])Q - %[azﬁ(yv Zl)]2a

where z; < 2 < z5. Define z; = zit(ﬁ, &%), and ey = ﬁ[@zﬁit]. Note that E(e;) = 0.

Since the estimated parameters minimize the objective function, observe that
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0 > Lyr(8,6°) ~ Lr(B,) = ;Tz[ﬁing)—cu(zw]

bmin ~ min
> 2NT;[<zz—zz-t+eit>2— 2NTZ{ (B = 8°) + 6 — alyy — eal® — €5}

Once the last inequality is obtained, the consistency proof for B is equivalent to that
for the linear regression model with interactive fixed effects. In matrix notation, the above

inequality reads

%T r(ee) > %T r[(X'(B = 8°) + 65 —a%’ — ) (X'(B = °) + 64 — a®4° —e)]
1 1A "M,
Z WTTKX (ﬂ - /60) - 6) (&,a0) ( (ﬁ 60) - 6)]

where M4,00) = 11 — (&, a°)[(&, ) (&, a®)] ' (&, o) is the projector that projects orthog-
onal to (&, a?).

The assumptions on the panel model already guarantee that =77 (Xe') = op(1). One
can furthermore show that ||e|| = op(v/NT), also the assumptlon 7 Tr(XX') = 0,(1) is

satisfied from the distribution assumption on the regressors above. Then,
]‘ / ]‘ /
|—Tr(e M0 Xi)| < W|Tr(e Xi)| + W|Tr(e Pla,ag) Xk
2
< op(1) + = lell Xl = 0p(1).
Under these, one has
0= C“B — Bl + OpHB -3+ op(1)

from which 5 = 3° + 0,(1).

D Some useful algebraic results

For any N x T matrix A, define the N x T matrix PA as follows
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(PA)i = a{y)(af +77),  (a7,77) € argmin E(=02liy) (A — a7 (o + 7))

Q4 it
’

Here, the minimization is over o € RY and v € R”, and P is the projection operator. It

is a linear projection, i.e. PP = P. It is also convenient to define

At

PA = ]P)A, where Ait = m

(32)
P is a linear operator, but not a projection. Note that = and A defined before can be written
as Z = PBy and A = PC, where Cyy = —0,0; and By s = —Ey(9,0i1), for k =1, ..., dim 3.
10

The linear operator Pis closely related to the projection operator P. The following lemma
shows how in the context of panel probit model some expressions that regularly appear in

the general expansions can conveniently be expressed by using the operator P.

Lemma D.1. Let A, B and C be N x T matrices, and let the expected incidental parameter
Hessian H be invertible. Define the N + T wvectors A and B and the (N +T) x (N +T)

matriz C as follows

and

1 [ diag(C(7°07%)  Co(a®(7"))

C=N7

(Co(a®(y?)))  diag(C'(a” 0 a®))

where o denotes the Hadamard product, i.e., element-by-element product. Then
e ~ ~
(Z) A/H B = ﬁZ(PAzt)th = ﬁZ(PB)ZtAn,
it it

(i) AH 'B = %;E(—aﬂ&t)(@A)ﬁ(@B)it,

(i17) A’Q_ICQ_IB = ﬁZ(@A)itCit(ﬁB)it-
it

0B and =) are N x T matrices with entries By, and Zj;; respectively, while B;; and Z; are
dim S-vectors with entries By, ;;and Zj ;4.
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Proof. Let a90(a; 4+ 7;) = (PA); = (IENDA)“, with A as defined in eq (32). The FOC of

~ [ aPoa*
the minimization problem in the definition of (PA); can be written as #H = A.
0 <%
7o
OéO o a* .
One solution to this is =H A. Therefore,
o
Vo I LS54
! 0 o F* NTZQZ% RN NT;( )i

This is the first equality of the Statement (i) in the lemma. The second equality of Statement
(i) follows by symmetry. Statement (i) is a special case of Statement (iii) with C = H, so
Statement (iii) needs to be proved.

Let a2v(af + ;) = (PB); = (PB);;, where By = ]13(-?%' Analogous to the above,

a®oa* .
choose — 7 'B as one solution to the minimization problem. Then
Yoy
— 1 —1 ~ ~
A/H CH B = NTZ Oé C’lta + ')/t CltOé + Oé Clt’}/t + ’yt CthYt] = Z(PA)ZtCzt(PB)Zt

it

[]
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Table 1: Finite Sample Properties of Static Probit Estimators, N=100
Model  Estimator Bias Std.Dev. RMSE SE/SD P;.95
T=8

No FE EM 0.26 7.48 7.49 1.03  0.97

glm 0.69 7.59 7.61 1.02  0.96

FE i EM 20.74 10.37  23.18 0.73  0.29

glm 2238 11.73 2526 085  0.39

Add-FE EM 20.73 9.24 2269 086  0.28
glm 29.21 1395 3236 0.83  0.32

IF 8.95 10.08 1347  0.72  0.69
BC-IF  -4.69 8.91 10.06  0.81 0.84
T=12

No FE EM -0.10 6.01 6.02 1.04  0.96
glm 0.31 6.09 6.09 1.03  0.96

FE i EM 12.53 7.61 14.65 0.79 045
glm 13.43 8.11 15.68  0.89  0.53

Add-FE EM 10.88 6.62 1273 099 0.64
glm 20.81  10.20 2317 0.89  0.38

IF 7.64 6.94 10.32 0.83  0.73
BC-IF  -0.45 6.42 6.43 0.9 0.92
T=20

No FE EM 0.11 4.93 4.94 0.98 0.94
glm 0.52 5.00 5.02 0.97  0.95
FE i EM 6.44 5.22 8.28 0.85  0.67
glm 7.20 5.50 9.06 0.95  0.70
Add-FE EM 3.56 4.60 5.82 1.02  0.89
glm 10.88 6.57 12.71 0.93  0.60
IF 4.03 4.86 6.31 0.90 0.83
BC-IF  -0.99 4.62 4.72 095 094
Notes: All the entries are in percentage of the true parameter value. 500 replications.
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Table 2: Finite Sample Properties of Static Probit Estimators, N=52
Model  Estimator Bias Std.Dev. RMSE SE/SD P;.95
T=14

No FE EM -0.02 7.83 7.84 1.03 094
glm 0.43 7.97 7.98 1.01  0.95

FE i EM 11.3 9.55 1479  0.81 0.68

glm 12.47  10.53 16.31 0.9 0.77

Add-FE EM 2.92 7.74 8.27 1.02 094
glm 24.05 15.28  28.48 0.8 0.53

IF 4.8 9.28 1044  0.79  0.83
BC-IF  -3.56 8.52 9.22 0.86 0.87
T=26

No FE EM -0.13 5.92 5.92 0.99 0.94
glm 0.27 5.99 3.99 099 094

FE i EM 4.88 6 7.73 0.88  0.85
glm 5.33 6.21 8.17 0.98  0.89

Add-FE EM 0.53 5.63 2.65 1 0.95
glm 10.94 8.08 13.59  0.93 0.7

IF 3.43 6.28 7.16 0.85  0.87
BC-IF -1.3 5.96 6.09 0.9 0.92
T=52

No FE EM -0.18 4.22 4.22 0.98  0.95
glm 0.22 4.27 4.27 0.98  0.95
FE i EM 2.2 4.07 4.62 0.91  0.89
glm 2.48 4.2 4.88 1 0.92
Add-FE EM 1.21 3.97 4.15 1 0.94
glm 6.99 5.17 8.69 0.96 0.71
IF 1.5 3.91 4.18 0.96 0.91
BC-IF  -1.48 3.78 4.05 099 094
Notes: All the entries are in percentage of the true parameter value. 500 replications.
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Table 3: Coefficients of Static Probit Model for Trade
(1) (2) (3) (4)

Distance -0.185 -0.177 -0.294 -0.297
Border 0.161  0.152 -0.027 -0.041
Island -0.175  -0.178 -0.153 -0.16

Landlock -0.357 -0.358 -0.471 -0.474
Legal -0.308 -0.309 -0.208 -0.212

Language 0.08 0.079 0.166 0.173
Colony 2.222 2245  2.06 1.962

Currency -0.446 -0.449 -0.158 -0.19

FTA 1.685 1.629 1.645 1.648

Religion 0.2 0.191 0.367 0.36

Importer effects Yes Yes Yes
Exporter effects Yes Yes
Interactive Yes

28



