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Abstract

We examine the quantitative importance of financial market shocks in accounting
for business cycle fluctuations. We emphasize the role financial markets play in real-
locating funds from cash-rich, low productivity firms to cash-poor, high productivity
firms. We use evidence on financial flows to analyze the importance of this role of
financial markets. This evidence shows that in the aggregate, funds available to firms
internally are more than adequate to finance investment. At the firm level, we find
that for publicly traded firms (in Compustat), almost all investment is financed in-
ternally while, using a new data source (Amadeus), we find that most investment by
privately held firms is financed through borrowing. These observations suggest that
the quantitative impact of financial market shocks depend both on the sensitivity of
investment and output of privately held firms to such shocks and on the extent to which
the investment and output of publicly held firms respond to the actions of privately
held firms. Motivated by these observations, we build a quantitative model featuring
publicly and privately held firms that face collateral constraints and idiosyncratic risk
over productivity. We model financial market shocks as shocks to the collateral con-
straints. In our model, each firm has a monopoly in producing a differentiated good
and uses the goods produced by other firms as an input for production — features that
create non-financial linkages between publicly and privately held firms. In our cali-
brated model, we find that a shock to the collateral constraints which generates a one
standard deviation decline in the debt-to-asset ratio leads to a 0.5% decline in aggre-
gate output on impact, roughly comparable to the effect of a one standard deviation
shock to aggregate productivity in a standard real business cycle model. In this sense,
we find that disturbances in financial markets are a promising source of business cycle
fluctuations when non-financial linkages across firms are sufficiently strong.

*We are indebted to V.V. Chari and Larry Jones for valuable advice. We would also like to thank Chris
Phelan, Warren Weber, and the Chari-Jones workshop, especially Alessandro Dovis and Erick Sager, for
helpful comments.



1 Introduction

One role of financial markets is to reallocate capital from cash-rich, low productivity firms
to cash-poor, high productivity firms. In this paper, we examine the importance of shocks
to the ability of financial markets to reallocate capital for the magnitude and duration of
business cycles. Given that both in the aggregate and among publicly traded corporations
(in Compustat), firms’ own internal funds are more than adequate to finance investment,
one might think that such financial market shocks would have a very modest business cycle
effect. However, looking only in the aggregate or at publicly traded corporations may be
misleading. A new data source on privately held firms (Amadeus) shows that almost all of
investment by such firms is financed through borrowing. This suggests that disruptions to
the reallocative role of financial markets could have a large impact on the investment and
output of privately held firms and, therefore, on aggregate economic activity. The size of the
impact depends critically both on the sensitivity of investment and output of privately held
firms to shocks to financial markets and on the extent to which there are spillovers from the
actions of privately held firms to the investment and output decisions of publicly held firms.

To analyze the quantitative importance of financial market shocks, we develop a model
in which firms want to reallocate capital among themselves but face financial frictions in
doing so. We model these frictions as collateral constraints and disturbances in the ability
of financial markets to reallocate capital as shocks to these collateral constraints. Our
approach follows a substantial literature that has examined the role of financial market
frictions over the business cycle (see Bernanke et al. (1999), Kiyotaki and Moore (2008),
and Jermann and Quadrini (2009) to cite just three examples).

Our model differs from the existing literature by incorporating three key ingredients
motivated by the evidence on financial flows. First, this evidence shows that at the aggregate
level, firms generate internal funds substantially in excess of what they need to finance
operations and investments. Thus, if there is a problem due to collateral constraints, it must
be between firms, not between households and firms. To allow for reallocation problems
among firms, our model features heterogeneous firms in the sense that each individual firm
faces idiosyncratic risk and incomplete markets.

Second, the evidence (in Compustat) shows that for publicly traded firms, almost all
investment can be financed using internal funds. However, we show that the opposite is
true for privately held firms (in Amadeus) — most of their investment is financed through
borrowing. To be consistent with this large observed difference in the data, our model
features both publicly held and privately held firms, each of which face potentially binding
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are owned by households that can better insure themselves against the idiosyncratic risk of
a particular firm than can owners of privately held firms.

Third, the evidence suggests that output and investment of publicly held and privately
held firms are correlated. To allow for a co-movement of output by publicly held and privately
held firms in response to financial market shocks, we introduce linkages across all firms in our
economy. In particular, each firm in our model has a monopoly in producing a differentiated
good and uses the goods produced by other firms as an input for production. We show
that under reasonable parameter assumptions, these linkages across firms can generate a
co-movement of output by publicly held and privately held firms in response to financial
market shocks. These linkages also play an important role in amplifying the quantitative
effects of financial shocks.

In our calibrated model, we find that a shock to the collateral constraints which generates
a one standard deviation decline in the aggregate debt-to-asset ratio leads to a 0.5% decline
in aggregate output on impact, roughly comparable to the effect of a one standard deviation
shock to aggregate productivity in a standard real business cycle model. In this sense, we find
that disturbances in financial markets are a promising source of business cycle fluctuations.

Turning more specifically to the details of our model, firms are heterogeneous because
they face idiosyncratic shocks to productivity and collateral constraints in accumulating
capital. We argue that a representative firm version of our model in which the collateral
constraint binds is inconsistent with aggregate data on financial flows in both the United
States and Europe. Specifically, in both the U.S. and the U.K., after paying for interest,
legal obligations, payments to labor and other businesses for materials, the business sector as
an aggregate generates funds, which we call Available Funds, substantially in excess of funds
used for investment. This observation implies that it is difficult for macroeconomic models
with a representative firm subject to collateral constraints to produce large fluctuations in
investment and output in response to a tightening of collateral constraints. One reason is
that shareholders of firms have strong incentives to accept delayed payments in dividends so
as to relax current collateral constraints.

Since we focus on the role financial markets play in reallocating capital for investment
from cash-rich, low productivity firms to cash-poor, high productivity firms, we use data
on firm level use of external funds for investment to discipline and motivate our model.
Disaggregated data on publicly held firms in the U.S. and the U.K. and on privately held
firms in the U.K. suggests that it is important to distinguish between these subsets of firms.
We develop a statistic to measure how much a subset of firms rely on external financing. In
particular, our statistic measures the amount of external funds used for investment by firms
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of the entire subset. We find that in both the U.S. and the U.K., on average (over time)
roughly 20% of investment by publicly held firms is externally financed. In the U.K., on
average roughly 90% of investment by privately held firms is externally financed.

This observation motivates us to introduce a second type of heterogeneity in our model.
Specifically, we partition firms into those that are owned by diversified households, and
therefore better able to insure themselves against idiosyncratic risk and those that are owned
by entrepreneurs who cannot insure themselves against idiosyncratic risk. The fact that
privately held firms use external funds for investment much more than publicly held firms
suggests that the role played by financial markets in reallocating capital for investment
is more important for privately held firms than it is for publicly held firms. In this sense,
privately held firms are more likely to be affected by disturbances to their collateral constraint
than are publicly traded firms.

In our model, collateral constraints are present for both types of firms. Both public
and private firms can borrow up to a level proportional to their asset holding. Both types
of firms are limited in their access to financial markets, i.e., they can only borrow using
risk-free debt. When interest rate is less than or equal to the discount factor, both types of
firms would accumulate enough assets so that the collateral constraints would not bind in
the long run. To overcome this problem, we assume that in addition to productivity risk,
firms are subject to bankruptcy risk and hence their effective discount rate is higher than
the interest rate. However, because publicly held firms are owned by diversified households,
the bankruptcy risk does not raise the effective discount rate of publicly held firms. As a
result, in a stationary equilibrium, publicly held firms have sufficient asset holdings so that
the collateral constraint does not bind, whereas privately held firms face occasionally binding
constraints. In this sense, our model is useful for rationalizing the observed differences in
the amount of external funds used for investment between publicly and privately held firms.

Finally, we assume that each firm, both public and private, produces a differentiated good
and there is monopolistic competition between different firms a la Dixit-Stiglitz. Moreover,
we assume that each firm uses a bundle of goods produced by other firms as an input as
well as capital and labor. These elements are included in the model, in order to create
co-movements across the public and private sectors.

The model’s response to a tightening of collateral constraint for privately held firms can
be described as follows: A tightening of the collateral constraint decreases the demand for
capital by firms for whom the collateral constraint binds. This leads to a decrease in labor
demand so that both wages and the rental rate of capital decline. The shock to the collateral
constraint also causes a fall in the production of intermediate goods. The fall in wages and
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collateral does not bind. However, the decline in the supply of intermediate goods causes
the marginal cost of intermediate inputs to rise. In addition, the fall in the wage and capital
rental rate results in a negative wealth shock to households causing a decline in demand
for the final good. Because households consume a composite final good, demand for each
producer’s good falls. Thus, a tightening of collateral constraints has competing effects
on the production of films for whom the collateral constraint does not bind. The effect
of the shock on aggregate demand and intermediate good production provide incentives
for unconstrained firms to decrease production while the effect of the shock on wages and
interest rates provide incentives for unconstrained firms to increase production. We show
that under reasonable parameter assumptions, the aggregate demand and intermediate good
effects dominate so that a tightening of collateral constraints leads unconstrained firms to
decrease their production.

We calibrate our quantitative model with both publicly and privately firms to be consis-
tent with four key facts from the financial lows data. We require the model to replicate the
relative employment share of privately held firms, the aggregate debt-to-total assets ratio
firms, the dispersion of the firm level debt-to-total assets ratio among privately held firms,
and the amount of external funds used for investment by privately held firms. We show
that these facts in the data help determine quantitative importance of disturbances to the
collateral constraints in the model.

We then perform impulse response analysis from the steady state of our calibrated model.
Specifically, we shock the economy with a partially persistent disturbance to the collateral
constraint which generates a one standard deviation decline in the debt-to-total assets ratio
of privately held firms on impact. We find that such an impulse generates a 0.5% decline in
aggregate output on impact. Although sales of publicly held firms initially rise on impact,
partially off-setting the initial decline in sales by privately held firms, within two periods they
fall below the steady state level. The non-financial linkages we introduce play an important
role, both in dampening the initial response of publicly held firms and in generating co-
movement in sales after the second period after the shock.

Related Literature. Our paper is related to an extensive literature on the effect of fi-
nancial frictions in macroeconomics, starting from Bernanke and Gertler (1989), Carlstrom and Fuerst
(1997), Kiyotaki and Moore (1997), Bernanke et al. (1999) and more recently Kiyotaki and Moore
(2008) and Jermann and Quadrini (2009). The common goal is to identify and understand
the channels through which financial market disruptions affect economic activity and their
quantitative importance. Our goal in this paper is the same while our approach differs in
that we use data on external financing to discipline the importance of these channels.

Our empirical work on external financing needs is related to a literature in corporate



finance which attempts to identify the extent to which firms face constraints in financ-
ing their investment (see Fazzari et al. (1988), and Gilchrist and Himmelberg (1995) among

many others).!

The approach in this literature is to test the implications of models with
financing constraints, namely that Tobin’s Q as well as cash-flow would have a significant
effect on investment. Our approach, however, differs from theirs in that our measurement
approach emphasizes the role of financial markets in firms’ financing decision, i.e., how much
of their investment is financed using external funds. In this regard, our approach is closer
to the one taken by Rajan and Zingales (1998) and Buera et al. (2011). Additionally, this
measurement approach allows us to abstract from which firms in particular face binding
financing constraints while disciplining the importance of financial markets for investment.

From a modeling perspective, our model of financial frictions is a natural extension of
Evans and Jovanovic (1989) to dynamic environments and we share this with an extensive
literature that analyzes the effects of financial frictions on misallocation and Total Factor
Productivity, such as Midrigan and Xu (2010), Buera et al. (2011), and Moll (2011). While
our basic model is very similar, aside from inclusion of monopolistic competition and inter-
mediate goods as inputs, we focus on short-term dynamics of the model. Moreover, because
of our focus on business cycle frequency fluctuations and the importance of the role played
by financial markets, our calibration is somewhat different. In particular, we calibrate the
model to match evidence on external financing as well as the variance of debt to asset ratios
while the papers mentioned above focus on the dynamics of firm size. While these measures
are correlated, our focus on financial flows and external financing makes our paper different
from theirs. Moreover, our firm level employment dynamics closely resembles the evidence
documented by Davis et al. (2007).

Our quantitative exercise is most closely related to Jermann and Quadrini (2009) where
shocks to financial constraints cause fluctuations in economic activity. Our analysis, however,
is substantially different from theirs. They focus on a model with a representative firm
that is financially constrained. We think of their paper as a first step toward developing
a workhorse for analysis of shocks to financial markets and the effect of such shocks on
real activity. In this paper, we take the next step and show that there is a great deal of
heterogeneity in firms’ reliance on external financing. This helps us impose further discipline
on our model of financial frictions and firm heterogeneity and the mechanisms that translate
financial shocks to the real economy. Our paper is also related to a number of studies that
focus on how presence of financial frictions amplify and propagate the effect of productivity
shocks to the economy such as Khan and Thomas (2011) and Nezafat and Slavik (2011).

Furthermore, our transitional dynamic exercise is very similar to Guerrieri and Lorenzoni

Kaplan and Zingales (1997) question the validity of this approach.



(2011), however, they focus on changes in household’s borrowing opportunities while we
focus on the production side of the economy.

The paper is organized as follows: in section 2 we provide evidence on firms’ external
financing behavior, in section 3 contains our model and its theoretical analysis, section 4

contains our quantitative exercise, section 5 concludes.

2 Evidence on External Financing Needs

In this section, we present evidence on the use of external funds for investment in the
aggregate and at the firm level in the United States and in the United Kingdom. We
show that in the aggregate, firms can self-finance the entirety of their investments. We also
show that privately held firms externally finance a significant fraction of their investment
while publicly held firms externally finance much less of their investment. We conclude by
presenting evidence that the difference in the reliance on external financing between publicly
held and privately held firms holds even when we focus on firms of approximately the same
size.

We begin this section by discussing the conceptual objects we intend to study. We then
describe our data sources and how we measure the use of external funds for investment in

our different data sources. We then outline the key facts on external financing.

2.1 Conceptual Measurement of Financial Flows

We construct an empirical measure of the amount external funds that a firm requires to
fund its investment. One way to measure this external financing need is to measure net
financial inflows or outflows for firms. By definition, if a firm’s investment in any period is
greater than the amount of funds generated from operations after paying for interest, legal
obligations, payments to labor and other businesses for materials, then the firm must receive
net financial inflows. To the extent that available funds are fixed, one less dollar of financial
inflows would lead necessarily to a one dollar decline in investment. On the other hand, if
a firm’s amount of investment is less than its fund generated from operations, then the firm
has the ability to self finance the entirety of its investment if it so chooses.

It is easiest to understand these definitions by considering the budget constraint of a firm
that manages its capital stock, may issue equity and debt, and may hold financial assets.

We can write this budget constraints as
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where s represents the stock of outstanding equity shares which have price p, d represents
dividends paid per share, a is the stock of the firm’s financial assets which have price ¢ and
pay period ¢ dividends e, = is physical investment, 7 is gross profit of the firm (net of factor

payments and taxes), r is the net interest rate on debt b. We rearrange this express as
S¢dy + Qt(at+1 - Clt) - (bt+1 - bt) - pt(3t+1 - St) < ﬂ—t(kta lt) + atey — riby — 4. (1)

The left hand side of equation (1) represents the net financial flow into or out of the firm. If
the right hand side of equation (1) is positive so that the firm’s investment is less than the
cash generated by the firm in period ¢, then funds flow out of the firm. If the right hand
side of equation (1) is negative, then funds must flow into the firm as the firm’s investment
is greater than the cash it generated. Implicitly, by netting interest payments, r.b;, out of
available funds, but leaving dividend payments, s;d;, on the left hand side, we assume that
dividends are not set in advance while interest payments cannot be re-negotiated.

Our aim, then, is to measure available funds defined as
AFt =T + @y — Ttbt

and physical investment, x;, as these measures are sufficient to determine whether a given
firm receives inflows of cash or makes cash outlays.
Our preferred statistic of how individual firms rely on external funds for investment is

given by

1 i Yo (Xiy — AFy) 1ix,,> a8, ()
r= 2 Xit

The statistic in equation (2) represents the average net financial inflow to firms whose in-

vestment is greater than their available funds as a fraction of total investment. The statistic

in equation (1) informs us about what fraction of aggregate investment must be financed

externally among a subset of firms, and, therefore, depends on well-functioning financial

markets.

2.2 Data Description

Our data sources for the U.S. include the Flow of Funds, the Statistics of Income, and
Compustat. Our data sources for the U.K. include the U.K. Economic Accounts, Compustat
Global, and Amadeus. We now describe each data set and how we measure available funds

and investment in each source.



2.2.1 U.S. Data

Aggregate Data. Aggregate U.S. data are from the Flow of Funds. Our measure of
aggregate available funds in the U.S. is the sum of Internal Funds (Table F.102 line 9) and
Dividends (Table F.201 line 3) of all non-farm nonfinancial corporate business. Note that we
add dividends here because the definition of Internal Funds has excluded them. Our measure
of aggregate investment is given by Capital Expenditures (Table F.102 line 11) of non-farm
nonfinancial corporate businesses.

Our second source of aggregate data is the Statistics of Income, specifically the Corpo-
ration Income Tax Returns, from 1991 to 2008. The Corporation Income Tax Returns data
set contains information on assets, liabilities, and income of all incorporated firms in the
U.S. classified by industry and by size of total assets. We focus on data classified by size
of total assets, specifically Table 2, which details the balance sheet and income statement
of active corporations. The advantage of using data from the Statistics of Income is that
we can analyze aggregate financial flows to firms of various sizes. In other words, we can
analyze whether the average small firm receives financial inflows even though in the aggre-
gate all firms make financial outflows. There are three limitations to working with data
from the Statistics of Income. The first is that the data cover all active corporations in
the United States, including agricultural and financial firms. The second limitation is that
data are not firm-level, so we can only analyze the net financial flows to an aggregated small
firm. The final limitation is that the size classes for the data are presented in nominal terms
which can introduce measurement bias (due to inflation and trend growth) as discussed in
Gertler and Gilchrist (1994).

In any year, an observation in this data set represents the aggregate over all firms with
assets within some nominal bounds. We measure available funds as total receipts less total
deductions plus deductions for depreciation, depletion, and amortization. To measure in-
vestment, we must construct a measure of the change in fixed assets from one year to the
next. Our measure of fixed assets in any year is the sum of depreciable assets, depletable as-
sets, intangible assets, and land less accumulated depreciation, depletion, and amortization.
To measure fixed asset growth among firms in any size class, we must make an educated
guess about how firms move across size classes from one year to the next. Our analysis
parallels that of Gertler and Gilchrist (1994). First, we re-aggregate the size categories into
two groups for “small” and “large.” Our cutoff for small firms is the threshold in assets
below which firms account for 30 percent of sales. The annual growth rate of assets for small
firms, then, is a weighted average of the growth rate of the cumulative asset classes on either
side of the thirtieth percentile at the start of the period. We then make adjustments to the

growth rate to correct for bias introduced by the fact that some firms may have shifted asset



classes. We also perform this procedure to construct a measure of the change in accumulated
depreciation, depletion, and amortization, which we then use as our measure of depreciation
over the year. Our measure of investment for small firms, then, is given by the growth in
fixed assets plus depreciation. Investment for large firms is constructed similarly.

Firm Level Data. Our primary source of firm-level data in the U.S. is Compustat.
Compustat provides financial data on firms actively traded on stock exchanges. We focus on
data from 1974 to 2010. We restrict attention to firms headquartered in the U.S. (location
code is USA) and we omit firms in Financial, Real Estate and Insurance industries (SIC
codes 60-67) and Government (SIC codes 91-99).

We construct available funds and investment for firms in Compustat as in the literature
on firm dependence on external financing (see Rajan and Zingales (1998)). In particular, we
measure available funds for a firm 7 in period ¢, as Operating Activities - Net Cash Flow (or
Funds from operations depending format of the statement of cash flows). Because our model
does not distinguish between physical investment in existing assets or acquisition of new
assets, we wish to include merger and acquisition activity as well as sales of property, plant
and equipment (as negative investment) in our measure of investment. We define investment
as the sum of capital expenditures and acquisition less sale of property plant and equipment.

Firms remain in our sample if we have sufficient data to construct our measures of
available funds and investment. We also require firms to have reported positive sales and
non-negative total liabilities. Our Compustat sample in the U.S. consists of about 51,000

firm-year observations, with roughly 1400 firm level observations in a typical year.

2.2.2 U.K. Data

Aggregate Data. Our source of aggregate data in the U.K. is the National Economic
Accounts. We measure available funds as the sum of gross disposable income and dividends of
non-financial corporations. Again, we add dividend payments back in because they have been
previously excluded in the construction of gross disposable income. We measure investment
as the sum of gross fixed capital formation, change in inventories, and acquisitions less
disposals of valuables and non-financial non-produced assets.

Firm Level Data. We have two sources of panel data on financial statements of firms
in the U.K. Our first data source is Compustat Global and only covers firms that are actively
traded on a stock exchange. We treat data from Compustat Global exactly as we do for
data from Compustat U.S.. Compustat U.K. sample consists of roughly 10,000 firm-year
observations between 1992 and 2009, with 550 firm level observations in a typical year.

Our primary source of firm level data for firms not actively traded on a stock exchange

is Amadeus. Amadeus contains financial information on over 18 millions private and public
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companies in Europe with a focus on private companies. We restrict attention to the sample
of firms located in the United Kingdom from 2001 to 2009. We focus on data from the balance
sheet and profit and loss account. Data limitations prevent us from measuring available funds
and investment as we do in our Compustat sample, but we attempt to be as consistent as
the data allow us. Specifically, we measure available funds as the sum of profit (loss) for
period, which is roughly equivalent to income before extraordinary items, and depreciation.
We measure investment as the change in tangible assets plus depreciation.? While we focus
on the privately held sample of firms in Amadeus, we also report statistics for the publicly
traded firms that are available to provide a comparison to the more comprehensive sample
of publicly traded firms from Compustat Global.?

Our sample of privately held firms consists of all non-government, non-financial firms
whose legal status is Private Limited Company or Public Limited Company and which are
not quoted on a stock exchange. We also restrict attention to firms that report non-negative
total liabilities (defined as the sum of current and non-current liabilities), non-negative total
assets, and non-negative sales. Because one component of our measure of investment is
the change in tangible assets, we must have at least two consecutive years of data for a
firm to remain in our sample. Our sample consists of over 980,000 firm-year observations
with roughly 100,000 firm-level observations in each year. Our Amadeus sample of Public
Limited Companies that are quoted on a stock exchange consists of roughly 3700 firm-year

observations with 400 firm-level observations in a typical year.

2.3 Facts about Financial Flows and External Financing

We now describe the facts on financial flows and external financing. We begin by describing
the lessons from aggregate or aggregated data, and then discuss the evidence on firm-level

dependence on external financing.

2We have also measured investment by additionally including intangible assets, but this addition had
negligible effects on our measure of external financing.

3We have also measured available funds and investment in this manner for both of our Compustat
samples. We found that this measure of investment is roughly consistent with our measure of investment
from Compustat, while this measure of available funds tends to understate the amount stated as Operating
Activities - Net Cash Flow. The primary discrepancy between these measures of available funds arises from
the treatment of unclassified funds. To the extent that income before extraordinary items and depreciation
listed on the income statement of firms in Amadeus and Compustat are measured comparably, this finding
suggests that our measure of Available Funds in Amadeus may be biased downward, and thus our measure
of external financing in Amadeus may be biased upwards.
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2.3.1 Aggregate Facts on Financial Flows

In figures 1 and 3 we plot available funds and investment for the U.S. and the U.K normalized
by nonfinancial corporate business GDP (in the U.S.) and by aggregate GDP (in the U.K.).
On average, available funds are roughly 1.25 times as large as investment in the U.S. and
1.9 times as large in the U.K. Moreover, in the U.S. available funds exceed investment by
roughly 3% on average over the entire sample. In this sense, the aggregate firm in the U.S.
and the U.K. does not rely on outside financing to fund investment.

We have argued that this observation presents a challenge for macroeconomics models
with a representative firm that faces a binding collateral constraint. There are two primary
responses to this challenge. First, to the extent that shareholders refuse to accept delayed
dividend payments, firms may not be able to self-finance their investment using available
funds net of dividends. In figures 2 and 4 we plot internal funds, or available funds net of
dividends, and investment in the U.S. and in the U.K. This data shows that internal funds are
on average roughly 95% of investment in the U.S. (though they are still 1.35 times as large as
investment in the U.K.). Representative agent models of financial frictions, then, must rely
on some mechanism to ensure that dividends in the aggregate do not respond to aggregate
shocks. In our model, because dividends of privately held firms are simply consumption of
the undiversified owners of the firm, standard consumption smoothing motives will cause
dividends to not adjust to aggregate shocks.

The second response to the fact that available funds exceed investment in the aggregate
is that the aggregate statistics do not reveal information about how much individual firms
rely on external financing. The Statistics of Income data, by reporting data by asset size
classes, yields information on whether there different size classes of firms rely on external
financing. We find, however, that even small firms, in the aggregate, have sufficient available
funds to finance their investment. From 1992 to 2008, on average, available funds for large
firms are roughly 1.8 times as large as investment, and for small firms, available funds are
roughly 4 times as large as investment. We conclude that it is necessary to look at firm-level
evidence in order to gauge which firms rely on external financing and how much external

financing these firms need for investment.

2.3.2 Firm Level Evidence on External Financing

In this section, we provide evidence on the importance of external financing in firm level data.
In Compustat in the U.S.. we find that on average roughly 23% of investment undertaken

by publicly held firms is financed externally. Similarly, in the U.K., we find that roughly
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20% of investment by publicly held firms is financed externally.*

Analyzing U.K. data for privately held firms, we find that between 70% and 95% of
aggregate (Amadeus) investment is financed externally from 2001-2008. We provide a range
of estimates because our measure of external financing is sensitive to different treatments of
potential outliers. On the entire sample, we find that roughly 95% of investment is externally
finance. If we remove the three largest and smallest observations over the entire sample, then
we find that roughly 90% of investment is externally financed. When we winsorize the sample
at the 0.1% and 99.9% levels, removing observations in the smallest 0.1 percentile and largest
99.9 percentile of available funds and investment, we find that roughly 85% of investment
is externally financed; winsorizing at the 1 and 99 percentiles yields that on average 70% of
investment is externally financed.

It is possible that our splitting of data by privately and publicly held firms is merely
serving as a proxy for firm size. To address this issue, we construct a sample of privately
held and publicly traded firms of approximately the same size over the same horizon (2001-
2009). Specifically, we begin by following Gertler and Gilchrist (1994) to develop a sample
of “large” privately held firms. In any year, we classify a firm in our Amadeus sample as
“large” if its assets are over a threshold above which firms account for 70% of (Amadeus)
sales. We then construct a sample of “small” publicly held firms in the U.K. similarly, except
we classify a firm as “small” if its assets are below the threshold in which firms account for
30% of (Compustat) sales.

Our sample of small publicly traded firms consists of roughly 6700 firm year observations
with firms holding on average £184 million in total assets (with a standard deviation of
£3.75 billion). Our sample of large privately held firms consists of roughly 18000 firms with
assets of roughly £840 million on average with a comparable standard deviation (roughly
£3.6 billion). Notice that our large, privately held firms are on average larger than our small,
publicly traded firms. Of course, the small publicly traded sample comprises the majority
of the data in our overall Compustat UK sample, while the large privately held sample
comprises roughly 2% of our Amadeus sample.

It is not surprising then that our sample of small publicly traded firms externally finance
roughly 21% of their investment. However, even after cleaning the large sample of the most
extreme values of investment and available funds, we find that large privately held firms
externally finance roughly 90% of their investment (small privately held firms externally
finance an even larger fraction of their investment — roughly 110%). Our conclusion is that

privately held firms externally finance a substantially larger fraction of their investment

4This average excludes the year 1999 because of a lack of data availability for acquisitions. Alternatively,
if we ignore acquisitions, then over the entire sample, roughly 8% of investment is externally financed.

13



than do publicly traded firms. As a result, we expect privately held firms to be much more

sensitive to exogenous changes in financing conditions than publicly held firms.

3 A Dynamic Model of Publicly Traded and Privately
Held Firms

In this section, we develop a dynamic model of publicly traded and privately held firms
and define a symmetric stationary equilibrium. In our model, all firms face constraints
in accumulating capital, have a monopoly in producing differentiated goods and require a
bundle of goods produced by other firms as an input to production. Publicly held firms are

owned by diversified households; privately held firms are owned by individual entrepreneurs.

3.1 Model and Equilibrium Definition

Environment. Time is discrete, lasts forever, and is indexed by ¢t = 1,2, .... Agents in the
model include households, final good producers, and intermediate good producers. There is
a single consumption good in the economy which is a composite good produced by a sector
of competitive final good producers. We normalize the price of the final good to be 1 in each
period. Final good producers aggregate the output of the intermediate good producers.

Each intermediate good producer has a monopoly in producing a differentiated output.
There are two classes of intermediate good producers: privately-held and publicly-held firms.
We normalize the total measure of intermediate good producing firms to be 1, and we assume
there is a fixed measure of privately held firms, s. A firm’s type is exogenously given and
fixed for the lifetime of the firm. Let firms i € [0, s| denote the names of the s privately held
firms and i € [s, 1] denote the names of the 1 — s publicly held firms in any period. Firms
exogenously exit at rate 1 — (. Upon exit, firms are replaced by an otherwise identical firm
endowed with the exiting firm’s assets.

In our model, we distinguish between publicly and privately held firms by assuming that
publicly held firms are owned by and rebate dividends to diversified households. Privately
held firms are owned by individual entrepreneurs for whom the cost of delayed dividend
payments is forgone consumption.

In each period, a firm of either type can produce a output according to the constant

returns to scale production function

1
o p1 ajl—a\M 71—
Yit = Zjt (kitlit ) L
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where z;, ki, Ly, I;; are firm ¢’s productivity, capital input, labor input, and intermediate
good input in period t respectively, and p represents the elasticity of substitution across all

goods. The intermediate input is a composite of the output of every other intermediate good

1 1-1 ﬁ
Iit = (/ Iitk¢dk> :
0

For simplicity, we assume that the elasticity of substitution for firms’ inputs and households’

firm:

consumption are the same, i.e. ¢ = p (see Basu (1995) for an example of this type of input-
output production structure). We assume that the firm-level process for productivity follows
the stochastic process W(z;|2"') where 2"~! represents the history of productivity shocks
that firm ¢ has received from it’s initial period to period t — 1.

We assume that labor markets are competitive and both types of firms have access to
competitive financial intermediaries who receive deposits and rent capital at rate R; to firms.
We assume that lending to firms is not perfectly enforceable. After production, firms can
choose to default on their loan from the financial intermediary and, with probability 1/ they
are able to retain their undepreciated capital stock (isomorphically, they are able to retain
a fraction 1/A of their undepreciated capital). If a firm defaults, the financial intermediary
seizes the financial wealth of the firm, but the loss of financial wealth is the only punishment
firms face from defaulting on their debt obligations. The zero-profit condition for financial
intermediaries implies that the capital rental rate is given by r; + 9.

We now describe the problem and constraints of each type of agent in turn.

Final Good Producers. There are a large number of competitive final good producers.
Each of these producers can combine the output of the intermediate producers to produce a

composite final good according to the production function

Q= { / qiﬁdz‘] . 3)

where ¢;; is the input of firm 7 in period ¢, and p is the elasticity of substitution across all
goods in the economy. Perfect competition among final good producers ensures that we can

focus on a representative firm that solves

max () — / DitQirdi
Q,q5i i

subject to the () is given by the production function in (3) in each period. As before, the

final good producer’s problem gives rise to an inverse demand curve for each intermediate
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good as a function of prices:
1o-1
P

pi = Qtzqit :

Privately Held Firms. We assume that privately held firms face incomplete markets.
Specifically, privately held firms may only access a risk free bond for savings across periods
and their capital decision in any period is constrained by their level of assets entering the

period. Preferences of a privately held firm that is born in period j are given by

L Z (BOt_j log(cit).

t2j

The individual state of a surviving privately held firm at time ¢ consists of the financial
wealth the firm enters the period with, a;, and the period productivity shock, z;. The

budget constraint of a surviving privately held firm is given by

1

Cit + Ait+1 = pitziF (lﬂzliltia)n Iz-ltin — wtlit — [z't — (Tt + 5)]6“5 + (1 + Tt)ait'

We focus on equilibria with incentive compatible lending contracts, i.e., contracts in which
firms do not default on their loan from financial intermediaries. Therefore, we impose a

within-period collateral constraint given by
kir < Aajt.

Privately held firms maximize expected present discounted value of consumption subject to

their budget sets, the borrowing constraints, and the inverse demand curve for their output.

Publicly Held Intermediate Good Producers. As stated above, publicly held firms have
the same production opportunities as a privately held firms. The only difference between
publicly held firms and privately held firms arises from differences in ownership. Because
publicly held firms are owned by diversified households, they maximize the expected present
discounted value of their dividends under the stochastic discount factor of the households,
which, in the economy with no aggregate risk is simply 3. The objective of a publicly held

firm is given by the expected present discounted value of dividends, or

Eq Z ﬁtCz‘t-
t
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The period budget constraint and collateral constraint of a publicly held firm are given by
Cit + Qi1 = pz‘tzﬁ_il (kﬁlil;a)n Ii;n —wilip — Ly — (re + 0) ki + (L4 r4)az
and the within-period collateral constraint faced by the firm is given by
ki < Aag.

We require dividends to be positive, i.e. ¢; > 0. Publicly held firms maximize expected
present discounted value of consumption subject to their budget sets, the borrowing con-

straints, and the inverse demand curve for their output.

Households. In each period, households decide how much to work, how much to consume

and how much to save in the risk-free bond. They maximize lifetime expected utility
Eo Y B'U(Chy, Lne)
t
subject to the sequence of budget constraints

1
Oht + (I?Jrl S thht + (1 -+ Tt)a? + / Citdi.

Equilibrium Definition. The aggregate state of the economy in any period can be sum-
marized by the distributions over assets, a, and productivity, z, of privately held firms which
we denote by G,(a,z), of publicly held firms which we denote by G(a, z) and household
assets a”. In a stationary equilibrium, we can summarize the market clearing constraints
using these distributions and the decisions made by privately held and publicly held firms
as functions of their individual states. We have four market clearing constraints. Capital

market clearing is given by

K = Z nz/ ki(a, 2)G;(da,dz) = Z nz/ aGi(da, dz) + a"

i=lu i=l,u

where n; represents the measure of type ¢ firms and k; (a, ) is the amount of capital rented
by a firm of type i (either publicly or privately held) with individual state a,z, and a”
represents asset holdings of households. The market clearing constraint for final goods is

given by
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Ch + nu/ cu(a, 2)Gy(da,dz) + K' = (1 =) K =Q — Z nz/ I(a, 2)G;(da,dz). (4)

i=lu
Intermediate goods market clearing requires for each 1 = [, u

1

gi(a,z) = zo 1 (ki(a, 2)%l(a, z)l_a)T7 Li(a, 2)'™, (5)

and labor market clearing requires

=Y / o, 2)Ci(da, ). (6)

i=lu

Finally, a stationary equilibrium entails that G; is stationary for ¢ = [, u, or for any A and Z

Gi(A,Z) — / Qi ((a, 2), A x Z) dGi(a, 2)
Qi((a,2),Ax 2Z) — /I{a;(a,z)eA}zp(z)dz

where 1(z) represents the stationary distribution over idiosyncratic productivity and, in

h _ h

addition, household savings is stationary, or a* = a™.

Definition 1. A stationary recursive competitive equilibrium consists of prices, p;(a, z),r, w,
aggregate output @), distributions Gy, G,, value functions V), V,, policy functions for firms

(cia, 2), aj(a, 2), ki(a, 2), li(a, 2), Ii(a, 2)),¢, ,, » policy functions for households, Cy(a™), Ly(a*), a™(a")
such that

1. Given aggregate output, the wage, the interest rate, and the inverse demand curve
of the final good producer , (c,(a, z),d.(a,z), ky(a, 2),l,(a,z)) solves the problem of a
privately held firm given by

Viler2) = malog(e) + AC [ Vila':)av () (7
subject to
c+d < pia, z)zp%l (k=)' 1" —wl =T — (r+6)k+ (1+1)a
E < Xa

(zﬁ (ko1—)" 11*")_”

o=

pi(@7 Z) - Q

2. Given aggregate oulput, the wage, the interest rate, and the inverse demand curve of
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the final good producer , (ci(a, 2),a)(a, 2), ki(a, z),li(a, 2), [;(a, 2)) solves the problem of
a publicly held firm given by

Vi(a,z) = max + BE.Vi(d,2) (8)
subject to
c+d < pila, z)zﬁ (k=)' I —wl—T— (r+68)k+(1+7)a
kE < Xa

1
1 1

pila,2) = Q (=71 (Rere) 1)

3. Given the policy functions of publicly and privately held firms, the value functions V,,
and Vy satisfy (7) and (8)

4. Given dividend payments of publicly held firms and the wage rate, household consump-

tion and labor solve

max U(Ch, Lh)
subject to

Ch = wly+(1—5s) /c(a, 2)Gy(da, dz)

5. The market clearing conditions (4), (5), (6) hold,

6. Gy and G, satisfy the stationarity conditions.

In Appendix C:, we provide a partial characterization of the optimal decision rules of
firms. By choosing to model all debt as intra-period, the optimal capital and labor decisions
are purely static. As a result, the problem of a privately held firm can be simplified by
two-stage budgeting. In any period, the firm chooses capital and labor; after making these
decisions, the firm then decides how much to consume and save. The reaming consumption-
savings decision is essentially the same as the one studied in Huggett (1993) or Aiyagari
(1994). The key difference from those models is that savings affects future profits of the firm
by potentially relaxing the collateral constraint in future periods.

Before discussing theoretical and quantitative results from our model, we find it useful
to demonstrate how we compute external financing in the model. Mechanically, we think
of the model as generating balance sheet and income statement data and analyze the data
from the model exactly as we do in the data. To see this process, it is useful to recast the

model explicitly in terms of debt and investment. Recall that the budget constraint facing
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a privately held intermediate good producer in any period ¢ is given by
ct+ e = peye(2e, ki, b)) — wly — I — (1 + 0) by + (1 +7)ay

where we have condensed the definition of revenues to pyy;. It is straightforward to show
that this definition is equivalent to entering with a net asset position, k; — b, where b, is the
intra-period debt at time ¢, that is, by = k; — a; and k; is the choice of capital at time t,
and allowing the firm to choose ki, ¢, l;, ki1 — by1 where the firm commits to a net asset
position k;y1 — by at time ¢t. With this notation, the budget constraint of the firm is given
by

ct + kepr — bepr = peye(2e, ke, i) — wly — I + by — by — by — 0k

or, re-arranging terms
e+ kepr — (1= 0)ky = prys — wly — Iy — rby + bryy — by
At this point, we can define available funds and investment as we do in the data. We have

AF, = PeYr — Wely — Iy — 140y
Xt - kt+1 - (1 - 5)l€t

Note that k;y; is a function of a;yq and 2.7 and that a;q is a function only of a; and
2. Thus, we may define investment X, as a function only of a;, z;, and z;,1. We can then
define external financing in the model exactly as in the data (with a slight abuse of notation

defining the distribution over a, z, z’):

Jow (Xila,2,2') = AFy(a, 2)) x> am)dH (a, 2, 2')
[, Xia, z,2")dH (a, z, 2') '

3.2 Theoretical Results

In this section, we describe theoretical results that shed light on how the collateral con-
straints affect publicly held firms, the general equilibrium effects that arise in our model
due to differentiated goods and the input-output structure of productions, and how the re-
sponsiveness of the economy to collateral constraint shocks depends on how much external

financing occurs in the steady state equilibrium.
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3.2.1 Equilibrium External Financing by Publicly Held Firms

In this section, we argue that because publicly held firms discount at the same rate as
household, in any equilibrium in which household consumption is stationary, publicly held
firms never face binding collateral constraints. To see this. consider the problem faced by
publicly held firms. If the non-negative dividend constraint or the collateral constraint ever
bind along any future history with positive probability, then the value of funds inside the
firm are worth more than the value of funds outside the firm. This result combined with
the fact that publicly held firms are risk neutral implies that in any such period, dividends
in that period must be zero. We state this result as the following lemma (the proof is in
Appendix C:).

Lemma 2. In any period t, if either the non-negative dividend constraint or the collateral

constraint in any history z° with s > t then diwvidends in period t are zero.

The consequence of this lemma is that as long as either of a publicly held firm’s con-
straints bind, the firm’s asset level increases. To see this, note that stationarity of household
consumption implies that 5(1+4r) = 1 and thus 147 > 1. The budget equation of a publicly

held firm with zero dividends implies
arrr = (ag, 2¢) + (L +7)a; > a

since profits are (weakly) positive and the interest rate is positive. Of course, as long as
2 € [z, 2] then there is a maximal optimal scale for the firm. Call this value k. Once the
publicly held firm’s assets satisty a;, > %/5 then the firm can simply save a; in every future
period, rebate any profits and interest income to households in the form of dividends and
never face binding constraints again. Since the firm’s assets grow monotonically, they must
cross this threshold. As a result, in any stationary equilibrium, each publicly traded firm’s

assets must lie above %%.We then have the following proposition.

Proposition 3. In any stationary equilibrium, the collateral constraint never binds for any
publicly held firm.

An immediate consequence of the proposition is that there are a continuum of equilibria
indexed by asset holdings of publicly held firms above %IQ and a corresponding asset holding
of households so that capital markets clear at the given rental rate of capital, r = % — 1.
Since available funds for a given firm satisfy

AF, = Py — Wil — Tt(kt - at),
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publicly traded firms in stationary equilibria always operate at optimal scale, we have AF; =
I1*(2;) +ryas. Since there is an equilibrium for any a > %]_f, available funds are indeterminate.
Consequently, the amount of external funds used by publicly held firms for investment is

indeterminate. We state this result as the following corollary.

Corollary 4. In any stationary equilibrium, the amount of external funds used by publicly

held firms to finance investment is indeterminate.

3.2.2 The Effects of Collateral Shocks on Unconstrained Firms

In any period in any stationary equilibrium of our model, some firms face binding collateral
constraints and others do not. Some of the firms that do not face binding constraints
are publicly held and others are privately held. One consequence of a shock that leads
to a tightening of the collateral constraint is that firms that do not face currently binding
collateral constraints become more productive relative to those firms for whom the collateral
constraint binds. As a result, these firms, absent any general equilibrium effects, would
increase their demand for production inputs and generate more output. This mechanism
dampens the effects of shocks to the collateral constraints.

We argue that general equilibrium effects cause shocks to the collateral constraints to
spill-over to these unconstrained firms and can dampen and even overturn their incentives to
increase production in response to a tightening of the constraints. In Appendix A:, we ana-
lyze a static, partial equilibrium version of our model where households value consumption

and labor according to

UC,L) =u (C __¥ - LHl)
T+ 2
as in Greenwood et al. (1988). We develop sufficient conditions for the equilibrium output
of every firm to be decreasing in the tightness of the collateral constraints. The key param-
eters that determine the strength of these general equilibrium spill-overs are the elasticity
of household labor supply,e, the elasticity of substitution across goods, p, the labor share
parameter, «, and the intermediate input share parameter, . We now state our main result

from Appendix A:.

Proposition 5. Suppose there exists a positive measure set of constrained firms. If 1 +¢ >

np(l — «), then output of all firms is increasing in the collateral constraint parameter, \.

The intuition for this result follows our argument in the introduction. A tightening
of the collateral constraint causes constrained firms to reduce their demand for capital.
Since capital and labor are complements in production, constrained firms also decrease their

demand for labor. The decrease in the demand for labor causes the wage rate to fall. The
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decline in the wage leads to a decline in demand for the final good. Our functional form
assumptions on the production function and household preferences then imply the result
in the proposition. The elasticity of output of an unconstrained firm with respect to the
wage rate, under the Cobb-Douglas form of the production function that we have assumed
is simply np(1 — «) (in our static version, we hold the interest rate fixed). By assuming
household preferences are of the GHH form the elasticity of aggregate demand with respect
to the wage is just 1 +e. The condition, 14 ¢ > np(1 — «) simply ensures that the demand
and intermediate input effects dominate the reduced marginal cost arising from the reduction
in the wage.

This result is useful for understanding our results in the dynamic economy below. If we
assume a labor supply elasticity of 2.6, labor share of .66, input share of .5 and an elasticity
of substitution of 10, then we would expected shocks to the collateral constraint to generate

an aggregate recession where all firms decrease output (at least steady state to steady state).

3.2.3 The Sensitivity of Output with respect to Collateral Shocks Depends on

External Financing

We argue that data on external financing is a useful source of information to discipline the
importance of the role financial markets play in reallocating funds from cash-rich, low pro-
ductivity firms to cash-poor, high productivity firms and that the responsiveness of economic
output to financial market shocks depends on the importance of this role. In this section,
we use a stylized version of our dynamic model to illustrate this point theoretically.

In Appendix B:, we analyze a simplified version of our dynamic model in which there
are only privately held firms, goods are perfect substitutes, households do not save, and the
productivity process is i.i.d across firms and time. This version of our model corresponds
loosely to the theoretical models considered by Kiyotaki and Moore (2008) and, more specif-
ically, Kocherlakota (2009). Specifically, we assume that in every period, each firm has a
probability 7 of having productivity equal to 1 and probability 1 — 7 of having probability
equal to 0. By assuming that shocks are i.i.d. and goods are perfect substitutes, we are able
to construct closed form solutions for the equilibrium wage, output, and steady-state wealth
as well as compute external financing by hand.

We then consider the impact of changes in the tightness of the collateral constraint, A, in
economies with different probability of being productive, m. One difficulty in this analysis is
that for economies with different productivity probabilities, 7, a given change in A represents
a different size “shock” to the economy. To account for this effect, for each m-economy, we
choose the collateral constraint parameter, A(7) so that the aggregate debt-to-assets ratio in

the model is the same across all m-economies. Then, for each m-economy, we compare steady
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state wealth and output in the A(7) economy to that in the economy when A = 1, in other
words, the autarkic version of that economy. Therefore, we are considering shocks to the
collateral constraint in each m economy that cause the aggregate debt-to-asset ratio to fall
from some constant to 0. We show that the difference in steady state wealth between the
A(), high debt economy, and the A = 1, no debt economy is monotonically decreasing in the
probability of receiving a high productivity shock. At the same time, the amount of external
financing in the A(7) high debt economy is monotonically decreasing in 7. In this sense,
data on external financing is useful for disciplining the macroeconomic impact of shocks to
collateral constraints. We state this result from Appendix B: as the following proposition.®

Proposition 6. Suppose 0 < r < %— 1. Letw € [m, 7| and define A(w) such that the debt-to-

asset ratio in the T-economy with parameter \(r) is equal to B. If for all T, % < A7) < ﬁ

then external financing is decreasing in m and log(A(X (7) ,7) —log(A(1), ) is decreasing in

7. (The result is the same for output).

The intuition for this result is straightforward. Firms earn higher interest on financial
wealth when they are productive. The greater is the probability of being productive, the
higher is the financial wealth of firms in steady state. A fixed stock of debt relative to
total assets generates a larger amount of wealth relative to autarky for an economy with
a lower probability of being productive since firms cannot accumulate as much financial
wealth. As a result, the difference between the autarky and the credit economy is largest
when the probability of being productive is the smallest. Of course, in economies where the
probability of being productive is low, when firms do become productive, they have typically
experienced a long spell of being unproductive. As a result, their assets have declined and
thus their available funds are low exactly when their investment exhibits a large increase.
As a result, economies with low probability of becoming productive exhibit a large degree of

external financing.

4 Calibration and Quantitative results

In this section, we calibrate the model and undertake exercises intended to illustrate the
contribution of changes in financial frictions to business cycle frequency fluctuations. We
calibrate the steady state of the model and then perform impulse response analysis. We
compare our results to those from a standard real business cycle model.

First, we choose several parameters of the model, using values typically used in the

macroeconomic literature. We fix the discount rate to .96, targeting an annual real interest

5We have proved a similar result for local changes in A however this result requires additional sufficient
conditions.
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rate of 4%. We set the annual depreciation rate, ¢, to be .07 and we assume that the exit
rate of privately held firms, ¢, is 10%, which implies a ten year survival rate of 34%, which
is consistent with estimates from Dunne et al. (1988). We set «, one of the parameters in
the firm production function to .3 and choose the elasticity of substitution across firms or
goods to be p = 4 in line with estimates from micro data evidence (see Burstein and Hellwig
(2008)).

We parameterize household preferences as

Ulc,l) = log (c— v l”%)

1+1

£

We choose an elasticity of labor supply, €, to be 2.6. We assume that there are no wealth
effects on the labor-leisure tradeoff to highlight the role of the complementarity between
publicly held and privately held firms in our model, but note that choosing a more standard
form will reduce the sensitivity of output to changes in the severity of financial frictions
because declines in output by constrained firms will generate increases in output by uncon-
strained firms. Our choice of ¢ is in the range of macro estimates (see Chetty et al. (2011)).

These parameters are summarized in the following table.

parameter || 3 € p a 0 ¢
value 096 2.6 4 0.3 0.07 0.10

The key parameters of the steady state calibration are the tightness of the collateral
constraint and the process for idiosyncratic firm level productivity. We calibrate A, the
tightness of the collateral constraint to match average aggregate debt to total assets in the
U.S. economy since 1986, which is .49. We assume that firm level productivity follows an
AR(1) process so that

log zit = p-log 21 + i, €0 ~ N(0, 02).

We calibrate the standard deviation of the innovations to log productivity to match the vari-
ance in the firm-level debt-to-asset ratio in our Amadeus sample, which is 0.28. We calibrate
the persistence of the productivity process, p., so that in the model, 93% of investment by
privately held firms is externally financed (as in our benchmark Amadeus sample).

The measure of privately held firms, s, is chosen so that privately held firms account
for 70% of employment, which is the share estimated by Davis et al. (2007). We choose the
value of  (from the firm’s production function) so that input’s share of gross output is .43

(Jones (2011)). Lastly, we choose 1, which scales household’s disutility of labor supply to
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generate aggregate hours of 0.3. The values of the parameters that replicate the moments

of the data are summarized in the following table.

parameter || ¢ s n A P2 o
value A2 .26 .48 347 0.75 0.65

Given our calibrated steady state, we then analyze the response of the economy to a shock
to A. We fix the decay of the impulse so that the shock has a half-life of 1 year. We then
calibrate the initial impulse so that on impact, the shock generates a one standard deviation
decline in aggregate debt-to-total assets. In the U.S., since 1986, the standard deviation
of the aggregate debt-to-total assets ratio for non-farm non-financial corporate businesses
is 0.015 or roughly 3% (after using the HP-filter to filter out longer frequency movements).
Figure (11) displays the residuals of the aggregate debt-to-assets ratio.

Figure 12 displays impulse responses of output, sales by publicly and privately held firms,
the wage rate, the interest rate as percentage deviations from the steady state of the model.

The first observation is that the impulse to the economy generates a roughly .5% decline
in output on impact. Given that the aggregate capital stock is fixed, it is perhaps surprising
that output and labor fall on impact of the shock. This fall occurs because the tighter
collateral constraint leads constrained firms to reduce demand for capital and unconstrained
firms to increase their demand for capital (the rental rate of capital falls). The set of
unconstrained firms is typically made up of all publicly held firms and those privately held
firms with low productivity (relative to their assets). Thus, this reallocation of capital to
unconstrained firms implies more capital is installed by unproductive firms, leading to a
decline in aggregate productivity, the wage and, therefore, the labor supply.

The second observation from the results is that while sales of privately held firms fall
by roughly .75% on impact and remain below steady state for roughly 20 periods, sales
by publicly held firms actually rise by roughly .5% on impact of the shock. The different
response of sales by publicly and privately held firms initially is driven by the increased use
of capital by publicly held firms, none of which face binding collateral constraints, and the
fact that in response to the .1% decline in the wage rate, aggregate labor does not decline
dramatically. Within two periods, however, as the supply of capital falls, in response to
the tightening of the collateral constraints, sales of both types of firms are below the initial
steady state.

This pattern for output is a direct result of the complementarity in production across firms
that we discusses theoretically above. We have performed similar analysis under alternative

assumptions about the elasticity of substitution, p and labor supply elasticity, e. With a
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higher elasticity of substitution, for example, 10 (in line with more standard estimates from
the markup literature, i.e. Basu and Fernald (1994) for example) or a lower labor supply
elasticity (we examined the log — log form of household preferences), output of publicly held
firms remains above initial steady state until it converges.

These experiments suggest that in addition to the labor supply elasticity, the elasticity
of substitution across goods is also an important determinant of the size of the effects of

financial market shocks.

5 Conclusion

We have analyzed the effect of disturbances to financial markets in a quantitative model
where financial frictions operate through collateral constraints. We used data on firm-level
financial flows to discipline the importance of financial markets in the model and found that
the decline in macroeconomic output generated by a calibrated tightening in the collateral
constraint is roughly consistent with that generated by a calibrated decline in aggregate
productivity in a standard real business cycle model.

These results suggest that shocks to collateral constraints may contribute to a significant
fraction of business cycle volatility. A quantitative version of our model with aggregate
shocks to collateral constraints and productivity is in progress.

An important question for future analysis is the extent to which our quantitative results
are sensitive to our decision to model collateral constraints as working capital constraints
as opposed to constraints on new investment. We also intend to study this question by
analyzing a similar version of our model where capital is not fully mobile and the financial

frictions manifest as constraints on new investment.
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Appendix A: Static Version of our Model

In this Appendix, we develop a static version of our model in order to establish the main
economic mechanism of the model. We use the static model to illustrate how shocks to the
collateral constraint affects both firms for whom the constraint binds and also those for whom
the constraint does not bind. We derive a sufficient condition on the model parameters under
which a tightening of the collateral constraint leads all firms to reduce output in equilibrium.

Consider a static economy populated by a continuum of intermediate good firms, a rep-
resentative final good producer, and a representative household.

Intermediate Good Producers. Each intermediate good firm ¢ € [0, 1] has an asset
level a; and productivity z;. Moreover, (a;,z;) is distributed according to F'(a,z). An
intermediate good firm with productivity z; and assets a;, rents labor, [, and capital, k, rents
out its assets a; and purchases an amount of the final good, I, to be used as an input to

production according to the production function
_1
¢ = Zip—l (kallfa)ﬁ 11*77

Each firm may rent capital up to a multiple of the value of the firm’s assets. Specifically, we
impose a collateral constraint so that the amount of capital rented by a firm with asset level
a; is bounded by Aa; where A > 1. One can rationalize this type of constraint by a model of
moral hazard or limited enforcement. In line with the rest of the literature, we impose this
constraint and do not provide a formal micro foundation for it.

Final Good Producer. The final good producer uses a bundle of inputs purchased
from intermediate good firms and takes their prices as given. Given a bundle {Qi}z‘e[o,l}v the

final good producer uses the following Dixit-Stiglitz production function:
1 p—1 F—Ll
o= |[ a7 ar o)
0

Households. We assume that there is a representative households who buys the final

with p > 1.

good and provides labor to intermediate good producers. Following Greenwood et al. (1988),

we assume that household preferences are given by

e
U —
CTUTL

Markets. We assume that the labor market is competitive at wage level w. As for capital
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market, we assume that the economy is small and open. That is, there exist suppliers of
capital that have deep pockets and inelastically supply capital at a given interest rate r.
This is an assumption that simplifies the analysis; under this assumption, when we perform
comparative statics, we do not need to consider general equilibrium effects that arise from
changes in the interest rate for capital. Similar analysis can be done in a closed economy.

Moreover, we assume that there is monopolistic competition across intermediate good
firms and prices are given by p;. The final good producer takes these prices as given and
intermediate good producers take the demand function for intermediate output as given. We
normalize the price of final good to 1.

Given the above market structure, the final good producer’s maximization problem is

L pm1 = 1
max {/ q;" dF (2)} —/ piqidF (i) .
qi 0 0

The resulting demand for intermediate good ¢ is given by

given by

4 "Qr = pi.

Given this demand function, each intermediate good firm maximizes its profit subject to its

collateral constraint:

;= T (R [l — e — :
; krrlr?u; DiZ ( ) wl —r +ra; 9)

subject to

1
P

L _
pi = Q% (Zip—l (kallfa)n [17))
k S /\CLZ‘

We say that a firm is financially constrained if the collateral constraint is binding for a firm

in equilibrium and is financially unconstrained otherwise.

To complete the definition of competitive equilibrium, we need to specify the household’s

optimization problem as well as market clearing conditions. The representative household’s

L1+%
max U C_w1+§

optimization problem is given by
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subject to

1
cSwL—I—/ mdF (7).
0

Labor market and product market clearing are given by

/0 LAFG) = L
c+/iIidF(z') - 0.

Hence a competitive equilibrium of this economy is given by {{kz, i I;, pi}ie[O,l] ¢, L, Q, w}
that satisfies the above conditions.

Because of monopolistic competition, the revenue function of the firm exhibits decreasing
returns to scale. As a result, for every z, there is an unconstrained optimal scale, which is
increasing in z. Not surprisingly, then, every z, there is a threshold in assets, say a*(z) such
that firms with assets and productivity (a, z) with @ > a*(z) are financially unconstrained
and if a < a*(z) the firm is financially constrained. We state this result along with optimal
capital, labor, and intermediate input decisions for firms in the following lemma (the proof

is omitted).

Lemma 7. For every z, there exists a*(z) such that for a > a*(z), k(a,z) < Aa and for

a < a*(z),k = Xa. Furthermore, a*(z) satisfies

a*(z) = % [v(1 —n)] ame <O‘:ZV>1+§"’Z (@) e 0-
If a > a*(z) then
k(a, 2) = (1 — )] =" <O“7V)1+?fi (M) e 0
r w
if a < a*(z) then k(a,z) = Aa. Finally,
1-(-n)
L= (W) U 1 = ) TR Q) T

= - m)(Qe) (ki)
where v =1— 1,
p

Given the decisions of firms along with optimal labor supply of households, we can
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characterize equilibrium output, ) and the wage rate, w using the production function of
the final good producer and the labor market clearing conditions. Given these equilibrium
values, we can show that the equilibrium wage rate is decreasing in the collateral constraint
parameter \. This final result follows because a relaxing of the constraint must increase
aggregate capital demand and therefore labor demand causing the wage to rise. We have

the following lemma.

Lemma 8. Any competitive equilibrium must satisfy the following:

1 Q=g

2. The equilibrium wage, w, s decreasing in \.

Proof. Given capital, labor and intermediate input demand, we can construct aggregate

excess output and labor as functions of prices r,w, and output (). Specifically, let A* =

{(a,2) :a>a*(2)}
Q" = /q”G(da, dz) (:

vn(l—a)
1 — i rizn) =
_ (7”( O‘)”) (1 — ) 5= () Q”/ 2G(da, dz)

w r (a,2)eA*

1 1u7(]§1—a))
— an)v v(l— v(l—v)(l-—« 1—v

+ (M) (1/(1 _77))1—((1—(:]7)])U Q ( (1)(07]);’ )\1 (1nan)u/ Zl El (’)71)’/0/1 (1— an)uG(dGJ (

w (a,2)gA*

Labor Demand is just a function of output. We have

/ 1G(da, d) — (%) o / G(da, dz)

Household labor supply given our assumed form for household preferences (GHH) is just

Thus

1~ *w*. Thus labor market clearing is simply

and, therefore, aggregate output in equilibrium satisfies
Q=1v7((1 - a)p)  w'™.
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Re-write @ from (10) as

vn(l1—a)
1— v v(i=m) =
- (M) (1 =)= (C2) / 2G(da, dz) (11)
w r (a,z)EA*
1 e
. —(1—an)v v(l—n 1—v
+ (M) (V(l _77)) (1 a'r] Ql (1 oﬂ])u)\l (1 oﬂ])u/ z1- El a)n)uajl (1— oﬂ])uG(daj dz>
w (a,2)¢ A

Analyzing the derivative with respect to A\,we have

vn(l—a)

1-— 1=v v(1-n T2
o = (MU et ()T [ 6tdad
w r (a,z)EA*
| vl —a)1dw
1—v wd)
(1 ) e ( (1-1)
. —(l—an)v v(l—n 1—v
+ (ﬂ) (V(l _/,7>)1 (1— an)u Ql (1 ar])u)\l (1 an)u/ Zl (1— (yn)ua/l (1 an)uG(dGJ dz>
w (a,2)gA*
__wm-0e) ldw  opp 1dQ = o 1
l—(1—anrwd\ 1—(1—-anr@dr 1—(1—an)vA

Suppose L < 0. Then @ < 0. Then we must have

vn(l —a) ldw anv iﬂ—i— anv l<0
1—(I—anprwdy 1—(1—anrQdrx  1—(1—anvi
and since )
anv

|

1—(1—anvA ”
we have

vp(l—a) 1dw anv 1 dQ

1—(1 —om)yaﬁjL 1—(1—anvQ -
but the coefficients are all positive so this is a contradiction. As a result, the wage must be

increasing in A. 1

We are now ready to state our necessary and sufficient condition for a tightening of the
collateral constraint to cause both financially constrained and financially unconstrained firms

to decrease output. Using the optimal production decisions of firms, we can show that a
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financially unconstrained firm’s output satisfies

n(l—a)

v(l—a)n\ ™ Ly QMU T . 1
o = ()T e (M) e
w r
_n(d-o)
f— KW 1—v
(1—a)
A one percent increase in w causes () to increase by 1 + € percent and w T to decrease
by % Hence, output of financially unconstrained firms is increasing in w or A if and

only if 1 +¢& > np(1 — «). We then have the following proposition.

Proposition 9. Suppose there exists a positive measure set of constrained firms. If 1 +¢ >

np(l — «v), then output of all firms is increasing in the collateral constraint parameter, \.
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Appendix B: External Financing in a Simplified Ver-

sion of our Dynamic Model

In this section, we analyze a version of our model with perfect competition, perfect substi-
tutes, and an i.i.d. process for firm level productivity. Specifically, we assume that in every
period, each firm has a probability 7w of having productivity equal to 1 and probability 1 —
of having probability equal to 0. We solve analytically for the equilibrium and the amount
of external financing used by firms in the model. We then compare the effect of changes in
the collateral constraint parameter, A\, across economies with different probabilities of high
productivity, 7.

In particular, for each m-economy, we choose the collateral constraint parameter, ()
so that the aggregate debt-to-assets ratio in the model is the same across all m-economies.
We show that even though the debt-to-asset ratio is held constant, the amount of external
financing is decreasing the probability of receiving a high productivity shock. Then, for each
m-economy, we compare steady state wealth in the A\(7) economy to that in the economy
when A = 1, in other words, the autarkic version of that economy. We show that the
difference in steady state wealth between the A(7), high debt economy, and the A = 1, no
debt economy monotonically decreasing in the probability of receiving a high productivity
shock.

Model and Solution

In this simplified version of our model, firms are identical, produce a homogeneous final

output good, and the process for firm level productivity is given by

1 w.prob 7w
2y =
' 0 w.prob1—m

where the shocks are independent and identically drawn across firms and time. We assume
a small open economy with a fixed interest rate that satisfies 0 < r < % —1.

The problem of a firm in any period can be written recursively as
V(a,z) = maxIn(c) + SEV (d',2")
subject to

c+ad <(1+r)a+ max 2k —wl — (r+0)k
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Clearly a firm with z = 0 chooses k = 0,1 = 0. It is straightforward to show that profits for

a firm with z = 1 are given by

[a(l;a)l%—(wré)

Using this result, we may write the recursive problem of the firm as

A\a.

V(a,z) = maxIn(c) + SEV (d',2")

11—«

ctd < {z)\ [a(l;a)T—(r+5)

Given our assumed form of preferences along with i.i.d. shock process for productivity, we

+(1+7“)}a.

immediately have that the savings functions are linear in asset holdings and given by

d(a,1) = ﬁ{)\ [a(l;o‘)%& ~(r+6)

a'(a,0) = B(1+r)a.

+(1+7“)}a (12)

The law of motion for assets in a steady state equilibrium yields the equilibrium wage rate

which must satisfy

11—«

)T—(r—i—é)

11—«

1=p6(1+r)+pBrA [04(

Labor market clearing (with aggregate labor normalized to 1), then, defines steady state

wealth:

AN\ ) =

af(mA)® a
L—=B(+7r)+B(r+d6)nA '
We now turn to analyzing the amount of external financing firms rely on as well as the

amount of aggregate debt and assets.
External Financing
First, as in our quantitative model, we define available funds and investment by re-writing

the budget
Ct + (lt+1 = Ztk’?ltl_a — wlt — (7“ + 6)kt + (1 + T)(lt
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of a firm with an explicit definition of debt b; = k; — a;. We then have
Ct + kt-}—l — (1 — 5)kt = Z?k?ltl_a — wlt — Tbt + bt+1 — bt'
We then define available funds, debt, and investment as

AF, = kMU —wl, — rb,
bt = kt — Q¢
Xt - kt-}—l - (]_ - 6)kt

Available funds for specific firms depends on their asset holdings and their productivity in
any period. All of the derivations are included below. Available funds for firms with assets

a; and productivity z; satisfy

Q¢ |:41_Bﬁ(3r+r) + A(S + T:| lf Zt = z

ar if =0

AF(ay, z) = {

Investment, of course, depends on productivity and assets in period ¢ + 1 since these factors
determine the amount of capital a firm uses in period ¢ + 1. Since assets in period t + 1 are
functions of assets and productivity in period ¢ we may define investment as functions only

of a;, z; and z;.1. We have

a/tA |:6+1_T7r(1—ﬁ(1+7’))j| 1f Zt:E,Zt+1 =z

X ( ) —at(l — (5))\ if Zr = 2, 21 — 0
Aty 2ty 2 =

AT e a\B(1+ 1) ifzs=0,21 =2

0 ith:0,2t+1:O

To aid us in defining external financing, it is useful to define the amount of excess available

funds a firm has for investment. Define AF — X for each firm:

(

Qy T+(1—6(1+T)) [M:H ith:E,Zt+1:E

ks
AF—X: Qy %—}-A%—T] ith:E,Zt+1:0
ai [r(1 —AB) — Af] if 2 =0,241=2
ar if Zt = O,Zt+1 =0

\

We use this expression to get a sense of which firms are likely to rely on external financing.
Clearly unproductive firms in period ¢+ 1 will not typically rely on outside funds since both

firms have 0 or negative investment. Typically, the firm that switches from unproductive in
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period t to productive in period ¢t + 1 (z; = 0, 2,41 = Z) will rely on outside funds since that
firm has low available funds in period ¢ but a high amount of investment (when A is sufficiently
large). Finally the firm that is productive in two consecutive periods (z; = Z, 241 = 2) will
typically not rely on external funds since that firm’s available funds are large in period t,
however this is sensitive to the choice of A since, as A becomes large, even though the firm
has high available funds, the amount the firm invests grows as well.

Before turning to the effects of changes in A\, we point out that in the aggregate, inde-
pendent of the collateral constraint and the probability of being productive, in the aggregate
firms can self finance all of their investment. To see this, notice that in the aggregate,
investment is simply

STAA

as productive firms are maintaining the capital stock, and available funds are given by
- 1—p(1
A {r + w + 7r)\(5]

Thus, in the aggregate, firms can self-finance all of their investment as the aggregate excess

is given by
- 1—p5(1
A |:7a + M}
g
Finally, we have the aggregate debt-to-asset ratio:
T(A—1)
) 13
TA+1—m (13)

To see this final result, note that debt is just £ — a for firms with k£ > a. The only firms
with k& > a are those with z = 1. Hence, aggregate debt is simply mA(XA — 1). Total assets,
however, is not simply wealth, or A. Total assets are capital installed by firms with z = 1
and assets of firms with z = 0 since these firms, in effect, have claims to financial assets.
Hence, total assets are given by tAA + (1 —m)A. Note that the aggregate debt-to-asset ratio

for any 7 varies from 0 to 1 as A varies from 1 to oo.
Relating External Financing to the Importance of Financial Markets

Consider the following exercise. For any 7, choose A so that the debt-to-asset ratio is
constant (same amount of aggregate debt relative to assets in every m economy). Then,

consider the difference in steady state wealth when A = A(7) and when A\ = 1 (or when debt-

to-assets falls from the constant level to 0). I do this because the metric is easier to analyze
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(with respect to m) than is the derivative of steady state wealth. We have the following

proposition.

Proposition 10. Suppose 0 < r < %—1. Let 7 € [m, | and define A\(7) such that the debt-to-
asset ratio in the T-economy with parameter \(r) is equal to B. If for all T, % < A(m) < ﬁ

then external financing is decreasing in m and log(A(X (1), 7) —log(A(1), ) is decreasing in

7. (The result is the same for output).

Proof. The assumptions of the proposition ensure that the only firm relying on external
funds for investment is the firm switching from unproductive to productive. Formally, these
assumptions place bounds on 7 for a given B. To see this, using the definition of debt-to-

assets in equation (13), we have that

M) = — D

= m+1. (14)

Since A(7) is decreasing in 7, we can replace the assumption on A(7) by ensuring that

and _

-8 T E1-n

It can be shown that these conditions are consistent with @ > 7.
Recall the definitions of external financing for the (z; = 0,241 = Z) and the (2 =

Z, zp41 = Z) firms:

ar[r(1 =A3) = AB] itz =021 =2

ag [r—l— (1—-5(1+1)) [%ﬁfﬂ)“ if2s =221 =2

Since 0 > 1—A/, it must be that firm switching from unproductive to productive (z; = 0, 2,11 = Z)
uses external funds for investment and since 1 — SA(7)(1 — 7) > 0 the firm that is produc-
tive for two consecutive periods does not use external funds for investment. Therefore, our

statistic on the amount of external funds used for investment satisfies
(1 —m) [B(L+ 1)\ —7]

TON
(1—m)

= B+r) - 5
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Using the definition of A in (14), we have

1 (1 — B)

)\:B+7T(1—B)

so that our external financing statistic satisfies

(1—m) rr(1— B)
7 e - )
(1—m) B r
= 5 B(1+7) T%B)le

As a result, we immediately see that our statistic is decreasing in 7. Consider now the

definition of steady state wealth. We have

1

. af (1)) o
A, m) = L — B +7)+ B(r+ 5)“}
and -
- B afm® e
Al m) = {1 —B(L+r)+B(r+ 5)7&

Then (recalling that 7\ = % + )
(1= a) [log(A(A(m), 7)) — log(A(L,m))]

1 (1 + 7B 1) 1 <1 + b :
= alog —=v— | —log — & T
(1-B)~w 1-B Sors T

Analyzing this equation, let ¢ = %, d= 1;(57,(3;)' Then I claim that

f(m) =log (1 +cn ) —log(l+c(d+m)~")

is decreasing in 7. To see this, we have

—cm 2 —c(d + )72

fim) = l+er !t 14e(d+m)-t

= c[[d+m)2A+cd+m) ) =1+ er )7

And we must have
(d+m)2A+ce(d+a) ) P <r 21 +er )™t
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since

™?+er < (d+7a)?+c(d+7)
0 < d*+2dr+cd

And we have that S(1+7) < 1so that d > 0and ¢> 0. 1

What about output?

Y(r ) = (
(

[e3

t-ﬁ(lﬁ)ﬁ?ﬂfﬁ)ﬂJ& -
N of |-

(1 =B +7) (7N +B(r+0)

Then

11—«

—— llog¥'(m, A(m)) — log(Y(m, 1))]

log (%(1 _B(L+7)+ B0 + 5)) log (%(1 _B(141)) + Blr + 5))

1 1
= log (—01 + Cg) — log (_ c1 + cg>
T c+m

Differentiating with respect to m we have

—0171'_2 —C (5"‘ 71'>_2

7l +e (7)o + oo
1 1

“ l(é +7m)er 4+ (C+ 1)y wey + w2y

which must be negative.

Derivations for External Financing

e Available Funds:
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— If zz = 1 then

If z; = 0 then

e Investment
— If Zt = Zt+1 = 2,

Xy

)\Gt

)\Gt

Aa/t

AF,

Ay

a —r(A— 1)]

—i—/\(r—l—é)—r)\—i-r}

Ay

+/\(5+T}

AF, = —rby = —r(—ay) = ray

)\a/tJrl — (1 — 5))\@,5

o

)I_Ta—(rjtd)

r 11—«

6)\&(1—&)7

l1—«

+ (1+r)}at — (1 —0)Aay

—ﬁ)\(r+5)+6(1+7“)—(1—6)]

#1”) + BN+ 68) — BA(r +0) + B(1+7) — (1 —5)}
5+ 1_7”(1 —B(1+ r))}

- If Zt = E’ZtJr]_ = 0,

Xt = —(1 — (5))\6175

- If Zt = O,Zt+1 = 2,

Xt = Aa/t_i_l = )\B(]_ + T)(lt

- Ifzt:ZtJr]_ :O,Xt:().

e AF-X

— If Zt = R+l = O,

AE _Xt = Tras
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A
Y 1
Y

AF,
=X =
=7
- (:,ET— AB(1+7r)a
—AB(1+ r)]t

— If =z, Z =0
z.
. _
y ~t+1
)

AF, -
p— Xy =
at[l—ﬁ(l—l—r}
N _ at[1ﬁﬁ(71r + N+ 7+
AF N e +7) s (1-— 5))‘}
t_Xt = - T:|
o -1—,6’6(1—1—7’)
] _ - + A\
a | = N M=)
_ e (1 AL+ T A[Ml_ﬂ
o 7))+ A+ 7 m (1-B1+r
| _6(1+T) N _)\5_/\(1—71') »}}
>[_ e o
. ” (1—1—7"))}
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Appendix C: Other Proofs

Proof of Lemma (2), Proposition (3) and Corollary (4).
Publicly held firms solve

max EO Z Btdt
t
dt + (lt+1 S f(Zt, kt) + (1 + T)(lt
ke < Avay
d; >0
or
max EO Z Bt [(ft(zta kt) + (1 + T)Gt — at+1)(1 + U(Zt)) + M(Zt) ()\at — kt)]
t
FOCs

k) = (2"
(1+n(=") = BE [(1+7) (1+n(2041,2")) + p(2041,21)A]

where the last can be re-written using 5(1+ 1) = 1:

n(2") = BE [(1+r)n(zi41, 2) + p(2e41, 21)A]

Thus, if (241, 2") or u(zi41,2") are positive for any z,,; with strictly positive probability

following 2 then n(z') = 0 and

at+1(2t) = f(2t, k) + (L+7)ay

Since f > 0 and 1+ r > 1 we have that assets grow as long as constraints ever bind in the
future.

Now, optimal unconstrained capital scale satisfies
I (24, k) = 0.
Let the optimal scale be defined as
k() = (/)7 (0,2).
We can easily show that £*(2) is increasing in z. Suppose z € [z, Z|. Then, if a; > A\k*(2), the
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constraint does not bind currently and choosing any a;; > a; will ensure that the constraint
never binds again in the future. Suppose at time s the firm’s assets satisfy as > Ak*(2). In

this case, the firm solves

max F Z B (felz k) + (L +1)ay — agyq)]

t>s

and since 5(1 + r) = 1 this simplifies to

E, Z B [(felze, k)] + as(1+ 1)

t>s

Note then, in steady state that no publicly held firms will be constrained (assets are increasing
until the constraint never binds and then are indeterminate above a). Then, investment for
any firm is simply

K (zi41) = (1= 0)k"(2)

Thus, investment is bounded above by
K (2) — (1 — Ok (2).
However, available funds, in steady state, are not pinned down since they are equal to
[z, K" () — r(K" () — a)

Since the firm is indifferent between any a;, > a, there are a continuum of equilibria with
different steady state asset holdings of publicly held firms each corresponding to different

amounts of external financing.
Optimal Production and Savings Decisions of Privately Held Firms
In this appendix, we provide a characterization of the privately held firm’s optimal capital,

labor, and savings decisions. The problem of a surviving privately held firm can be written

recursively as
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V() = max u(e) + BCEVi(a', )

s.t. o

c+d <p(a, z)zrl%l (k=)' 1" —wl — (r+0)k — I+ (1+7)a
pla,z) = Q% <zﬁ (k‘o‘ll_o‘)”_fl_")
k<MXa

1
P

ag given

The decision of how much capital to install and how much labor to hire is a static one.
We therefore can use the results from our static model, namely Lemma (7) to define profits
of a privately held firm, which we denote I1,(a, z;w,r, Q). Then the problem of an unlisted

firm can be simplified to a consumption and savings problem written as

V%a,2) = maxu(c)+ SCE[V"(d',2)|2]
s.t.
cta < Iu(azwrQ)+(1+r)a

As in Aiyagari (1994), the only intertemporal effect of the borrowing constraint comes from
distorting the savings decisions. The nature of the borrowing constraint ensures that this
happens in a smooth way. Thus, the optimal savings decision can be solved as in Aiyagari
(1994), except for the extra term that captures the effect of savings on the next period’s profit
function. We then have the following proposition, in which we suppress the dependence of

11, on equilibrium parameters w,r, and () and write it only as II,(a, 2).

Lemma 11. For an unlisted firm, the optimal asset position policy is given by a function
a'(a, z) that satisfies

W' ((a,z) + (1 +7)a—d'(a, 2))
= BCE { [HaU(a'(a, 2), 2+ (1+ 7’)} ' (I(d'(a, 2),2") + (1 +r)d'(a, 2) —d'(d'(a, 2), z'))|z}
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Appendix D: Figures

Figure 1: Available Funds and Capital Expenditures normalized by Nonfinancial Corporate
Business GDP, U.S. Nonfarm Nonfinancial Corporate Businesses. Source:

Funds and BEA.
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Figure 2: Available Funds, Internal Funds and Capital Expenditures normalized by Nonfi-
nancial Corporate Business GDP, U.S. Nonfarm Nonfinancial Corporate Businesses. Source:
U.S. Flow of Funds and BEA.
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Figure 3: Available Funds and Capital Expenditures normalized by GDP, U.K. Nonfarm
Nonfinancial Corporate Businesses. Source: U.K. National Accounts.
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Figure 4: Available Funds, Internal Funds and Capital Expenditures normalized by GDP,
U.K. Nonfarm Nonfinancial Corporate Businesses. Source: U.K. National Accounts.
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Figure 5: Fraction of Investment by Compustat U.S. Firms Financed by External Funds.
Source: Compustat and Authors’ calculations.
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Figure 6: Fraction of Investment by Compustat U.K. Firms Financed by External Funds.
Source: Compustat Global and Authors’ calculations.
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Figure 7: Fraction of Investment by Privately Held Firms in the U.K. Financed by External
Funds. Source: Amadeus.
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Figure 8: Available Funds and Investment of Compustat U.S. Firms normalized by U.S.
Non-farm Non-financial Corporate Business GDP. Source: Compustat and BEA.
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Figure 9: Available Funds and Investment of Compustat U.K. Firms normalized by GDP.

Source: Compustat Global and U.K. National Accounts.
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Figure 10: Available Funds and Investment of Privately Held Firms in the U.K. normalized

1991 1993 1995 1997 1999 2001 2003 2005 2007 2009

by Aggregate Sales of such firms. Source: Amadeus.
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Figure 11: Aggregate Debt-to-Assets of U.S. Nonfarm Nonfinancial Corporate Businesses,
deviations from HP-filtered trend. Source: U.S. Flow of Funds.
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The x-axis of each plot measures time in years.
The y-axis of each plot measures percentage point deviations from the steady state.
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