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Abstract

We construct an upper bound on the limiting distributions of the identifica-
tion robust GMM statistics for testing hypotheses that are specified on subsets
of the parameters. The upper bound corresponds to the limiting distribution
that results when the unrestricted parameters are well identified. It therefore
leads to more powerful tests than those that result from using projection argu-
ments on tests on all the parameters. The upper bound only applies when the
unrestricted parameters are estimated using the continuous updating estimator.
The critical values that result from the upper bound lead to conservative tests
when the unrestricted parameters are not well-identified. The identification ro-
bust GMM statistics resemble identification statistics when we evaluate them at
a value of the hypothesized parameter that is distant from the true one. The
power of these statistics is therefore governed by the least identified parameter
so a weakly identified parameter implies that the power for tests on any of the

parameters is low.
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1 Introduction

Many economic models can be cast into the framework of the generalized method of
moments (GMM) of Hansen (1982). This facilitates statistical inference in these models
because we can use the extensive set of econometric tools available for GMM, see e.g.
Newey and McFadden (1994). GMM is particularly appealing for structural economic
models under rational expectations. Over the last decade or so, a number of studies
have shown that the assumption of identification of the parameters in such models may
be too strong, and that when it fails, conventional inference procedures break down,
see e.g. Stock et. al. (2002). In forward-looking models, such as the new Keynesian
Phillips curve (a popular model of inflation dynamics), Mavroeidis (2004, 2005) showed
that identification problems are pervasive. Another example where identification might
fail is in models of unemployment, where identification problems plague the estimation
of wage equations, see e.g., Bean (1994) and Malcomson and Mavroeidis (2006).

Fortunately, statistics for testing hypotheses on the parameters in GMM have been
developed whose limiting distributions do not require the identification assumption of
a full rank value of the expected Jacobian of the moment conditions with respect to the
parameters, see Stock and Wright (2000) and Kleibergen (2005). These statistics yield
more reliable inference than the traditional statistics since they do not become size-
distorted when the Jacobian is relatively close to being of reduced rank. However, the
robustness of these statistics to failure of identification of the parameters has only been
established for the case when we test the full parameter vector. This is an important
limitation in their use because researchers are often interested in hypotheses on subsets
(or functions) of the parameters. For the limiting distributions of the statistics to
remain valid in such cases, one has to impose the identifying assumption of a full rank
value of the Jacobian with respect to the parameters that are left unrestricted under the
null. Even though this condition is milder than the identification of the full parameter
vector, it can often be too strong, as it is, for example, when testing hypotheses on
the coefficients of exogenous regressors in a model with endogenous regressors, or on
the coefficients of forcing variables in forward-looking rational expectations models, see
Mavroeidis (2006). Hence, it is important to assess whether the existing methods are
reliable even when some of the identification assumptions on the untested parameters
fail to hold.

The outline of the paper is as follows. In the second section, we discuss GMM. The



following section discusses the behavior of the power function of the tests at distant
values of the hypothesized parameter. Simulations are reported in section 4, and further
extensions are discussed in the conclusions. Proofs are given in the appendix at the
end.

Throughout the paper we use the notation: I[,, is the m x m identity matrix,
Py = A(AA)7'A’ for a full rank n X m matrix A and M4 = I,, — P4. Furthermore,
«2,7 stands for convergence in probability, «dr for convergence in distribution, “%”
indicates that the limiting distribution of the statistic on the left-hand side of the “%”
sign is bounded by the distribution of the random variable on the right-hand side, E

is the expectation operator.

2 GMM

We consider the estimation of a p-dimensional parameter vector 6§ whose parameter
region © is a subset of the RP. There is a unique value of ¢, 0y, for which the ky x 1

dimensional moment equation
E(ft<90)) :07 tzla"‘7T7 (1)

holds. The k; x 1 dimensional vector function f;(¢) is a continuous differentiable
function of data and parameters. Let fr (6) = 3., f; (f) and

Vir (0) = lim var [T fr (0)] . (2)

T—o0

The objective function for the continuous updating estimator (CUE) of Hansen et. al.
(1996) is
St (0) =T fr (0) Vg () fr (0) (3)

where V;; (6) is an estimator of Vj; (6).
We make the following high level assumptions, which are a slight extension of those
in Kleibergen (2005, Assumption 1):

Assumption 1 The derivative of f; ()

—

Qz}t (9) = a](;té(f ) 1= 17 - D,y (4)



is such that the large sample behavior of f,(0) = fi(0) — E(f;(0)) and G, (0) =
(6.7171: 9) Gt (Q)'), kg x 1, with G (0) = ¢it (0) — E(qi+ (0)) and kg = k¢ X p, satisfies

L (RO o (550
T (th)) (we))) o

where P(0) = (1; Ez;) is a (ky + ko) x 1 dimensional Normal distributed random process

with mean zero and positive semi-definite (ky + ko) % (ks + ko) dimensional covariance

_ (Vi (0) Vi (6)
vo= (o i) ©

Ur (0)

matrix

with Vay (0) = Vig (0) = (Vora (0)' .. Vary (0)), Voo (0) = Vao; (0), 1,5 = 1,...,p
and Vs (0), Vor.i (0), Vieij (0) are kg x ks dimensional matrices fori,j =1,...,p, and

V (0) = limp_.o, var [% ( Jr(6) )] (7)

vec|ar (0)]

with qr(0) = dfr (0) /00" = 21—, (14 (0) ...qps (9)) .

To estimate the covariance matrix, we use the covariance matrix estimator V(H)
which consists of Vyf (0) : ks x ks, Vos () : kg x ky and Vg (0) : kg X k. We assume that
the covariance matrix estimator is a consistent one and, because we use the derivative of
the CUE objective function, we also make an assumption with respect to the derivative

of the covariance matrix estimator.
Assumption 2 V; (80) & Vi (80) and dvec [fo (90)} 100 L dvec [V (60)] /06.

We use an estimator of the unconditional expectation of the Jacobian, J(f) =
E(limr—o 7¢r (/) which is independent of the average moment vector fr(6p) under
Hy: 60 =0:

Dr(00) = lavr (B0) = Vara(80)Vis (60) " fr (o) ...
apr (00) = Vasp(00)Vys (60) " fr (60)],

where Vy;, (A) are k; x k; dimensional estimators of the covariance matrices Vyy, (),

i=1,....p, Vo (0) = (v;)f,l ) ... Vor, (9)') .

(8)



Since 8359(9) = 250(0), sy (0) = Dp(0) Vir(0)" fr(h), we obtain a Lagrange

multiplier (LM) statistic that is based on the objective function of the CUE from:

K LMy (0) = Ls7 (0) Tr (0) " s7.(6) | 9)

where Zr () = Dy () Vi (0)" Dy (A). Using the KLM statistic and the S-statistic
from Stock and Wright (2000), which is equal to the CUE objective function (3), we

can also define an over-identification statistic:
JK LMy (0) := Sy (0) — KLMy (0). (10)

Theorem 1 Under Assumptions 1, 2 and Hy : 0 = 0y, the limiting distributions of the
S, KLM and JKLM statistics are such that

St (00) X2 (ky)
KLMy (05) 2 (p) (11)
JK LMy (60) % x2 (ks —p)

and the limiting distributions of K LMy (0y) and JK LMy (6y) are independent.

Proof. See Kleibergen (2005). m

The minimal value of the CUE objective function is attained at the CUE, 5, SO
K LMy (5) = 0 since it equals a quadratic form of the derivative of the CUE objective
function. Theorem 1 shows that the convergence of the S, KLM and JKLM statistics
towards their limiting distributions is uniform since it holds for all possible values of
J(6). The limiting distribution of the CUE objective function evaluated at the CUE is

therefore bounded by the limiting distribution of the JKLM statistic under Hg : 6 = 6,.

Theorem 2 a. When Assumptions 1 and 2 hold, fr(0) is a linear function of 6 and
V (0) has a Kronecker product form then

6 = argming JK LMy () (12)

SO

Sr(0) = JKLM(8) < JKLMp(60) and Sr(9) < x2 (ks —p). (13)



b. When Assumptions 1 and 2 hold and the expected value of the derivative Vy; (0)~2 Dy (0)

18 such that
E(J=V1(0)"2Dr(0)) = Qr(0)C, (14)

where C' is a non-negative diagonal p X p matriz and Qr(0) : kr x p and Qr(8)'Qr ()

18 finite and non-zero, then the limiting distribution of ST(E) is bounded from above as

~ a

Sr(0) = x* (ky —p), (15)
and from below by the limiting distribution that applies for zero values of C.

Proof. see the Appendix. m

Theorem 2a states that both the S-statistic and the JKLM-statistic have their
global minimum at the CUE such that, since the minimum of the JKLM statistic
is always less than or equal to its value at 6y, its limiting distribution is bounded
by the limiting distribution at 6y which is a x*(k; — p) distribution. The conditions
under which this strict dominance property, since JK LMyp(6,) > JKLMy(6), holds
apply to moment equations that are linear in the parameters and have a Kronecker
product form covariance matrix. Examples of models that satisfy these conditions are
the linear instrumental variables regression model and the linear factor model, see e.g.
Lintner (1965) and Fama and MacBeth (1973), both in case of homoscedastic errors.
For these models, the S-statistic evaluated at the CUE results as the smallest root of
a characteristic polynomial which can be used as an alternative manner to prove the
stochastic dominance property, see Kleibergen (2008).

The strict dominance property in Theorem 2a is proven using the derivative of
the JKLM statistic. For linear moment equation models with a Kronecker product
form covariance matrix, the structure of this derivative is such that it can only be
equal to zero when the first order condition (FOC) of the S-statistic holds. Hence,
the strict dominance property results. The derivative of the JKLM statistic for more
general moment equation models is still equal to zero when the FOC of the S-statistic
holds but it can not be proven that it is not equal to zero at other points as well.
Hence, it is unclear if the strict dominance property extends towards more general
moment equation models. Theorem 2b shows that an important consequence of the
strict dominance property, the stochastic dominance of limy_.o S (6) by a X2 (ks —p)

distributed random variable, extends towards moment equations that are continuous



differentiable with respect to # and for which the expected value of the derivative can
be factorized into a part which depends on 6 and a part which does not depend on
0. An example of the latter part for the case that p = 1, where E(fo(ﬁ)’%DT(H)) =
VT [fo(e)’%J(Q) — Var(0)Vi(0)71I(0)(0 — 90)] , with 6 a value of § on the line seg-

ment between 6 and 0, is C' = v/T and Q(0) = V;(0) "z {vff(e)*%J(e) — Vs (0)V3(0) 1 J(0)(6 — )| -
Another choice of C' is a value that is equal to the square root of the eigenvalues of
the concentration matrix. The proof of Theorem 2b uses a fixed value of C' while the

sample size goes infinity and therefore uses weak instrument asymptotics, see Staiger
and Stock (1997) and Stock and Wright (2000).

The stochastic dominance of Sy (5) in Theorem 2b is proven using the derivative of
the limiting distribution function of the S-statistic evaluated at the CUE with respect to
C. Because this derivative is non-positive, the value of the limiting distribution function
of the S-statistic for a specific value of C' is bounded between the values that result from
the limiting distributions for zero and infinite values of C. The limiting distribution
of the S-statistic converges to a x*(k; — p) distribution when 6 is well identified, so
J(0) has a full rank value, see Kleibergen (2005), and the limiting distribution of the
S-statistic is therefore bounded from above by the x?(k; — p) distribution and from
below by the limiting distribution that applies for a zero value of C.

The objective function evaluated at the CUE equals the J-statistic of Hansen (1982),
which tests for misspecification, when evaluated at the CUE. Thus Theorem 2 shows
that the x? (ks — p) distribution bounds the limiting distribution of the J-statistic when
we use the CUE to compute it.

2.1 Subset tests

Instead of conducting tests on the full parameter vector 6, we often want to test just
some of the parameters. We can use the above statistics for such purposes as well. For
example, if § = (o/ | §'), with @ : p, x L and 8 : pg X 1, p = p, + pg, We can test a
hypothesis that is specified on 5 only, Hf : 5 = f3,, in which case o becomes a nuisance

parameter. We estimate « using the CUE under HY, a(5,).

Theorem 3 Let a(f,) = argmin, St (o, By). When Assumptions 1, 2 and Hj : f =
By hold and the expected value of the derivative fo(e)_%f)a;p(&), where

A

Dr(a, ) = (Dar(e, B) | Dyr(a. ), (16)

7



with ﬁa,T(a,ﬁ) tky X po and D@T(a,ﬁ) : kg X pg, is such that
E(%‘A/ff(e)iéﬁa,T(Q)) = QT(H)C’a (17)

where C' is a non-negative diagonal p, X po, matriz and Qr(0) : kf X pa and Qr(8)'Qr(6)
is finite and non-zero, the limiting distribution of St (a(B,), By) is bounded from above

St (@(By): Bo) = X2 (ks — pa) (18)

and from below by the limiting distribution that applies for zero values of C.

Proof. If S (a) = Sy (a, 3y) , Theorem 2b shows that Sy (@) % X2 (ky — pa) and
since St (@) = Sy (a(By), By) , the result follows. The same argument applies to the

lower bound. m

Theorem 3 implies that the maximum rejection probability over all possible values
of the nuisance parameters using St (a(8,), 5,) with an (1—¢) x 100% significance level
is equal to (1—¢) x 100%. This rejection probability is achieved when « is well identified
and implies that S (a(8,), 5,) is a size correct test in large samples. Theorem 4 shows
that the size-correctness of the subset S-statistic extends to the subset KLM and JKLM
statistics.

Theorem 4 When the Assumptions from Theorem 3 and Hy; : B = B, hold, the limiting
distributions of K LMy (a(5,),5,) and JK LMy (a(5,),5,) are bounded from above
as

KLMT(&(BO),BO)% x* (ps)
JKLMr (@ (8y),80) = x* (ks —p)

and from below by the limiting distributions that hold for a zero wvalue of C. The

(19)

upper bounding x* (pg) and x* (ks — p) random variables for K LMy (& (B,),B,) and

JKLMr (a(B,), 5, are independent as well as the lower bounding random variables.

Proof. see the Appendix. m

The strict dominance that we used to proof Theorem 2a can not be used to proof
Theorem 4 even for linear moment equation models with Kronecker product form
covariance matrices. The proof of Theorem 4 is therefore based on an alternative

argument that uses: (i.) the bounds on the limiting distribution of the S-statistic, (4i.)

8



that the KLM and JKLM statistics add up to the S-statistic and (¢4i.) that the KLM
and JKLM statistics are conditional on (& (8,), Dar(@ (8,),3)) independent of one
another. The bounds on the limiting distributions of the KLM and JKLM statistics
then result since these statistics use the realized values of the S-statistic, o (3,) and
Dor(@(By) ,3)), which are computed simultaneously, so the conditional independence
has the same consequences for obtaining the bounds as marginal independence.

The bounding argument on the limiting distributions of the KLM and JKLM statis-
tics further extends to statistics that are functions of them like, for example, the GMM
extension of the MLR statistic of Moreira (2003), which was proposed in Kleibergen
(2005).

Theorem 5 When the Assumptions from Theorem 3 and Hj : 3 = 3, hold, the con-
ditional limiting distribution of the GMM extension of the MLR statistic:

GMM-MLRr (& (By), Bo) := 5 [Sr(a (By) , Bo) — rk(@(8By) , Bo)+

\/(ST(a (Bo) s Bo) + rk(ar (Bo) 750))2 —4JK LMz (a(By) , Bo) rk(a (5o) 750)}
(20)
with rk(6y) a statistic that tests the hypothesis of a lower rank value of J(6y), H, :rank(J(6y)) =
p—1, and is a function of Dy (o) and the (generalized) inverse of Vyg.;(60) = Vas(fo) —
Vor(00)Vis(60) Ve (8o); given rk(a (By,) , B,) is bounded by

3 [‘PK + o5 —rk(a(By),Bo) + \/(@K + o, +TR(@(By) , Bo))? — 4, rk(@ (By) 750)} ;
(21)
where o and ¢, are independent x*(ps) and x*(ky — p) distributed random variables.

Proof. see the Appendix. m

Theorem 4 results since the limiting distributions of Do (& (8,) , 8,) and Dg.r(& (8,) , Bo)
are conditional on & (f,) independent of the limiting distribution of fr(a (f5,),5)-
Since k(@ (B,) , B,) is a function of Dy (@ (B,),8) and Dar(a (By), Bo), its limit-
ing distribution is conditional on & (/3,) also independent of the limiting distribution
of fr(a(By),B,). Given rk(a (B,),By), the GMM-MLR statistic is a non-decreasing
function of the KLM and JKLM statistics so the bounds on their limiting distributions
imply the bounds on the conditional limiting distribution of the GMM-MLR statistic.



The bounding results on the (conditional) limiting distributions of the subset S,
KLM, JKLM and GMM-MLR statistics imply that we do not need to make any iden-
tifying assumption on the unrestricted parameters since the (conditional) limiting dis-
tributions that we would obtain when the unrestricted parameters are well identified
provide upper bounds on the (conditional) limiting distributions in general. Hence,
we have established that the aforementioned subset tests are correctly sized in large
samples without making any assumptions about the identification of the parameters of
the model.

2.2 Nonlinear restrictions

The bounding results of the previous section extend to general nonlinear restrictions
of the kind studied, for instance, by Newey and West (1987). Let h : © — R” be a
continuous differentiable function with » < p, and p is the number of parameters in 6.

We are interested in testing the hypothesis
Hy:h(0) =0, against Hy:h(0) #0. (22)

Let 67 = argming {Sy (8) : h () = 0} denote the minimizer of Sy (6) subject to the

restrictions implied by the null hypothesis. Then, we have the following result.

Corollary 1. Under the Assumptions from Theorem 3 and when Hy : h(6) =0,

Sr(0r) =“x*(kf—p+r).

KLMT(HT) ja X2 (’I“) (23)

JKLMT(OT) ja X2 (]Cf — p) .

Proof. First, reparametrize 6 into (a,5) = g (6) = [91(6),h(0)] such that
g1 (o, B) exists. Then, the restrictions become equivalent to 3 = 0 and the result

follows from Theorems 3 and 4. m

Corollary 1 further extends to the GMM-MLR statistic as well but we left it out

for reasons of brevity.

10



2.3 Projection-based testing

Projection-based tests do not reject the null hypothesis Hf : 8 = 3, with (1 — ¢) x
100% significance when there are values of g such that a statistic that tests the joint
hypothesis Hy* : 8 = 8, @ = ay is less than the (1—¢) x 100% critical value that results
from the limiting distribution of the joint test. When the limiting distribution of the
statistic that is used to conduct the joint test does not depend on nuisance parameters,
the maximal value of the rejection probability over all possible values of the nuisance
parameters is less than or equal to (1 — ¢) x 100% so the projection based tests control
the rejection probability, see e.g. Dufour (1997), Dufour and Jasiak (2001) and Dufour
and Taamouti (2005,2007).

Theorem 6 When the Assumptions from Theorem 3 and Hj : 3 = [, hold, a non-
significant value of the subset S, KLM, JKLM and GMM-MLR statistics for testing
Hy : B = B, implies that the projection-based counterpart of the involved statistic is

also mon-significant.

Proof. Since Sr(5,) = Sr(a(By),By), if St(B,) is less than the (1 — ¢) x 100%
critical value of a x?(k; —pg) distribution, Sr(a (8,), B,) is less than the (1—¢) x 100%
critical of a x?(k;) distribution. The same argument applies to the KLM, JKLM and
GMM-MLR statistics as well with the appropriate (conditional) limiting distributions.
|

Theorem 6 shows that the subset statistics are more powerful than the projection
based statistics and therefore lead to a smaller confidence set. Theorem 6 implies
that the rejection frequency of the projection based statistics is strictly less than the
significance level such that the projection based statistics are conservative.

The results on the limiting distributions for the different subset statistics show that
we can allow for general values of the Jacobian .J () while using the same (conditional)
critical values as under the assumption of a full rank value of J(#). To determine any
additional effects on the statistical inference of the rank value of J(6y), we analyze the

power of the subset statistics at distant values of the hypothesized parameter.

11



3 Behavior at distant values

The parameters of the moment equations of many economic models are such that they

can be cast into a generalized polar coordinate specification so

with h; : R — R invertible, n = (1, ...7n,) :px 1L, r:1x1,reR" p:px1, o =1

For example:
e Linear IV regression model: f;(0) = ((y: — X10) @ Z;) : 0 = re.

e Consumption capital asset pricing model, see Hansen and Singleton (1982):

£16.5) = ((5 (—)5< + Rip) - ) © Zt> | (25)

The discount factor is given by § (€ RT) and § is the risk aversion coefficient.
The vector R; is a [ x 1 vector of asset returns at time ¢, C; is consumption at
time t and ¢; is a [ x 1 vector of ones. The vector Z; contains the instruments.

We can now specify 7 such that
_ lo (5) o T
() = (°5), () = (2. (26)
which implies that the moment equations become:

fi(r,0) = ((L + Ryy1) exp [T(@l + 5 log (th%)} ® Zt) . (27)

e Panel autoregressive model of order one with exogenous variables and Arellano-

Bond moment equations, see Arellano and Bond (1991):

fe(p, B) = (Ays — pAys 1 — AXyB) ® Zy 1 p =101, B =10y, (28)

where X; consists of exogenous variables and Z; contains the instruments.

The polar coordinate specification implies that the value of the subset statistics at

distant values is the same for all parameters.

12



Theorem 7 When 0; = h;(ry;) with h; : R — R, invertible, r : 1 x 1, r € RT,
©o=(p1...0,) 1 px1, ¢o=1, it holds that

limg, o0 ST(C (Bo) ; Bo) = limy .0 Sr(h(ro® (10))),
limﬁo_m KLMT@ (BO) 760) = 1imr0_,oo KLMT(h(T()& (7"0))), (29)
hmﬁoﬂoo JKLMT(& (BO) 760) = limmﬂoo JKLMTUL(T()& (7“0))),

limg, oo GMM-MLRp(@ (By),85) = limyy 0o GM M -M LRy (h(ro® (r0))),

with (o' 2 ) = h(re) = (ha(rey) .. hy(re,))

Proof. see the Appendix. m

Theorem 7 implies that, since the subset statistics for different parameters of inter-
est are all the same at distant values, the power of the subset tests at distant values
is completely governed by the least identified parameter. Hence, for those parameters
that are well identified the subset statistics will be non-significant at a distant value if
one of the other parameters is only weakly identified. The value of the subset statistics
at such distant values can therefore be interpreted as an identification statistic. This
property can be revealed in full when the moment equations are linear in which case
the value of the subset S-statistic at a distant value corresponds with a statistic that

tests for the identification of any of the parameters.

Theorem 8 If f;(«, 5) is linear in o and 3,

filo, B) = fi + ((g)’ ® ka) @=fi+r (L) aq (30)
where f; : k x 1 is non-zero and does not depend on the parameters, it holds that

lims, oo Sr(@ (Bo) s Bo) = .
min, o1 vee [qTQO], [(SOI ® ]kf) Vea (Sp ® ka)] vec [qry] (31)

min, vec [QT@)], [(Q), ® ka> Vo ((i), ® ka)]_l vec [(]T(,ly)] ;

where Vge is an estimate of Vyg and qr = qr(0) since it does not depend on 6.

Proof. see the Appendix. m
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The expression of the S-statistic for large values of [, provided in Theorem (8)
corresponds with a rank statistic that tests for a reduced rank value of the Jacobian

J(0). This holds since any k x p matrix A can be specified as
A=5"P a\b, (32)

witha; : kx1, b, :px1, N:1x1,7=1,...,p, and aja; = 1, aja; =0, ¢ # j, bib; = 1,
bib; = 0,7 # j. Hence, ¢ is identical to that b; for which Na [(bi’ ® I,) Voo (b; ® ]k)} B a;
is minimal. The reduced rank statistic with which the S-statistic for large values of 3,
corresponds differs slightly from the reduced rank statistics of Cragg and Donald (1997)

and Kleibergen and Paap (2006). The rank statistic of Cragg and Donald (1997),

CD(q) = mingyery T~ (ar(a, 8) — a0)' Vg (ar(ex. B) — o), (33)

with gy = vec(Qo), Qo : k x p and T'(p) is the space of k X p matrices with rank less
than or equal to p, is identical to the S-statistic at large values of 5, when we would

replace

Vag" = (b1 ) @ 1) [((br - by) @ L) Vo (b1 by) @ )| by by @ 1)
(34)

((br by @ 1) [ (00 B00.0) @ i) Vi (0.0 b1 0. 0) @ Iy)| (. b)) ® 1),

(35)
where we used the decomposition from (32). This implies that the covariance matrix
which we invert for the S-statistic is typically larger than the one used for the Cragg-
Donald (1997) rank statistic so the value of the S-statistic will typically be smaller
than the value of the Cragg and Donald (1997) rank statistic. An important and nice
feature of the rank statistic that results from the S-statistic compared to the one of
Cragg and Donald (1997) is that it results from the (numerical) optimization over p—1
parameters while the Cragg and Donald (1997) statistic results from optimizing over
(k 4+ 1)p — 1 parameters. Hence, there is a numerical advantage in usage of the rank
statistic that is implied by the S-statistic.

14



The expression of the S-statistic at distant values shows a manner of extending
the concentration parameter, see e.g. Phillips (1983) and Rothenberg (1984), from
the homoscedastic linear instrumental variables regression model towards GMM. In
the homoscedastic linear instrumental variables regression model, it holds that the
Anderson-Rubin Statistic, see Anderson and Rubin (1949), which the S-statistic ex-
tends towards GMM, equals the first stage F-statistic when p = 1 and 6 is large.
The concentration parameter is equal to the first stage F-statistic when all statistics
are replaced by their expectation. Hence, a suitable expression for the concentration

parameter in GMM would be:

CONPAR-GMM =

ming, o vee IOV (0@ 1) Voo (9 1] vecT(0)g]. )

For the other statistics, it is also possible to find the expressions when the moment
equations are linear and the tested parameter is large. Since these expressions lack a

straightforward interpretation, we deferred from constructing these expressions.

4 Simulation results on size and power

We conduct three sets of simulation experiments to investigate the size and power of

the different test statistics analyzed in the previous section.

4.1 Linear IV model

The first experiment is based on a prototypical IV regression model with two endoge-
nous variables, which is identical to the one studied by Kleibergen (2008). The model
is given by
y= Xp+Wrvy+e
X = Zllx+Vx (37)
W= Zllw + Vi

where y, X, W, Z are T x 1, T x 1, T x 1, T x k respectively, vec(e :Vx : Vi) ~
N (0,X® Ir), ¥ is 3x3, (3, v are scalars and Iy, II; are k x 1. In the simulations,
we set T' = 500, v = 1, k = 20 and X = I3. The latter assumption is used in order

to abstract from endogeneity and make the problem exactly symmetric, as explained
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in Kleibergen (2008). The matrix of instruments Z is drawn from a multivariate
standard normal distribution and kept fixed in repeated samples. The quality of the
instruments is governed by the 2x2 concentration matrix ©’©. In this specific example,
© = (Z'2)"?(Ilx : Iy ), and we set all elements of the k x 2 matrix © to zero except
for ©1; and ©4,. They therefore determine the quality of the instruments for estimating
[ and ~ respectively. Each experiment is conducted with 2500 replications.

The null hypothesis is Hy : § = 0. For all statistics except W2S, ~ is set at the
restricted CUE, 7,y 5. The statistics that we simulate are the S, KLM, JKLM, CJKLM
(a combination of the KLM and JKLM), and two Wald statistics: W which uses Yy -
and W2S which uses the 2-step GMM estimator to estimate v. The GMM estimators
employ the White (1980) heteroskedasticity consistent covariance estimator of V¢ and

Vf@ﬁ ‘//\}f = %Zle (ft - ﬂ (ft - ﬂ/7 i = % (yt - Xi8 — I/Vt’}/), ]F = %Z?:l i and

‘7f¢9 = %Zle (ft — f) (¢ —q) = %& = <_ZtXt> 4= %Zthl G-
—Z Wi

The results are reported in Figure 1. We observe that the results look essentially
identical to the results reported by Kleibergen (2008, Panel 2) and partly reproduced
in Figure 2 above. This shows that the conclusions concerning the conservativeness
of the S, KLM and JKLM subset tests and their power against distant alternatives
extends from the IV to the linear GMM setting.

This experiment was based on iid data. We next turn to a situation with dependent
observations. For this purpose, we look at a prototypical dynamic stochastic general

equilibrium (DSGE) model of the kind that is typically used in macroeconomics.

4.2 DSGE model

A prototypical DSGE model of monetary policy looks like, see Woodford (2003):

T = 0By + KTy (38)
Yo = Eyyrer — 7 (e — Evmera) + g (39)
re = prio1+ (1= p) (BB + VB j) + €ns (40)

Ty =Yt — %

where F; denotes the expectation conditional on information up to time ¢, m, v, 7, 74

denote inflation, output, nominal interest rates and output gap, respectively, and z
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Figure 1: Power curves in the linear IV model, computed using White’s covarinace
estimator. 5% significance level.

17



and g; represent technology and taste processes, while ¢, is a monetary policy shock.
This model was recently used by Clarida, Gali, and Gertler (2000) and Lubik and
Schorfheide (2004) to study the postwar monetary policy history of the US.

The parameters of the model can be estimated by full- or limited-information meth-
ods. Here, we focus on the single-estimation GMM approach that is based on replacing
expectations with realizations and using lags of the variables as instruments. This is
the method used in seminal papers by Gali and Gertler (1999) for the new Keyne-
sian Phillips curve (38) and by Clarida, Gali, and Gertler (2000) for the Taylor rule
(40). Both equation have two parameters and two endogenous variables, so they are
well-suited for our simulation experiments on subset tests.

The simplest model to simulate is the Taylor rule (40) with p =i = j = 0. This is

simply an IV regression model but with dependent data.

4.2.1 Taylor rule

To keep the model simple and symmetric, we assume that 7; and x; follow AR(1)

processes

T = PrTt—1 T Uy (41)
Tt = PrTe—1 + Vgt (42)

The version of equation (40) with p =i = j = 0 is the original Taylor (1993) rule:
Ty = BT+ YT + Ery (43)

The strength of the identification of 3 and + is governed by p, and p, respectively. In
particular, the signal-noise ratio (concentration) in the autoregressions (41) and (42)
is

2
@ZZ:TLQ, 'i:7T,$
L —p;

SO
. O .
p; = \/ﬁ’ I =m,x
The innovations are simulated from independent Gaussian white noise processes
with unit variance, and the sample size is set to 1000. Equation (43) is estimated

by GMM using 10 lags of m; and z; as instruments, so that k = 20 as in the previ-
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ous experiment. Apart from serial dependence, the other difference from the previous
experiment is that the we use the Newey-West (1987) heteroskedasticity and autocor-
relation consistent estimator of Vy; and V.

The power curves for various instrument qualities are reported in Figure 2. The
power curve look remarkably similar to the linear IV model, and show that the conclu-
sions extend to the case of dependent data and the use of a HAC covariance estimator.
(Note that we have renormalized the 5 to make it’s range comparable to the range of
g in Figures 1 and 1),

4.2.2 New Keynesian Phillips curve

Equation (38) is a model of inflation with sticky prices based on Calvo (1983). Assume

the unobservable exogenous processes z; and g; follow

2t = P21tz

9t = P,9t-1 T g

This is a standard assumption (see, e.g., Lubik and Schortheide 2004). It can be shown
(see Woodford, 2003) that the determinate solution for x; must satisfy:

Tt = Qgz2t + QzgGt + QprErt

for some constants a,., a,, and a,, Hence, the law of motion for 7, is determined by
solving the model (38) forward by repeated substitution:

00

Tt = R E 5JE75 (.T,y,.j)
=0
KAy RGgg

:1—5pzzt+1—5p

gt + ’ia:crgr,t
g

The limited information approach estimates the following equation by GMM using

the moment conditions F;_ju; = 0:

Ty = KXy + 0Tpy1 + Uy (44)

U = —0 (7Tt+1 - Et7Tt+1) .
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Figure 2: Power curves for the Taylor rule, computed using the Newey-West covariance
estimator. 5% significance level.
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The endogenous regressors are x; and 7,1 and the instruments are lags of z; and
7. The key difference from the Taylor rule is that the error term wu, exhibits serial
correlation, which is typical of forward-looking Fuler equation models. Thus, the use
of a HAC covariance estimator is imperative.

As it may be anticipated, the identifiability of x and § depends on p, and p,.
In particular, the model is partially identified when p, = 0, or p, = 0, or p, = p,.
Measuring the quality of the instruments is possible, using a generalization of the
concentration matrix for non-iid data, but the resulting expression is not analytically
tractable. Moreover, in order to simulate data from equations (38) through (40) we
need to specify all the remaining parameters 7, p, 3, v and the covariance matrix of
the innovations ¢, 4, €, and &, ;. Thus, instead of trying to set the parameters in order
to control the degree of identification, we take them from the literature. In particular,
we set them to the posterior means reported by Lubik and Schorfeide (2004, table
3).estimated using quarterly US data from 1982 to 1997. The estimated values of p,
and p, are 0.85 and 0.83 respectively.!

The null hypothesis for the subset test is chosen as follows. A key parameter in the
Calvo model is the probability a price remains fixed, «, which is linked to x and ¢ by:

(1—a)(1—ad)

R = .
(07

So, we consider tests of Hy : & = 1/2, which is a nonlinear restriction on the parameters
k,0. The instruments include four lags of m; and x4, i.e., k = 8.

The results are reported in Figure 3. We report power curves both for the case
p, = 0.85,p, = 0.83 (left panel) and for the case p, = 0.1,p, = 0.05 (right panel)
in which both x and ¢ are nearly unidentified. The identification-robust tests have
virtually no power, and are even conservative over some region of the parameter space.
In contrast, the two Wald statistics are dramatically over-sized. These results are
remarkable, in view of the fact that the parameters have been set to their estimated
values. The pictures look extremely similar if, instead of the estimates of Lubik and
Schorfheide (2004), we used the estimates reported by Clarida, Gali, and Gertler (2000),
so the latter results are omitted. Notice also that the tests are conservative in the case

when the model is partially identified (left panel), as well as in the case in which both

! Clarida, Gali, and Gertler (2000) set p, = p, = 0.9 in their simulations. When we use these values
instead, the results are virtually identical.
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Figure 3: Power curves for tests of the null hypothesis @ = 1/2 in the Calvo model,
computed using a Newey-West covariance estimator and 5% significance level. The
data are simulated from the DSGE model in Lubik and Schorfheide (2004). In the left

panel: p, = 0.85, p, = 0.83; in the right panel: p, = 0.1, p, = 0.05

parameters are weakly identified (right panel), in accordance to the theory.

5 Conclusions

The above analysis shows that the upper bounds on the (conditional) limiting distri-
butions of the subset statistics extend from the linear IV regression model to GMM.
Hence, the size correctness of the subset tests extends from linear IV to GMM.

Since the parameters on the included exogenous variables can be partialled out
analytically in the linear IV regression model, the results on the subset statistics in
linear I'V regression models are only important for testing the structural parameters in
models with more than one included endogenous variable and for testing the parame-
ters of the included exogenous variables. Since many linear IV regression models used
in applied work only have one included endogenous variable, the results on the subset
statistics are not relevant for all empirical studies that use the linear IV regression
model. However, in GMM it is typically not possible to partial out any of the param-

eters so the results of the proposed research are of importance for almost all models

22



that are estimated by GMM. They therefore provide a solution to a long-standing
problem of inference in models in which any identification assumptions are usually too
strong. An important class of such models are dynamic stochastic general equilibrium
(DSGE) models, e.g., the New Keynesian monetary policy models described in Wood-
ford (2003). These models are currently at the center stage of empirical macroeconomic
research, especially with regards to monetary policy, see Gali and Gertler (1999), Clar-
ida, Gali, and Gertler (2000), Lubik and Schorfheide (2004), Christiano, Eichenbaum,
and Evans (2005). Empirical macroeconomists and central bank staff use such models
to study macroeconomic fluctuations, to offer policy recommendations and to forecast
indicators of economic activity. Unlike other rational expectations models to which
identification-robust methods have recently been applied, for instance, the stochastic
discount factor model in Stock and Wright (2000) and Kleibergen (2005), the current
generation of DSGE models are sufficiently rich to match several aspects of the data.
Thus these models present a more natural application of the proposed methods, and,
as a result, this paper provides an important methodological contribution to applied

macroeconomic research.

23



Appendix

Lemma 1. Fora:kx1, A:kx1,60:1 x 1, it holds that

a (%) a= 2a'My%(A'A)~Ala.

Proof. We specify < OF i as

Ua— L(AA)TA 4 A | }A/+A<A'A> (%)
— (WA TN — A(AA)TT (L) A(AA) A — A(AA) A () (AA) A+
AN A (5)
= MA( ) (A,A)_lA/ +A(A/A) (a—A) My

from which the result follows. m

Lemma 2. When V;(0) ' = V;£(0)"2'V;(0)72, 6 : 1 x 1, it holds that

Proof. Because fo(e)fl = ‘A/ff(g)f%,f/ff(e)fé, fo(e)*ivff(e)vff(&)*%’ = [kf and

(L)fo(Q)Vf(Q)_%'+fo(9)_%(dv” NV ()% + Vip(0) 2V (0) (2202 —

1 A A A
such that avff( LA —V;1(0) "2V (0)V(0) ! since W = Vor(0) + Vis(6). m
Proof of Theorem 2 a : The minimal value of ST(Q) is attained at 6 so ST(g) =

3 8%@@ = 0. Because K LM (0) is a quadratic form of s (6) and s7(0) = 0, 8KL6%T(9)

0 and since Sy () = K LMy (0) + JK LMy (0) also %ﬁ,@() = 0. To show that the

JKLM statistic indeed has a global minimum at 9, we construct its derivative. For

expository purposes we use that p = 1 and introduce

F(0) = J5Vip(0)7% fr(0) and D () = 2=V;4(0) 72 Dr(6),

where, because of Lemma 2, 8];7*“6(,9) — Dx(0) and Sp(0) = f2(0) f:(0), JKLMp(0) =
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f}(@)’MD}(Q)f}(H), s (0) = Di(0) f(0). Using Lemma 1, we can obtain that:

i afx(0 * 1
QLD — 2 f3(0) M () _fT(H),l C } 0

= —2f3(0) Mp, o) 2252 (D3(0Y Di(60) " D3 (0) £3(0)
= —2f3(0) Mp, () 252 (D3(0) D3(6))51(6)

00’
JKLM statistic equals the derivative of the S-statistic multiplied by

since M f)}(g)m =M b%(g)ﬁ}(ﬁ) = 0, and which shows that the derivative of the

A

* !/ 8}‘1 0 A* / * —
— (0) M, (55 (D3(0)' D3 (0)) .

To determine if the JKLM statistic has local maxima/minima that do not coincide with
those of the S-statistic, we study whether the FOC for the JKLM statistic can hold
for other points of # than those at which the FOC holds for the S-statistic. Thus we
check if the factor by which the derivative of the S-statistic is multiplied to obtain the
derivative of the JKLM statistic can be equal to zero. For this we need the specification
of the derivative of Di(6) with respect to 6 :

DO~ Vyp(0)3 [~Vas(0)V55(6) Da(0) + 250
Vag (O)V3(0)f(6) = Voo 0)V5(0) ™ F(0) + Vis (0)Vis(0)
(0) +

[Vor(6) + Vs (0)] Vs (0) 2(0) = Vas (0O)Vs(6) ar (6)
= V(0 [<20a5(0)V75(0) 1 Dr(0) + 252

Vag ((0)V57(8) 7 f2(8) — (Voo (6) — Vs (6) Vi (0) Vs (6)) Vs (6) ™ f(6)]

where we used Lemma 2 to obtain %fo(ﬁ)_% and 8%8};(9) = Aa_g (0) + Voo(0) with

V% ;(0) an estimator of the covariance between aqT L and fr(6).
When f7(6) is a linear function of § and V(6) has a Kronecker product form such
that Vy;(h) = af/ff(ﬁ) and Vpg(0) = bV;;(A) with a and b scalars (b > 0), the above

(

specification of 2 implies that

Mpy0) 2552 = M, (e)fo(Q)_%l(Vea(Q) — Var(0) Vi (0) " Vior (0) )V (0) "2 £1(6)
= cMpz@o)Vir(0)~2 fr(0)
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since, because of the Kronecker product form of V(6),

Mpe)Vis(0)~2Vos(0)V;1(0) " Dr(80) = aMpys )V (0) "2 Dr(6) = 0,

and, because of the linearity of fr(6), aqgéa) =0 and \7% #(0) = 0. The scalar c is such

that ¢ = b — a2, with ¢ > 0 since

~

Voo(8) = Vas(0)V5(8) Ve (6) = (b — a®)Vy(6)
is a positive definite covariance matrix, and implies that
* oD (0 * 5
fT(Q)/Mb}(G)#() = cf7(0) Mp, 4 f7(0) > 0.

Hence, since (D3(0) Di(6))~! is larger than zero as well, the derivative of the JKLM
statistic is only equal to zero when the derivative of the S-statistic is equal to zero so
the FOCs of the S and JKLM statistic coincide as well as their values when the FOC
holds. Hence both the S and JKLM statistic have their minimal values at the CUE in

case of linear moment equations and a Kronecker product form covariance matrix.

Proof of Theorem 2 b : For expository purposes, we use that p = 1. Using the mean

value theorem we can specify f7(0) (defined in the proof of Theorem 2a) as
11(0) = f1(60) + D3 (O)(0 = 00),
where 6 lies on the line segment between 6 and 6,. Hence,
E(f7(6)) = E(D7(8))(6 — 6,)
which can be used to denote f7(0) as
f1(0) = E(£1(0)) + f2(0),

with f(0) = fx(0) + Di(0)(0 — 6y), Di(6) = Di(0) — E(D3(0)). Our assumption on
the expected value of the derivative Dz (6) is such that

E(Dj(0)) = cQr(9),

26



where ¢ is a finite non-negative scalar and Qr () : k¢ x 1 and ¢ primarily reflects the
length of E(D:(6)) such that Q7 (6) has a finite non-zero length. An example is:

B(D7(8)) = VT |Vi(0)3.J(0) = Vo (6)Vy1(6) T (B)(0 = o)
and
c=VT, Qr(0) = Vy(6) 2 [fo(e)*%,](e) — Vor(0)Vip(0) I (0)(6 — 90)] :

We analyze the sensitivity of the S-statistic for a fixed value of ¢ while T" goes to infinity
which is identical to a weak instrument setting which uses a fixed value of VT.J(f), see
Staiger and Stock (1997) and Stock and Wright (2000).

At the CUE, the S-statistic coincides with the JKLM statistic

ST(E) - %f?(a)/MD%(E)ff(g) = JKLMT(QV)
and we evaluate the sensitivity of the JKLM statistic at the CUE with respect to an
increase in c.
Because of Assumption 1, the conditional limiting distribution of M e (0) f7(0) given

(6, D(8)) is a (degenerate) normal distribution:
My, @ J#(0)1(8, D3(8)) — N(eMp, 3 Qr(0)(8 — b0), M, ),

where the deviation of D (5) from its mean does not appear in the mean of the above
expression since the covariance between D*( ) and f(0 ) is equal to zero. Given
(6, Dz(6)), JKLMz(f) is therefore in large samples a realization of a non-central

x?(ks—p) distribution, since the rank of M Ds(@ ) s ks —p, with non-centrality parameter?

(0 = 00) Qr(0)' M, ,Qr(0)(0 — bo).

2Defining D5 (0), ky o x (kg — p), ﬁ}(@)ﬁ_ﬁ}(@) = 0, the conditional dis-
tribution  of (ﬁT(G) DT(Q) )_%D}(O)J_fji() given (6, ﬁ}(@)) is normal with mean
(ﬁT(Aé) ﬁT(G) )_EDT( ), Qr(0 6)(6 — 90) and covariance matrix Iy, , so the conditional dis-
tribution of the quadratic form of (D%, (0) D (5) )_5D* (~)LfT( ) is a non-central X with ky —
degrees of freedom and non-centrality parameter c2(6 — 6) Qr () M e)QT( )@ — o). This
quadratic form is identical to the quadratic form of f;(a) with respect to Mp,. - @) which equals

JK LMy (0).
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To analyze the sensitivity of the JKLM statistic evaluated at the CUE with respect
to ¢, we construct its derivative with respect to c. Since c is a parameter of the data
generating process, the derivative of the JKLM statistic evaluated at the CUE with

respect to ¢ consists of the sum of the partial derivatives of the three different random
elements of which JK LMy (6) consists: f:(A), D#(f) and 6 :

1dJKLMp(B) _ 19JKLMp(8) df;(0) L1 8JK LM (0) dD%(8) L1 8JKLMr(9) do
2 de -2 af;(@)/ dc 2 af);(é)l dc 2 90 dc
1 JK LMy (0) dfr(6)
2 ofr()y de

8JK LMz (0)

= = 0 as shown in the proof of Theorem 2a, and

which holds since

Sabid . = ~2fi0)Y DrO)(Dr(0) Dy(0)) " f(0) M ) = 0,

since f(0)'D(6) = 0. The derivative shows that, for small changes in ¢, the change
of JKLMrp (5) that results from the change in ¢ is implied by the change in f}(g) that
is caused by the change in ¢. Thus the derivative of the limiting distribution function
of JK LMy (5) with respect to c solely results from the derivative with respect to ¢ of
the conditional limiting distribution function of JK LMz (6) given (6, D3(6)) which is

a non-central x? distribution:

4 pr[JK LM (6) <a]= )

JJ [& PrlIK LM (0) < 2[0 =y, D}(8) = D] g s 3 (> D)dyaD.

When c increases, the non-centrality parameter of the non-central y? limiting distribu-
tion of JK LMr(6) given (6, D#(0)) increases. Non-central y? distribution are bounded
from above by non-central x? distributions with a larger non-centrality parameter and
the same degrees of freedom parameter.> The change of ¢ therefore results in a condi-
tional non-central y? distribution that bounds the original conditional non-central y?

distribution from above so the derivative with respect to ¢ of the conditional limiting

3This property can be shown by using that a non-central y? distribution is a Poisson mixture of
central x? distributions. Central y? distributions are increasing in the degrees of freedom parameter,
see Ghosh (1973), which property can be used jointly with the Poisson mixing property to show that
non-central x2 distributions are bounded from above by non-central x? distributions with a larger
degrees of non-centrality parameter and the same degrees of freedom parameter.
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distribution function of .JK LMy (6) given (6, D3(0)) is non-positive:
L py[JK LMy (0) < x| =y, D3(0) = D] < 0.

Since the sign of the derivative with respect to ¢ of the limiting distribution function
of JKLMr(0) solely results from the sign of the derivative with respect to ¢ of the
conditional limiting distribution of JKLMy(f) given (9, Di()), the derivative with

respect to ¢ of the marginal limiting distribution of JK LMz (6) is also non-positive

4 Pr[JKLM7(0) < z] <0.
Thus the limiting distribution of JK LMz (6) is bounded from above by the limiting
distribution that results from a larger value of ¢ and from below by the value that
results from a smaller value. The limiting distribution of the JKLM-statistic for any
value of ¢ is therefore bounded from above by the limiting distribution that results for

an infinite value of ¢ which is the x*(k; — p) distribution:

Sr(0) = JKLMz(®) = 2 (ks — p)

and from below by the limiting distribution that results for a zero value of c.

The above proof results from a local argument which can be applied since the
derivative of the JKLM statistic evaluated at § with respect to 6 and Di}(g) is zero.
The local argument therefore allows us to keep (6, Dz, (A)) fixed when we analyze the
derivative of the limiting distribution function of the JKLLM statistic with respect to c.
For large changes of ¢, there are obviously effects on 6 and D7, (5) The conditional non-
central x?2 distribution of JK LMy (0) given (6, D (6)) is therefore identical to a central
x? distribution when c is large since the non-centrality parameter of the conditional

non-central y? distribution gets close to zero for large values of c. To show this, we

determine the order of (6 — 6, ) Q7 (8) M b%@)QT(H)(H —0p) as a function of ¢ which can

be obtained by decomposing the FOC of the S-statistic using the mean value expansion
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0) [cQr(B)(6 — eo>+fT<j ) _0
CQQTW)’QT(@)(@ b) + D7 (0) Qr (8 )(0 — 00) + cQr (B fr(0) +
b — £ |Qr(0)Qr(d )} Qe () fr(0) + Dy (0YQr(0)(@ — 05) + 1D ("é)/ ()] =0

which shows that 0 — 0y is proportional to % for large values of c. Similarly, using mean

value expansions of < DT( ) and Q(0) :

~ ~ ~

%DT(G) = QT(Q) Dy 9
90 ( 9Qr (¢

* )3
QT(Q) 7(00) + ( T )

where § and @ are on the line segments between 0 and 6y and 6 and 6, resp., we can
show that %ﬁT(H) —Q(0o) and Q(0) —Q(6y) are proportional to £ as well for large values

of ¢ since § — 6y and 6§ — 6, are proportional to % This implies that the convergence

\_/\_/

%\%

behavior of Q7 () M 0 Qr(0) towards zero is proportional to 1 such that the overall

convergence behavior of

(6 — 00) Qr(8) M, 3, Qr(8) (6 — bo)

towards zero is proportional to L for large values of c.

When we incorporate the Convergence behavior of 6, Qr(0) and ﬁ}(@), the (un-
conditional) convergence behavior of the non-centrality parameter of the conditional
distribution of JK LMy(6) given (6, D3(6)),

(0 = 00)' Qr(0) My, 5, Qr(0)(6 — o),

is proportional to % for large values of c. Hence, it converges to zero when c gets large
and the limiting distribution of the JKLM statistic converges from below to the limiting
distribution of the JKLM statistic that applies to infinite values of ¢ which is a central
x?(ks — p) distribution.
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Proof of Theorem 4. When 6 = (o/ : ')', we can specify Dr(6) as

[)T(a75):([)aT( 6) DﬁT( 6))

with lA)a,T(oz,ﬁ) : kg X po and lA)B,T(Oz,B) : k¢ X pg. Since

Doz (@(Bo), Bo) Vi (@(Bo), Bo) ™ fr(@(5,), Bo) = 0,

we can specify KLMr(a(8,), By) as

~ - 1 - /
KLMr(@(50), 60) = % [Vis @(80), B0)~ f(@(80), Bo)|
PM o 1 Vi (@(Bo).Bo)~ 7155,T(54(50),,30)

{fo(ﬂ(ﬂo),ﬁo) ZDQ,T(&(Bo),ﬁo)]

[V30(@(B0). 50) 2 r(@(50). Bo)|

For expository purposes, we now, with some misuse of notation, define f7 (5), ﬁ}(?),

G.(0) as

J7(0) = —fo@(ﬁ ) 50) 7% fr(@(By), Bo)
Di(0) = 5Vir(@(Bo), Bo)~2 Dair(@(8y). o)
G7(0) = \/—fo(a(ﬁ ), B0) "2 Da.r(@(Bo), Bo)

and 6 = a(By). It follows from the proof of Theorem 2b and Assumption 1 that

o ([ 1301 1@ ) ) wevee (5 ([ 1361 €3] ) ) ctina(ri, Vi O

where diag(A, B) = (ég) and Vg (0) results from specifing Vyg(cv, 3) and Vy(a, 5)

as

. Vaf(aaﬁ) Vaa(a B) Vaﬁ(a76)
Vorte: 0 >‘<vﬁf<a,5>> wnd )= (vm 5 Vm(mﬂ))’

with Vaf(a,ﬁ) : k‘fpa X /Cf, ng(&,ﬁ) : kfp@ X k‘f, Vw(a,ﬁ) : /Cfpa X k‘fpa, Va@(a,ﬁ) =
Viaalc, B) : kfpa X kgpg and Vig(a, B) : krps X kgpg such that

Vﬁﬁ-f(g) = Vﬁﬁ(&(ﬁo)aﬁo) - Vﬁf@(ﬁo%Bo)vff(a(ﬁo%50)71‘/%(&(50)750)/-
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The diagonal covariance matrix of the conditional distribution of f}(g) and G’}(Aé)

given @ shows that f3(6) and G3(6) are conditional on § independent from one an-

other. Thus, since P,, 4. (5)]\/[ G @) = 0, the conditional limiting distributions
Mps @) 0]

of P, Mo )G (9)fT( ) and M, M )G @ o 70 0) are given (0, D3.(6)) 1ndepindent of one an-

other. The quadratic forms of P .. o J5(0) and M 4)/7(0) constitute the

M 5,G(6) Mps 3G (0
KLM and JKLM statistics so the limiting distributions of these statistics are conditional
on (6, D3(0)) independent of one another as well. The (conditional) independence of
f2(0) and G%.() given 6 uses the same independence result as the one which is used
to obtain the (conditional) limiting distributions of the KLM and MLR statistics.
Theorem 2b implies that the limiting distribution of the S-statistic is bounded,

Sr(@(Bo), Bo) = x2 (k = pa) -

The S-statistic is equal to the sum of the KLM and JKLM statistics,

ST(a(50)> 50) = KLMT(&(50)7 50) + JKLMT(a(Bo)a 60)7

whose limiting distributions are given (6, D#(6)) independent of one another. Since

St(a (50) By), D3(0) and 6 are computed simultaneously and G%(6) uses the realized
value of # and is not involved in its construction, the conditional independence of fr(0 )
and G2(0) and of K LMp(&(B,), B,) and JK LMp(&(3,), 8,) given (6, Di(6)) implies
that the bound on the limiting distribution of the S-statistic implies the bounds on the
limiting distributions of the KLM and JKLM statistics:

?(pg)

K LMp(@(By), Bo) =
j 2 (k — Pa — pﬁ) )

X
JK LMr(a(By), Bo) X
which are also independently distributed. In an identical manner, it can be shown that
the lower bound on the limiting distribution of the S-statistic implies the lower bounds
on the limiting distributions of the KLM and JKLM statistics.

Proof of Theorem 5: The proof of Theorem 4 shows that D1 (@ (8,) , f,) is condi-
tional on & (3,) independent of fr(a (5,),,) and therefore of KLMT( (By) , By) and
JK LMy (& (B,) . 83,) - Using a similar argument it can be shown that Do (@ (5,) . 8,)
is conditional on & (f,) independent of fr(a(8,),,). Hence, rk(a (8,),3,)) is con-
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ditional on @ (f,) independent of fr(a(8,),,) and therefore also of the KLM and
JKLM statistics. Given rk(a (5,), 5,), the GMM-MLR statistic is just a function of
the KLM and JKLM statistics. The derivative of the GMM-MLR statistic with respect
to both the KLM and JKLM statistics is positive so the bounding properties of the
limiting distributions of these statistics imply the bounding property of the conditional
limiting distribution of the GMM-MLR statistic.

Proof of Theorem 7: If 775 and g are the elements of n and ¢ that correspond with
B such that B, = hg(ng,), ng = r¢z and n, and ¢, contain the elements of n and
¢ that correspond with «, n, = re,, @ = hy(n,), it holds that § going to infinity is
identical to 7 going to infinity. The specification of 7 is such that n = r¢ so nz = ry;s.
We can therefore specify n such that

' ¥
n=ro=regl— | =n3{—|-
6(%%) 6(90/3>

Since the specification of 7 is invariant, maximizing over 7, for a given value of 7,

results in an identical value as maximizing over (ﬁ) for a given value of 15. When 7,

goes to infinity, it implies that r goes to infinity asw ivell since ¢z is bounded. The same
value of the statistics therefore results when we maximize over ¢ for a value of r that
goes to infinity instead of maximizing over (z—;) for a value of 74 that goes to infinity.
Since the specification using r and ¢ is the same for every element of («, 3), it implies
that the value of the statistics for testing for a distant value of any of the parameters

are the same.

Proof of Theorem 8: If f;(«, ) is linear in « and f3,

file, B) = fu + ((a) ® ka) @ = fu+r (¢ QL) a

B

and we can specify the moment equation and covariance estimators as

fr(a,B) = fir+7 (¢ @ L) qr
fo(o‘75) = (¢ ® 1) Voo (&' ® I,) +7 [(‘Pl ® Ii,) Vé’fl + %fl (p® [k?f)] + Vflfu

where fir = Zthl fit, qr = Zthl q; and Voo kep X kyp, V@fl : kep X ky, Vflfl :
ks x k¢ are estimators of Vpy = limy_, var(qr), Vo, = limr_.o cov(gr, fir), Vip =
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limy o var(fir), so when r goes to infinity, which is equivalent with S, going to

infinity:

lim ST(a (50) 760) min [(90/ @ ]kf) Qt]/ [(90 ® [k:f)/ ‘709 (90/ & ]kf) Qt] B [(80, ® [kf) Qt} .

Bo—0 @, =1
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