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Abstract

This paper proposes a Sieve Simulated Method of Moments (Sieve-SMM) estima-
tor for the parameters and the distribution of the shocks in nonlinear dynamic models
where the likelihood and the moments are not tractable. An important concern with
SMM, which matches sample with simulated moments, is that a parametric distri-
bution is required but economic quantities that depend on this distribution, such as
welfare and asset-prices, can be sensitive to misspecification. The Sieve-SMM estima-
tor addresses this issue by flexibly approximating the distribution of the shocks with
a Gaussian and tails mixture sieve. The asymptotic framework provides consistency,
rate of convergence and asymptotic normality results, extending sieve theory to more
general dynamics with latent variables. Monte-Carlo simulations illustrate the finite
sample properties of the estimator. Two empirical applications highlight the impor-
tance of the distribution of the shocks. The first provides evidence of non-Gaussian
shocks in macroeconomic data and their implications on welfare and the risk-free rate.
The second finds that Gaussian estimates of stochastic volatility are significantly biased
in exchange rate data because of fat tails.
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1 Introduction

Complex nonlinear dynamic models with an intractable likelihood or moments are increasingly
common in economics. A popular approach to estimating these models is to match informative
sample moments with simulated moments from a fully parameterized model using SMM. How-
ever, economic models are rarely fully parametric since theory usually provides little guidance on
the distribution of the shocks. The Gaussian distribution is often used in applications but in prac-
tice, different choices of distribution may have different economic implications; this is illustrated
below. Yet to address this issue, results on semiparametric simulation-based estimation are few.
This paper proposes a Sieve Simulated Method of Moments (Sieve-SMM) estimator for both
the structural parameters and the distribution of the shocks and explains how to implement it.

The dynamic models considered here have the form:

}/t = gobs(yt—l/xt/ Qlf/ ut) (1)
ur = Siatent (1,0, f,e1), e~ f (2)

The observed outcome variable is y;, x; are exogenous regressors and u; is an unobserved latent
process. The unknown parameters include 6, a finite dimensional vector, and the distribution f of
the shocks e;. The functions g,ps, S1atent are known, or can be computed numerically, up to 6 and
f. The Sieve-SMM estimator extends the existing Sieve-GMM literature to more general dynamics
with latent variables and the literature on sieve simulation-based estimation of some static models.

The estimator in this paper has two main building blocks: the first one is a sample moment
function, such as the empirical characteristic function (CF) or the empirical CDF; infinite dimen-
sional moments are needed to identify the infinite dimensional parameters. As in the finite di-
mensional case, the estimator simply matches the sample moment function with the simulated
moment function. To handle this continuum of moment conditions, this paper adopts the objec-
tive function of |Carrasco & Florens|(2000); Carrasco et al.| (2007a) in a semi-nonparametric setting.

The second building block is to nonparametrically approximate the distribution of the shocks
using the method of sieves, as numerical optimization over an infinite dimension space is gener-
ally not feasible. Typical sieve bases include polynomials and splines which approximate smooth
regression functions. Mixtures are particularly attractive to approximate densities for three rea-
sons: they are computationally cheap to simulate from, they are known to have good approxi-
mation properties for smooth densities, and draws from the mixture sieve are shown to satisfy
the L?-smoothness regularity conditions of the moments required for the asymptotic results. Re-
strictions on the number of mixture components, the tails and the smoothness of the true density

ensure that the bias is small relative to the variance so that valid inferences can be made in large



samples. To handle potentially fat tails, this paper introduces a Gaussian and tails mixture. The tail
densities in the mixture are constructed to be easy to simulate from and also satisfy L?-smoothness

properties. The algorithm below summarizes the steps required to compute the estimator.

ALGORITHM: Computing the Sieve-SMM Estimator

Set a sieve dimension k(n) > 1 and a number of lags L > 1.
Compute 1, the Characteristic Function (CF) of (y,...,Yi—r, Xt, ..., Xi—L)-
fors=1,...,Sdo
Simulate the shocks ef from fi, o+ a k(1) component Gaussian and tails mixture distribution
with parameters (w, jt, 7).
Simulate artificial samples (v3,...,v5) at (6, fuu,0) using ;.
Compute ¢ (6, fw,uc), the CF of the simulated data (y;,...,y;_, Xt,...,X—L).

Compute the average simulated Characteristic Function ¢ (6, fu,u0) = 5 Zs 150, fo o)

Compute the objective function Q3 (8, f., wo) = J ‘1,0,1 — (0, fo e ‘ n(t)dt.
Find the parameters (Gn, @n, fin, 0) that minimize Qn

To illustrate the class of models considered and the usefulness of the mixture sieve for eco-
nomic analysis, consider the first empirical application in section [f| where the growth rate of con-

sumption Ac; = log(C;/C;_1) is assumed to follow the following process:

Act = pe + pcAci—1 +oer1, e~ f 3)
0F = Uy + Po0? |+ Koern, €10~ X2 (4)

Compared to the general model (I)-(2), the Ac; corresponds to the outcome y;, the latent variable
us is (02,e;1) and the parameters are § = (ty, Py, Hor o, ko). This very simple model, with a
flexible distribution f for the shocks e;1, can explain the low level of the risk-free rate with a
simple power utility and recent monthly data. In comparison, the Long-Run Risks models relies
on more complex dynamics and recursive utilities (Bansal & Yaron, 2004) and the Rare Disasters
literature involves hard to quantify very large, low frequency shocks (Rietz, |1988; Barro, |2006b).
Empirically, the Sieve-SMM estimates of distribution of f in the model (3)-@) implies both a 25%
larger higher welfare cost of business cycle fluctuations and an annualized risk-free rate that is up
to 4 percentage points lower than predicted by Gaussian shocks. Also, in this example the risk-free

rate is tractable, up to a quadrature over 0y, 1, when using Gaussian mixtures:

k 22
r:mxt log((S) + yue + ’)/pCACt o log (ZCUJ'IE |: —YOt1 i+ 0t+1[¢72 1]]) .
j=1

In comparison, for a general distribution the risk-free rate depends on all moments but does not



necessarily have closed form. The mixture thus combines flexible econometric estimation with
convenient economic modellingﬂ

As in the usual sieve literature, this paper provides a consistency result and derives the rate of
convergence of the structural and infinite dimensional parameters, as well as asymptotic normal-
ity results for finite dimensional functionals of these parameters. While the results apply to both
static and dynamic models alike, two important differences arise in dynamic models compared to
the existing literature on sieve estimation: proving uniform convergence of the objective function
and controlling the dynamic accumulation of the nonparametric approximation bias.

The first challenge is to establish the rate of convergence of the objective function for dynamic
models. To allow for the general dynamics (I)-(2) with latent variables, this paper adapts results
from |Andrews & Pollard| (1994) and Ben Hariz (2005) to construct an inequality for uniformly
bounded empirical processes which may be of independent interest. It allows the simulated data
to be non-stationary when the initial (yo, 1) is not taken from the ergodic distribution. It requires
a geometric ergodicity condition as in |Duftie & Singleton| (1993). The boundedness condition is
satisfied by the CF and the CDF for instance. Also, the inequality implies a larger variance than
typically found in the literatureEI

The second challenge is that in the model (I)-(2) the nonparametric bias accumulates dynami-
cally. At each time period the bias appears because draws are taken from a mixture approximation
instead of the true f, this bias is also transmitted from one period to the next since (y5, u5) depends
on (y?_l, uﬁ_l). To ensure that this bias does not accumulate too much, a decay condition is im-
posed on the DGP. For the consumption process (3)-(), this condition holds if both |p,| and ||
are strictly less than 1. The resulting bias is generally larger than in static models and usual sieve
estimation problems. Together, the increased variance and bias imply a slower rate of conver-
gence for the Sieve-SMM estimates. Hence, in order to achieve the rate of convergence required
for asymptotic normality, the Sieve-SMM requires additional smoothness of the true density fo.

Monte-Carlo simulations illustrate the properties of the estimator and the effect of dynamics
on the bias and the variance of the estimator. Two empirical applications highlight the importance
of estimating the distribution of the shocks. The first is the example discussed above, and the
second estimates a different stochastic volatility model on a long daily series of exchange rate
data. The Sieve-SMM estimator suggests significant asymmetry and fat tails in the shocks, even

after controlling for the time-varying volatility. As a result, commonly used parametric estimates

!Gaussian mixtures are also convenient in more complicated settings where the model needs to be solved numeri-
cally. For instance, all the moments of a Gaussian mixture are tractable and quadrature is easy so that it can be applied
to both the perturbation method and the projection method (see e.g.|Judd,|1996, for a review of these methods) instead
of the more commonly applied Gaussian distribution.

2See Chen| (2007, 2011) for a summary of existing results with iid and dependent data.
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for the persistence are significantly downward biased which has implications for forecasting; this

effect is confirmed by the Monte-Carlo simulations.

Related Literature

The Sieve-SMM estimator presented in this paper combines two literatures: sieves and the Simu-
lated Method of Moments (SMM). This section reviews the existing methods and results in each
literature to introduce the new challenges arising from the combined Sieve-SMM setting.

A key aspect to simulation-based estimation is the choice of moments 1,. The Simulated
Method of Moments (SMM) estimator of McFadden| (1989) relies on unconditional moments, the
Indirect Inference (IND) estimator of Gouriéroux et al.| (1993) uses auxliary parameters from a sim-
pler, tractable model and the Efficient Method of Moments (EMM) of |Gallant & Tauchen| (1996)
uses the score of the auxiliary model. Simulation-based estimation has been applied to a wide
array of economic settings: early empirical applications of these methods include the estimation
of discrete choice models (Pakes, [1986; Rust, [1987), DSGE models (Smith), [1993) and models with
occasionally binding constraints (Deaton & Laroque, 1992). More recent empirical applications
include the estimation of earning dynamics (Altonji et al., 2013), of labor supply (Blundell et al.,
2016) and the distribution of firm sizes (Gourio & Roys, 2014). Simulation-based estimation can
also applied to models that are not fully specified as in Berry et al.|(1995), these models are not
considered in the Sieve-SMM estimation.

To achieve parametric efficiency a number of papers consider using nonparametric moments
but they assumed the distribution f is knownE] To avoid dealing with the nonparametric rate of
convergence of the moments Carrasco et al.| (2007a) use the continuum of moments implied by
the CF. This paper uses a similar approach in a semi-nonparametric setting. Bernton et al.| (2017)
use the Wasserstein, or Kantorovich distance, between the empirical and simulated distributions.
This distance relies on unbounded moments and is thus excluded from the analysis in this paper.

General asymptotic results are given by |Pakes & Pollard|(1989) for SMM with iid data and Lee
& Ingram|(1991); Duftie & Singleton| (1993) for time-series. (Gouriéroux & Monfort (1996) provide
an overview of existing results for a large number of simulation-based estimation methods.

While most of the literature discussed so far deals with fully parametric SMM models, there

are a few papers concerned with sieve simulation-based estimation. Bierens & Song| (2012) pro-

3Gee e.g. (Gallant & Tauchen|(1996); Fermanian & Salanié| (2004); |[Kristensen & Shin| (2012);|Gach & Potscher| (2010);
Nickl & Potscher (2011).



vide a consistency result for Sieve-SMM estimation of a static first-price auction modelﬁ Newey
(2001) uses a sieve simulated IV estimator for a measurement error model and proves consis-
tency as both n and S go to infinity. These papers only consider specific static models and only
provide limited asymptotic results. Furthermore, they consider sampling methods for the sim-
ulations that are very computationally costly (see section [2.3|for a discussion). Additionally, an
incomplete working paper by Blasques| (2011) uses the high-level conditions in Chen| (2007) for a
“Semi-NonParametric Indirect Inference” estimator. These conditions are very difficult to verify
in practice and additional results are needed to handle the dynamicsﬂ

An alternative to using sieves in SMM estimation involves using more general parametric
families to model the first 3 or 4 moments flexibly. Ruge-Murcia| (2012, 2017) considers the skew
Normal and the Generalized Extreme Value distributions to model the first 3 moments of produc-
tivity and inflation shocks. |(Gospodinov & Ng|(2015); Gospodinov et al.|(2017) use the Generalized
Lambda famility to flexibly model the first 4 moments of the shocks in a non-invertible moving
avergage and a measurement error model. However, in applications where the moments depend
on the full distribution of the shocks, which is the case if the data y; is non-separable in the shocks
e;, then the estimates 6, will be sensitive to the choice of parametric family. Also, quantities of
interest such as welfare estimates and asset prices that depend on the full distribution will also be
sensitive to the choice of parametric family.

Another related literature is the sieve estimation of models defined by moment conditions.
These models can be estimated using either Sieve-GMM, Sieve Empirical Likelihood or Sieve
Minimum Distance (see |Chen, 2007, for a review). Applications include nonparametric estima-
tion of mean instrumental variables regressionﬂ of quantile instrumental variables regressions K]
and the semi-nonparametric estimation of asset pricing modelsﬁ for instance. Existing results
cover the consistency and the rate of convergence of the estimator as well as asymptotic normality
of functional of the parameters for both iid and dependent data. Recent general asymptotic results
include Chen & Pouzo (2012, 2015) for iid data and Chen & Liao| (2015) for dependent data.

In the empirical Sieve-GMM literature, an application closely related to the dynamics encoun-

“In order to do inference on f, they propose to invert a simulated version of Bierens| (1990)’s ICM test statistic. A re-
cent working paper by Bierens & Song| (2017) introduces covariates in the same auction model and gives an asymptotic
normality result for the coefficients 0,, on the covariates.

5Also, to avoid using sieves and SMM in moment conditions models that are tractable up to a latent variable,
Schennach|(2014) proposes an Entropic Latent Variable Integration via Simulation (ELVIS) method to build estimating
equations that only involve the observed variables. |Dridi & Renault|(2000) propose a Semi-Parametric Indirect Inference
based on a partial encompassing principle.

6See e.g.[Hall & Horowitz (2005); Carrasco et al.|(2007b); Blundell et al.|(2007); Darolles et al.[(2011); Horowitz|(2011).

7See e.g. Chernozhukov & Hansen|(2005); Chernozhukov et al.{(2007); Horowitz & Lee| (2007).

8Gee e.g.[Hansen & Richard| (1987); Chen & Pouzo| (2009); Chen et al.| (2013); Christensen|(2017).



tered in this paper appears in Chen et al|(2013). The authors show how to estimate an Euler
equation with recursive preferences when the value function is approximated using sieves. Re-
cursive preferences require a filtering step to recover the latent variable. This implies that the
moments depend on the whole history of the data (y;, ..., y1). However, general results based on
coupling results (see e.g. Doukhan et al., 1995; Chen & Shen, 1998) do not apply to this class of

moments. The authors use a Bootstrap for inference without formal asymptotic results.

Notation

The following notation and assumptions will be used throughout the paper: the parameter of
interestis f = (0, f) € ® x F = B. The finite dimensional parameter space © is compact and
the infinite dimensional set of densities F is possibly non-compact. The sets of mixtures satisfy
B € Bii1 C B, k is the data dependent dimension of the sieve set By. The dimension k increases
with the sample size: k(1) — coasn — oo. Using the notation of Chen|(2007), Iy, f is the mixture
approximation of the density f. The vector of shocks e has dimension d, > 1 and density f. The
total variation distance between two densities is ||f1 — f2lltv = 1/2 [ |fi(e) — f2(e)|de and the
supremum (or sup) normis || fi — f2|lcc = sup,cge. |fi(e) — f2(e)|. For simplification, the following
convention will be used ||f1 — B2l|v = [|61 — 02| + || f1 — f2llrv and ||B1 — B2l = |61 — 62| +
| f1 — f2||o, where ||0]] and ||e|| correspond the Euclidian norm of 6 and e respectively. ||B1]x is a
norm on the mixture components: B1|m = ||0|| + ||(w, , o) || where || - || is the Euclidian norm and
(w, p, o) are the mixture parameters. For a functional ¢, its pathwise, or Gateau, derivative at 1 in
the direction 8, is %gl)[ﬁz] = w _
in B>. For two sequences a, and b,, the relation a, < b, implies that there exists 0 < ¢; < ¢y < 00

such that c1a, < b, < ca,, foralln > 1.

, it will be assumed to be continuous in B; and linear
0

Structure of the Paper

The paper is organized as follows: Section [2| introduces the Sieve-SMM estimator, explains how
to implement it in practice and provides important properties of the mixture sieve. Section
gives the main asymptotic results: under regularity conditions, the estimator is consistent. Its
rate of convergence is derived, and under further conditions, finite dimensional functionals of the
estimates are asymptotically normal. Section 4] provides two extensions, one to include auxiliary
variables in the CF and another to allow for dynamic panels with small T. Section [5 provides
Monte-Carlo simulations to illustrate the theoretical results. Section [p] gives empirical examples
for the estimator. Section [/| concludes. Appendix |[A| gives some information about the CF and

details on how to compute the estimator in practice. Appendix B|provides the proofs to the main



results. The online supplement includesﬂ Appendix [C| which provides results for more general

moment functions and sieve bases and Appendix [D]which provides the proofs for these results.

2 The Sieve-SMM Estimator

This section introduces the notation used in the remainder of the paper. It describes the class of
DGPs considered in the paper and describes the DGP of the leading example in more details. It
discusses the choice of mixture sieve, moments and objective function as well as some important
properties of the mixture sieve. The running example used throughout the analysis is based on

the empirical applications of section |6

Example 1 (Stochastic Volatility Models). In both empirical applications, y; follows an AR(1) process

with log-normal stochastic volatility
Yt = Py + OyYi-1 + Oter1.
The first empirical application estimates a linear volatility process:
07 = o + Po0F—1 + Koer
where e;n ~ x3. The second empirical application estimates a log-normal stochastic volatility process:

log(0t) = po + polog(ot—1) + Keey .

where et NN (0,1). In both applications e i f with the restrictions E(e;1) = 0 and ]E(etz,l) =1
The first application approximates f with a mixture of Gaussian distributions, the second adds two tail

components to model potential fat tails.

Stochastic volatility (SV) models in Example [1| are intractable because of the latent volatility.
With log-normal volatility, the model becomes tractable after taking the transformation log([y: —
Py — pyyt_ﬂz) (see e.g. Kim et al.,1998) and the problem can be cast as a deconvolution problem
(Comte, 2004). However, the transformation removes all the information about asymmetries in
f, which turn out to empirically significant (see section [6). In the parametric case, alternatives to
using the transformation involve Bayesian simulation-based estimators such as the Particle Filter

and Gibbs sampling or EMM for frequentist estimation.

9The online supplement can be found at http:/ /jiforneron.com/SieveSMM/Supplement.pdf.
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2.1 Sieve Basis - Gaussian and Tails Mixture

The following definition introduces the Gaussian and tails mixture sieve that will be used in the
paper. It combines a simple Gaussian mixture with two tails densities which model asymmetric
fat tails parametrically. Drawing from this mixture is computationally simple: draw uniforms and
gaussian random variables, switch between the Gaussians and the tails depending on the uniform

and the mixture weights w. The tail draws are a simple function of uniform random variables.

Definition 1 (Gaussian and Tails Mixture). A random variable e follows a k component Gaussian and

Tails mixture if its density has the form:

kK wi e—u _ —
_ j Biy |, Wit < e — Pkt ) Wiey2 ( e — Pri2 )
e) =Y Lo(—)+ =1 + =21 S
fw/WT( ) ]; o; ( o; ) Ot e<pkt1 fi Ot Oeso E‘ZHkJrsz Oesn
where ¢ is the standard Gaussian density and its left and right tail components are
|e|1+§L el+Cr
fule,8L) = (2+§L>m fore <0, frle,dr) = (2+§R)m fore=0

with fr(e,&L) = 0 fore > 0and fr(e,&L) = 0 for e < 0. To simulate from the Gaussian and tails

mixture, draw Z1, . .., Z i N(0,1),v,vL,vr i Ujp 1) and compute Zy 1 = — (% — 1) L and Ziin =

VR

e
(i — 1) TR Then, for wy = 0:

k+2
= g Lt sl o) (i T 95Z))

follows the Gaussian and tails mixture f . q.

For application where fat tails are deemed unlikely, as in the first empirical application, the
weights wy1, wi42 can be set to zero to use a Gaussian mixture. If ﬁ:—ﬁ # 0 and ‘0‘,’:—3 # 0 then the

left and right tails satisfy:
fule) TR 1el P, fr(e) TR e,

If {1, ¢r > 0 then draws from the tail components have finite expectation, they also have finite
varianceif §;,¢r > 1. More generally, for the j-th moment to be finite, j > 1, {1, g > jis necessary.
Gallant & Nychka|(1987) also add a parametric component to model fat tails by using a mixture of
a Hermite polynomial with a Student density. However, neither the Hermite polynomial nor the
Student t-distribution have closed-form quantiles, which is not practical for simulation. Here, the

densities f1, fr are constructed to be easy to simulated from.



The indicator function 1 introduces discontinuities in the parameter w. Stan-

Vi€l Zowr Ko @i
dard derivative-free optimization routines such as the Nelder-Mead algorithm (Nelder & Mead,
1965) as implemented in the NLopt library of Johnson, (2014) can handle this estimation problem
as illustrated in section 5[]

In the finite mixture literature, mixture components are known to be difficult to identify be-
cause of possible label switching and the likelihood is globally unboundedE] Using the character-
istic function rather than the likelihood resolves the unbounded likelihood problem as discussed
in Yu (1998). More importantly, the object of interest in this paper is the mixture density f ¢
itself rather than the mixture components. As a result, permutations of the mixture components

are not a concern, since they do not affect the resulting mixture density fu, ;¢

2.2 Moments - Empirical Characteristic Function and Objective Function

As in the parametric case, the moments need to be informative enough to identify the parame-
ters. In Sieve-SMM estimation, the parameter p = (6, f) is infinite dimensional so that no finite
dimensional vector of moments could possibly identify B. As a result, this paper relies on moment
functions which are themselves infinite dimensional.

The leading choice of moment function in this paper is the empirical characteristic function for

the joint vector of lagged observations (y:, x;) = (Yt, ..., Yi—L, Xt, - - ., Xt—L):

n
YT, e e R
t=1

Pu(T) =

|-

where i is the imaginary number such that i> = —1 The CF is one-to-one with the joint distri-
bution of (yt, x¢), so that the model is identified by ¢, (-) if and only if the distribution of (y, x;)
identifies the true By. Using lagged variables allows to identify the dynamics in the data. Knight
& Yu (2002) show how the characteristic function can identify parametric dynamic models. Some
useful properties of the CF are given in Appendix

Besides the CF, another choice of bounded moment function is the CDFE. While the CF is a
smooth transformation of the data, the empirical CDF has discontinuities at each point of support
of the data (y;, x;) which could make numerical optimization more challenging. Also, the CF
around T = 0 summarizes the information about the tails of the distribution (see Ushakov} 1999,

page 30). This information is thus easier to extract from the CF than the CDF. The main results of

0The NLopt library is available for C++, Fortran, Julia, Matlab, Python and R among others.

Hgee e.g. McLachlan & Peel| (2000) for a review of estimation, identification and applications of finite mixtures. See
also|Chen et al.|(2014b) for some recent results.

12The moments can also be expressed in terms of sines and cosines since ¢/™ (V'%) = cos(’(yt, x;)) + i sin(T (yt, x¢) ).



this paper can be extended to any bounded moment function satisfying a Lipschitz condition
Since the moments are infinite dimensional, this paper adopts the objective function of |Car-

rasco & Florens| (2000); Carrasco et al.|(2007a) to handle the continuum of moment CondltlonsE]

B = [ |in(0) = 45w, B)| oy, ®

The objective function is a weighted average of the square norm between the empirical ¢, and
the simulated l[AJ,Sl moment functions. As discussed in (Carrasco & Florens (2000) and [Carrasco
et al.[(2007a), using the continuum of moments avoids the problem of constructing an increasing
vector of moments. The weighting density 7t is chosen to be the multivariate normal density for
the main results. Other choices for 7t are possible as long as it has full support and is such that
[ /7(T)dT < co. Asan example, the exponential distribution satisfies these two conditions, while
the Cauchy distribution does not satisfy the second. In practice, choosing 7t to be the Gaussian
density with same mean and variance as (yt, x;) gave satisfying results in sections |5/ and In
the appendix, the results allow for a bounded linear operator B which plays the role of the weight
matrix W in SMM and GMM as in Carrasco & Florens (2000). |Carrasco & Florens|(2000); Carrasco
et al. (2007a) provide theoretical results for choosing and approximating the optimal operator B in
the parametric setting. Similar work is left to future research in this semi-nonparametric setting.
Given the sieve basis, the moments and the objective function, the estimator B, = (8,, f.) is
defined as an approximate minimizer of Q3:
QuBn) < inf Qu(B)+ 0, (1) (6)
ﬁeBk(,,>
where 7, > 0 and 77, = 0(1) corresponds to numerical optimization and integration errors. In-
deed, since the integral in (5) needs to be evaluated numerically, some form of numerical integra-
tion is required. Quadrature and sparse quadrature were found to give satisfying results when
dim(7) is not too large (less than 4). For larger dimensions, quasi-Monte-Carlo integration using
either the Halton or Sobol sequence gave satisfying resultsm All Monte-Carlo simulations and
empirical results in this paper are based on quasi-Monte-Carlo integration. Additional details on

the computation of the objective function are given in Appendix

13Appendix allows for more general non-Lipschitz moment functions and other sieve bases. However, the condi-
tions required for these results are more difficult to check.

4Carrasco & Florens (2000) provide a general theory for GMM estimation with a continuum of moment conditions.
They show how to efficiently weight the continuum of moments and propose a Tikhonov (ridge) regularization ap-
proach to invert the singular variance-covariance operator. Earlier results, without optimal weighting, include |Koul
(1986) for minimum distance estimation with a continuum of moments.

1>Monte-Carlo experiments not reported in this paper showed similar results when using the exponential density for
7t instead of the Gaussian density.

16Gee e.g. Heiss & Winschel| (2008); |[Holtz| (2011) for an introduction to sparse quadrature in economics and finance,
and (Owen|(2003) for quasi-Monte-Carlo sampling.
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2.3 Approximation and L2-Smoothness Properties of the Mixture Sieve

This subsection provides more details on the approximation and LP-smoothness properties of the
mixture sieve. It also provides the necessary restrictions on the true density fy to be estimated.
Gaussian mixtures can approximate any smooth univariate density but the rate of this approxi-
mation depends on both the smoothness and the tails of the density (see e.g. Kruijer et al.,|2010).
The tail densities parametrically model asymmetric fat tails in the density. This is useful in the
second empirical example since a thin tail assumption may not hold for exchange rate data. The
following lemma extends the approximation results of Kruijer et al. (2010) to a multivariate den-

sity with independent components and potentially fat tails.

Lemma 1 (Approximation Properties of the Gaussian and Tails Mixture). Suppose that the shocks
e=(ey1,...,e4,) are independent with density f = f1 X - -+ X f, . Suppose that each marginal f; can be
decomposed into a smooth density f; s and the two tails f1, fr of Definition

fi=Q—-wj1—wj)fis+wjifL+wjafr.
Let each f; s satisfy the assumptions of Kruijer et al. (2010):

i. Smoothness: f; s is r-times continuously differentiable with bounded r-th derivative.

ii. Tails: fj s has exponential tails, i.e. there exists e, M £,4, b > 0 such that:
fis(e) < Mye™ ¥, e =
iii. Monotonicity in the Tails: f;s is strictly positive and there exists e < e such that f;s is weakly
decreasing on (—oo, e] and weakly increasing on [e, o).

and ||fillee < f for all j. Then there exists a Gaussian and tails mixture Tl f = TIify x - -+ X Iefy,
satisfying the restrictions of Kruijer et al.| (2010):

iv. Bandwidth: o; > o} = O(%).

v. Location Parameter Bounds: y; € [—jix, fix] with fix = O (log[k]'/?)

such that as k — oo:
log[k]2r/?
If - sl = 0 (B

where || - |7 = [ lrv or |- [loo-
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The space of true densities satisfying the assumptions will be denoted as F and F; is the
corresponding space of Gaussian and tails mixtures I f.

Note that additional restrictions on f may be required for identification, such as mean zero,
unit variance or symmetry. The assumption that the shocks are independent is not too strong
for structural models where this, or a parametric factor structure is typically assumed. Note that
under this assumption, there is no curse of dimensionality because the components f; can be
approximated separately. Also, the restriction | fj|| < f is only required for the approximation
in supremum norm || - ||co.

An important difficulty which arises in simulating from a nonparametric density is that draws
are a very nonlinear transformation of the nonparametric density f. As a result, standard regular-
ity conditions such as Holder and LP-smoothness are difficult to verify and may only hold under
restrictive conditions. The following discusses these regularity conditions for the methods used in
the previous literature and provides a LP-smoothness result the mixture sieve (Lemma 2]below).

Bierens & Song| (2012) use Inversion Sampling: they compute the CDF F; from the nonpara-
metric density and draw F_ Yug), v Y Ujp,)- Computing the CDF and its inverse to simulate is
very computationally demanding. Also, while the CDF is linear in the density, its inverse is a
highly non-linear transformation of the density. Hence, Holder and LP-smoothness results for the
draws are much more challenging to prove without further restrictions.

Newey| (2001) uses Importance Sampling for which Hoélder conditions are easily verified but
requires S — oo for consistency alone. Furthermore, the choice of importance distribution is very
important for the finite sample properties (the effective sample size) of the simulated moments.
In practice, the importance distribution should give sufficient weight to regions for which the
nonparametric density has more weight. Since the nonparametric density is unknown ex-ante,
this is hard to achieve in practice.

Gallant & Tauchen| (1993) use Accept/Reject (outside of an estimation setting): however, it is
not practical for simulation-based estimation. Indeed, the required number of draws to generate
an accepted draw depends on both the instrumental density and the target density f., . The
latter varies with the parameters during the optimization. This also makes the L’-smoothnes
properties challenging to establish. In comparison, the following lemma shows that the required

L2-smoothness condition is satisfied by draws from a mixture sieve.

Lemma 2 (L2-Smoothness of Simulated Mixture Sieves). Suppose that
(n

k(n) k(n)
S — . . . .75 55 — . . 7. g 75 .
e ;Zl Lo banrtyon (W 99705) 8= ]; Lserpbatya (1 99%1)
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with |pu;| and [fi;| < fig(n), |oj| and |6;] < G- IfIE(|Zf]|2) < C% < oo then there exists a finite constant C
which only depends on Cz such that:

E ( sup
”fw,;t,v_fduﬁ,ﬁ HmS5

Lemma [2|is key in proving the L?-smoothness conditions of the moments %, required to es-

e =&

1/2
2
>] < C(1+ fign) + 7 +k(n) ) 6172

tablish the convergence rate of the objective function and stochastic equicontinuity results. Here,
the LP-smoothness constant depends on both the bound 7, and the number of mixture com-
ponents k(n)E] Kruijer et al. (2010) showed that both the total variation and supremum norms
are bounded above by the pseudo-norm || - ||, on the mixture parameters (w, y, ) up to a factor
which depends on the bandwidth gy,,). As a result, the pseudo-norm || - ||, controls the distance
between densities and the simulated draws as well. Furthermore, draws from the tail components
are shown in the appendix to be L2-smooth in their tail parameters ¢1,¢r. Hence, draws from the

Gaussian and tails mixture are L2-smooth in both (w,p,0) and ¢.

3 Asymptotic Properties of the Estimator

This section provides conditions under which the Sieve-SMM estimator in (6] is consistent. Its rate
of convergence is derived and an asymptotic normality result for functionals of f, is given.
3.1 Consistency

Consistency results are given under low-level conditions on the DGP using the Gaussian and tails

mixture sieve with the CF First, the population objective Q,, is:

Q(B) = [ [B (#(0) ~ §5(2.8)) [ (x)ae 7)

The objective depends on n because (y;, x;) are not covariance stationary: the moments can de-

pend on t. Under geometric ergodicity, it has a well-defined hmit@

Qu(B) " Q(B) = [ | Jim E (du(r) — $3(x. B)) o).

In the definition of the objective Q, and its limit Q, the expectation is taken over both the data

(yt,x;) and the simulated samples (y3, x;). The following assumption, provide a set of sufficient
conditions on the true density fo, the sieve space and a first set of conditions on the model (iden-

tification and time-series properties) to prove consistency.

17Gee e.g. |/Andrews (1994); Chen et al. (2003) for examples of L”-smooth functions.
18Consistency results allowing for non-mixture sieves and other moments are given in Appendix
9Gince the CF is bounded, the dominated convergence theorem can be used to prove the existence of the limit.
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Assumption 1 (Sieve, Identification, Dependence). Suppose the following conditions hold:

i. (Sieve Space) the true density fo and the mixture sieve space Fy,,) satisfy the assumptions of Lemma
with k(n)*loglk(n)]*/n — 0as k(n) and n — oo. @ is compact and 1 < &, &g < & < oo.

ii. (Identification) limy e E (Yu(T) — 5(7,B)) = 0,mas. < ||B— Bollz = 0 where 7 is the
Gaussian density. For any n,k > 1and for all ¢ > 0, infgcp | 5_p,| 5> Qu(B) is strictly positive

and weakly decreasing in both n and k.

iii. (Dependence) (y,xt) is strictly stationary and a-mixing with exponential decay, the simulated

(v; (B), xt) are geometrically ergodic, uniformly in p € B.

Condition i. is stronger than the usual condition k(n)/n — 0 in the sieve literature (see e.g
Chen, 2007). The additional log[k(n)] term is due to the mixture being a non-linear sieve basis and
the fourth power is due to the dependence. Indeed, the inequality in Lemma [D15]implies that the
variance is of order k(n)?log[k(n)]?//n instead of /k(n)log[k(n)]/n for iid data.

Condition ii. is the usual identification condition. It is assumed that the information from the

joint distribution of (y¢, x¢t) = (y¢, ..., Yt—L, X¢, - .., Xt—1) uniquely identifies § = (6, f). Proving
general global identification results is quite challenging in this setting and is left to future research.
Local identification in the sense of Chen et al.|(2014a) is also challenging to prove here because the
dynamics imply that the distribution of (y§, x, u}) is a convolution of f with the distribution of
(y;_q, xt,uj_;). Since the stationary distributions of (v{, x;, uj) and (yj_,,x;, uj_,) are the same,
the resulting distribution is the fixed point of its convolution with f. This makes derivatives with
respect to f difficult to compute in many dynamic models. Note that the identification assumption
does not exclude ill-posednessm The space F is assumed to include the necessary restrictions (if
any) for identification such as mean zero and unit variance. Global identification results for the
stochastic volatility model in Example|I|are given in Appendix|A.4

Condition 7ii. is common in SMM estimation with dependent data (see e.g. Duffie & Single-
ton, 1993). In this setting, it implies two important features: the simulated (yj, x¢) are a-mixing
(Liebscher, 2005), and the initial condition bias is negligible: Q, (o) = O(1/ nz)@

Assumption 2 (Data Generating Process). v; is simulated according to the dynamic model (I)-(2) where
Qobs ANd Qiarent satisfy the following Holder conditions for some v € (0,1]:

y(@). | gobs (Y1, %, B, ) — gobs (v2, X, B, ) || < Ci(x, ) ly1 — yol| with E (Ci(x,u5)?|y; ;) < G < L

y(ii). || obs (v, X, B1, 1) — Qovs (¥, X, B2, ) || < Ca(y, x,1) || B1 — Bal g with E (C(y5, x¢, uf)?) < Cp < o0

20Gee e.g. Carrasco et al.|(2007b) and [Horowitz (2014) for a review of ill-posedness in economics.
21See Propositionin the supplemental material for the second result.
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y(iii). || Sobs (Y, %, B, 1) — Sobs (Y, X, B, u2) || < Ca(y, x)||ur — wa||" with B (Cs(y3, x:)*|uf) < Cs < oo
u(@). | gratent (U1, B,€) — Slatent (42, B,€) || < Cale)||ur — ua|| with E (Ca(e)?) < Cy < 1.

u(ii). ||Q1atent (4, B1,€) — &atent (4, B2, €)|| < Cs(u,e)||p1 — ﬁZHZs with E (C5(u§71,e§)2) <G5 <o

uii). || Q1atent (1, B, €1) — Suatent (14, B, €2)|| < Co(u)||er — ea|| with E (Ce(u5_1)?) < Co < .

for any (B1,B2) € B, (y1,y2) € R¥™W), (uy,up) € R ™) and (e1,e,) € R¥™€). The norm || - || is

either the total variation or supremum norm.

Conditions y(ii), u(ii) correspond to the usual Holder conditions in GMM and M-estimation
but placed on the DGP itself rather than the moments. Since the cosine and sine functions are
Lipschitz, it implies that the moments are Holder continuous as wellF_ZI

The decay conditions y(i), u(i) together with condition y(iii) ensure that the differences due
to ||f1 — B2||s do not accumulate too much with the dynamics. As a result, keeping the shocks
fixed, the Holder condition applies to (y;,u) as a whole. It also implies that the nonparametric
approximation bias ||8o — I, Bol/s does not accumulate too much. These conditions are similar
to the L2-Unit Circle condition which Duffie & Singleton (1993) suggest as an stronger alternative
to geometric ergodicity in a uniform LLN and a CLT. The decay conditions play a more important
role here since they are needed to control the nonparametric bias of the estimator.

Condition u(iii) ensures that the DGP preserves the L2-smoothness properties derived for mix-
ture draws in Lemma [2| This condition does not appear in the usual sieve literature which does
not simulate from a nonparametric density. In the SMM literature, a Lipschitz or Holder condition
is usually given on the moments directly. Note that a condition analogous to u(iii) would also be
required for parametric SMM estimation of a parametric distribution.

Assumption 2| does not impose that the DGP be smooth. This allows for kinks in gyps O S1atent
as in the sample selection model or the models of |Deaton| (1991) and Deaton & Laroque| (1992).
Assumption [2f] in Appendix extends Assumption 2| to allow for possible discontinuities in
Sobss Slatent- The following shows how to verify the conditions of Assumption 2in Example with
X3 volatility shocksE]

22For any choice of moments that preserve identification and are Lipschitz, the main results will hold assuming
1 T]leor/7t(7) and [ \/7(7)dT are bounded. For both the Gaussian and the exponential density, these quantities turn
out to be bounded. In general Lispchitz transformations preserve LP-smoothness properties (see e.g. Andrews, 1994;
van der Vaart & Wellner,|[1996), here additional conditions on 7t are required to handle the continuum of moments with
unbounded support.

2Some additional examples are given in Appendix They are not tied to the use of mixtures, and as a result,
impose stronger restrictions on the density f such as bounded support.
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Example (Continued) (Stochastic Volatility). If |o,| < 1 then assumption y(i) is satisfied. Also:

|ty +oyayi—1 — py2 — ey2ye-1| < ([puya — py2l + oy — py2)) (1 + [yi-1])

and thus condition y(ii) is satisfied assuming E(y? ;) is bounded. Since f has mean zero and unit variance,
IE(y%A) is bounded if |uy| < fie < 00, |ps| < po < land ky < &Ky < o0 for some fiy, Py, Ky. For condition

y(iii), take u; = (07, e1) and iy = (672,8;1):

|orer 1 — Grer| < legil\/|oF — 07|, |overs — ovéea| < orles — &al.

The first inequality is due to the Holder continuity of the square-root function. o and & 1 are independent,
IE(07) is bounded above under the previous parameter bounds and (e, ) = 1 and so condition y(iii) holds
term by term. If the volatility o7 is bounded below by a strictly positive constant for all paramater values
then the Holder continuity y(iii) can be strengthened to a Lipschitz continuity result. Given that o? follows

an AR(1) process, assumptions (i), u(ii) and u(iii) are satisfied.

The Holder coefficient in conditions y(ii), y(iii) and u(ii) is assumed to be the same to simplify
notation. If they were denoted 1, 72 and 73, in order of appearance, then the rate of convergence
would depend on min(7y1,Y273) instead of y2. This could lead to sharper rates of convergence in
section 3.2l and weaker condition for the stochastic equicontinuity result in section As shown
above, in Example (1| the Holder coefficients are 1 = 3 = 1, 92 = 1/2 when 0; does not have a

strictly positive lower bound.

Lemma 3 (Assumption implies L2-Smoothness of the Moments). Under either Assumption or
if the assumptions of Lemma hold and 7t is the Gaussian density, then there exists C > 0 such that for
all & > 0, uniformly int > 1, (B1,B2) € By(yand T € R

57

7'[(1')) < Cmax — [k(n) + Py + a]rer/2
T(n)

AT B _ it (vilB2)xe) |

E ( sup
B1—B2llm<d

where ||Bllm = [|0]| + ||(w, p, 0)|| is the pseudo-norm on 0 and the mixture parameters (w, u,o) from
Lemma @ Also, since 1t is the Gaussian density the integral [ \/7t(T)dT is finite.

Lemma 3| gives the first implication of Assumption @ It shows that the moments ¢ are L2-
smooth, uniformly in t > 1. The L2-smoothness factor depends on the bounds of the sieve compo-
nents. In the SMM and sieve literatures, the LP-smoothness constant depends on neither k nor n by

assumption. Here, drawing from the mixture distribution implies that the constant will increase

2AFor any two x,y > 0, |\f—\/ﬂ < \/W
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with the sample size n. The rate at which it increases is implied by the assumptions of Lemma
Furthermore, because the index T has unbounded support, the L2-smoothness result involves the

weights via v/71. Without 77, the L>-smoothness result may not hold uniformly in T € R%.

Lemma 4 (Nonparametric Approximation Bias). Suppose Assumptions|[l|and 2| (or 2]) hold. Further-
more suppose that I (||y;||?) and E (||uf||*) are bounded for p = Bo and B = Iy, Bo for all k(n) >
t > 1 then:

log[k(n)]‘”/HZ log[k(n ]47 r/b log[k(n) ar/b+2
Qn (k) Bo) = O (max [ LA T n2]> _0 <W>

where Iy, Po is the mixture sieve approximation of Bo, 7y the Holder coefficient in Assumption (2, b and r

are the exponential tail index and the smoothness of the density fs in Lemma

Lemma [ gives the second implication of Assumption [2} it computes the value of the objective
function Q,, at Hi(n /30, which is directly related to the bias of the estimator ,3,, Two terms are
particularly important for the rate of convergence: the smoothness of the true density r and the
roughness of the DGP as measured by the Holder coefficient v € (0, 1]. If r and v are larger then
the bias will be smaller. The rate in this lemma is different from the usual rate found in the sieve
literature. (Chen & Pouzo) (2012) assume for instance that Q, (Ix(,)B0) =< ||Bo — k() Boll%-

comparison, the rate derived here is:

QuMT o) = max (1o = Mg ol 1og (1180 — T ol 1o = T ol 1/

with [|Bo — () Bolls = O(log[k(n)]?>/?/k(n)") as given in Lemma The 1/n? term corresponds
to the bias due to the nonstationarity, its order is implied by the geometric ergodicity condi-
tion and the boundedness of the moments. The log-bias term log (H,BO — i ﬁ0H5> is due to
the dynamics: y; depends on the full history (ej, .. .,ej) which are iid Ty, fo, so that the bias
accumulates. The decay conditions y(i), y(iii), u(i) ensure that the resulting bias accumulation
only inflates bias by a log term. The term ||Bo — ITj(, 50” B 7 is due to the Holder smoothness
of the DGP. If the DGP is Lipschitz, i.e. ¢ = 1, and the model is static then the rate becomes
Qu(Ik(mBo) = l|Bo — Ik(n) Boll B, which is the rate assumed in (Chen & Pouzo|(2012).

Theorem 1 (Consistency). Suppose Assumptions [1|and 2| (or P[) hold. Suppose that B — Qu(B) is

continuous on (By(y), || - ||5) and the numerical optimization and integration errors are such that 1, =

25 Under the assumption of Lemma gk—(i';z =0 (k(n)272/ log[(n)]472/b> and [k(n) + fi,) + 717 = O (k(n)7). Asa

result, the maximum term is bounded above by max (k(n)z"Tz, k(n)7) 572 (up to a constant).
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o(1/n). If for all ¢ > 0 the following holds:

. (log[k(n)]4r/b+2 k(n)® ]Og[k(n)]4 1 ) _ O< inf Qn(ﬁ)) (8)

2 4 7Ty
k(n)2rr n n? BEByw)|IB—Bolls>¢

where v is the assumed smoothness of the smooth component fs and b its exponential tail index. Then the

Sieve-SMM estimator is consistent:
H,gn — Bolls = Op(l)-

Theorem [1|is a consequence of the general consistency lemma in Chen & Pouzo, (2012) repro-
duced as Lemma in the appendix. They provide high level conditions which Assumption
together with Lemmas 3 and [4] verify for simulation-based estimation of static and dynamic
models. Condition (8) in Theorem [I]allows for ill-posedness but requires the minimum to be well
separated on the sieve space relative to the bias and the variance.

The variance term k(n)*log[k(n)]*/n is derived using the inequality in Lemma which
is adapted from existing results of Andrews & Pollard| (1994); Ben Hariz (2005). It is based on
the moment inequalities for a-mixing sequences of Rio| (2000) rather than coupling results (see
e.g.|Doukhan et al., [1995; |(Chen & Shen, [1998; Dedecker & Louhichi|, 2002). This implies that the
moments can be nonstationary, because of the initial condition, and depend on arbitrarily many
lags as in Example where y$ is a function of €, . . ., e}. Tt also allows for filtering procedures as in
the first extension of the main results. The two main drawbacks of this inequality is that it requires
uniformly bounded moments and implies a larger variance than, for instance, in the iid case. The
boundedness restricts the class of moments used in Sieve-SMM and the larger variance implies a

slower rate of convergence.

3.2 Rate of Convergence

Once the consistency of the estimator is established, the next step is to derive its rate of conver-
gence. It is particularly important to derive rates that are as sharp as possible since a rate of a
least n~1/% under the weak norm of |Ai & Chen| (2003) is required for the asymptotic normality
results. This weak norm is introduced below for the continuum of complex valued moments. It is
related to the objective function Q,, and as such allows to derive the rate of convergence of ﬁn
Ultimately, the norm of interest in the strong norm || - |3 which is generally not equivalent to the
weak norm since the space is infinite dimensional. The two are related by the local measure of
ill-posedness of |Blundell et al. (2007) which allows to derive the rate of convergence in the strong

norm, that is in either the total variation or the supremum norm.

26For a discussion see|Ai & Chen|(2003) and (Chen! (2007).
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Assumption 3 (Weak Norm and Local Properties). Let Bosu = By(yy N {[|B — Bollz < e} fore >0
small and for (B1, B2) € Bosn:

181 — B2l weat = /’LﬂE (7, Bo))

1/2
[B1 — B2 ‘ (T ] )

is the weak norm of By — Pa. Suppose that there exists C,, > 0 such that for all B € Bosn:

ClB— ol < [ [E (8500 0) ~ #(e. ) [ m()ae (10)

Assumption [3|adapts the weak norm of |Ai & Chen|(2003) to an objective with a continuum of
complex-valued moments. Note that [ |E (¢5(t, Bo) — §5 (7, B)) |*t(t)dt = Qu(Bo) + Op(1/n?)
under geometric ergodicity. As a result, Assumption [3|implies that the weak norm is Lipschitz
continuous with respect to v/Q,. Additional assumptions on the norm and the objective are usu-
ally required such as: Q,(B) = || — Bol|2. and Qu(B) < Cal|B — Bol|s (see e.g. Chen & Pouzo,
2015, Assumption 3.4). Instead of these assumptions, the results in this paper rely on Lemma [ to

derive the bias of the estimator. The resulting bias is larger than in the usual sieve literature.

Theorem 2 (Rate of Convergence). Suppose that the assumptions for Theorem [I|hold and Assumption

also holds.The convergence rate in weak norm is:

. log[k(n)]"/"*1 k(n)*loglk(n))?
H,Bn - ﬁOHweak - Op <max < g[k((n))'yzr ’ ( ) \;:ﬁ[ ( )] >> . (11)
The convergence rate in either the total variation or supremum norm || - || is:

B loglk(n)|""" r/b 0 r/b+1 210 2

where T3 ,, is the local measure of ill-posedness of \Blundell et al.|(2007):

= sup 1B = i Bolls
O
.BEBOSW/”‘Bfnk(n),gOHweak?éO Hﬁ - Hk 1’1 ﬁOHweak

As usual in the (semi)-nonparametric estimation literature, the rate of convergence involves a
bias/variance trade-off. As discussed before, the bias is larger than usual because of the dynamics
and involves the Holder smoothness 7y of the DGP.

The variance term is of order k(n)?log[k(n)]?/+/n instead of \/k(n)/+/n in the iid case or
strictly stationary case with fixed number of lags in the moments. This is because the inequality
in Lemma is more conservative than the inequalities found in Theorem 2.14.2 of van der

Vaart & Wellner| (1996) for iid observations or the inequalities based on a coupling argument in
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Doukhan et al.|(1995);|Chen & Shen|(1998) for strictly stationary dependent data. However, in this
simulation-based setting the dependence properties of y; varies on 6 over the parameter space @
so that a coupling approach may not apply unless it only depends on finitely many lags of e; and
x¢. Determining whether this inequality can be sharpened in subject to future research.

The increased bias and variance imply a slower rate of convergence than usual. The optimal
rate of convergence equates the bias and variance terms in equation (1I). This is achieved (up to
a log term) by picking k(n) = O(nm). To illustrate, for a Lipschitz DGP ¢y = 1 and f, twice

continuously differentiable r = 2 and k(1) < n!/8, the rate of convergence becomes:

HBW _ 50Hweak — Op(nfl/ﬁl 10g(1’l)max(2/b+1’2)).

In comparison, if (y§, x;) were iid, keeping y = 1 and r = 2, the variance term would be \/k(n) log[k(n)]/n

and the optimal k(1) < n'/. The rate of convergence becomes:

HBn — Bollweak = Op (n_2/5 log(n)max(z/b“'z)) )

To achieve a rate faster than n—1/4

, as required for asymptotic normality, the smoothness of the
true density fo must satisfy r > 3/+? where v is the Holder coefficient in Assumption [2} In the
Lipschitz case, v = 1, at 3 derivatives are needed compared to 12 derivatives when v = 1/2. In
comparison, in the iid case 2 and 8 derivatives are needed for v = 1 and y = 1/2 respectively.
The following corollary shows that the number of simulated samples S can significantly reduce
the sieve variance. This changes the bias-variance trade-off and improves the rate of convergence

in the weak norm.

Corollary 1 (Number of Simulated Samples S and the Rate of Convergence). If a long sample

(v5,---,¥;s) can be simulated then the variance term becomes:
2 2
min <k(”)1°g[”], 1) _
vVn xS Vn
As a result, for S(n) =< k(n)*1log[k(n)]* the rate of convergence in weak norm is:
. log[k(n)]"/t+1 1
1Bn = Bollweak = Op <max <Wz ﬁ .

And the rate of convergence in either the total variation or the supremum norm is:

loglk(n)]/**1 1 >>

log[k(n)]""* 1
r k(n)'yzr ’ \/ﬁ

[Bn — Bolls = Op < k(n + T, max <

where T ,, is the local measure of ill-posedness in Theorem
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The assumption that a long sample can be simulated is called the ECA assumption in Kris-
tensen & Salanié (2017); it is more commonly found in dynamic models than cross-sectional or
panel data models. In the parametric SMM and Indirect Inference literature, S has an effect on
the asymptotic variance whereas in the Sieve-SMM setting, Corollary [1| shows that increasing S
with the sample size n can also improve the rate of convergence in the weak norm. Assuming
undersmoothing so that the rate in weak norm is of order 1/4/n, the rate of convergence in the
stronger norm || - || 3 becomes O, (k(n) ™" + 13,/ /1), up to a log term. This is faster than the rates
of convergence found in the literature.

In practice, the number of simulated sample S (1) required to achieve the rate in Corollary(l]can
be very large. For n = 1,000, v = 1 and r = 2, the optimal k(1) ~ 5 and S(n) = k(n)* ~ 625. The
total number of simulated y5 required is n x S(n) = 625,000. For iid data, the required number of
simulations is n x S(n) = 5,000. As a result, improving the rate of convergence of the estimator
can be computationally costly since it involves increasing both the number of samples to simulate

and the number of parameters to be estimate.

Remark 1 (An Illustration of the Local Measure of Ill-Posedness). The sieve measure of ill-posedness
is generally difficult to compute. To illustrate a source of ill-posedness and its order of magnitude, consider
the following basic static model:
s giid
YVye=¢e~
The only parameter to be estimated is the density f which can also be approximated with kernel density
estimates. For this model the characteristic function is linear in f and as a consequence the weak norm for

f1 — fa is the weighted difference of the CFs ¢, 1y, for f1, fo:

1/2
Hfl _f2||weuk = [/ ‘¢f1 (T) - ¢f2(T)|27T(T)dT:| .

The weak norm is bounded above by 2 for any two densities f1, f>. However, the total variation and supre-
mum distances are not bounded above: as a result the ratio between the weak norm and these stronger norms

is unbounded. To illustrate, simplify the problem further and assume there is only one mixture component:

€— n
fl,k(n)(€> = Q}?(;i)(l) ( e ) , lek(n)((E) = gl?(i)cp (‘uk()> )

Ti(n) T(n)

As the bandwidth oy, — 0, the two densities approach Dirac masses. Unless py,y — 0, the total
variation and supremum distances between the two densities go to infinity while the distance in weak norm
is bounded. The distance between fi and f, in weak, total-variation and supremum norm are given in

Appendix For a well chosen sequence ), the total variation and supremum distances are bounded

21



above and below while the weak norm goes to zero. The ratio provides the local measures of ill-posedness:

k(n) > < k(n)? )
’ log[k(m)]?/¥ log[k(n)]*/*
Hence, this simple example suggests that Characteristic Function based Sieve-SMM estimation problems

are at best mildly ill-posed.

3.3 Asymptotic Normality

This section derives asymptotic normality results for plug-in estimates ¢(j,) where ¢ are smooth
functionals of the parameters. As in Chen & Pouzo (2015), the main result finds a normalizing

sequence r, — oo such that:

ru % (9 (Bu) — ¢ (Bo)) > N (0,1)

where r, = /n/0;;, for some sequence of standard errors (¢;;),>1 which can go to infinity. If
o — oo, the plug-in estimates will converge at a slower than y/n-rate. In addition, sufficient
conditions for ,, to be root-n asymptotically normal, that is lim,_,« ¥ < oo, are given in Appendix
for the stochastic volatility model of Example

To establish asymptotic normality results, stochastic equicontinuity results are required. How-
ever, the L2-smoothness result only holds in the space of mixtures By, with the pseudo-norm
|| - |ln on the mixture parameters. This introduces two difficulties in deriving the results: a rate of
convergence for the norm on the mixture components is required, and since o € By, in general,
the rate and the stochastic equicontinuity results need to be derived around a sequence of mix-
tures that are close enough to B so that they extend to By. The following lemma provides the rate

of convergence in the mixture norm.

Lemma 5 (Convergence Rate in Mixture Pseudo-Norm). Let 8, = (k(n)loglk(n)])?/+/n and M,, =
loglog(n + 1). Suppose the following undersmoothing assumptions hold:

i. (Rate of Convergence) ||ﬁn — Bollweak = Op(n)
ii. (Negligible Bias) ||TTi,)Bo — Bolweak = 0(3n).
Furthermore, suppose that the population CF is smooth in B and satisfies:

iii. (Approximation Rate 1) Uniformly over B € {B € Bosn, ||B — Bollweak < Mnbn}:

16— Bol| w(r)dT = O(&2).

/)dIE l[Jn T, ,30 [ﬁ—,BO] _ dIE(lpg(T;l;Ik(n)ﬁO))
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iv. (Approximation Rate 2) The approximating mixture Iy, Bo satisfies:
/ ‘dIE(Tf’E(T/ [T (w)Bo))
ap

Let A, be the smallest eigenvalue of the matrix

/tﬂE(%(T Ty Bo)) dE (5 (T, (s Bo) )
d,w,u,o) do,w,u,o)

2
[Mign)Bo — Bol | (T)dT = O(3).

nt(t)dr.

Suppose that A, > 0 and 5,A,; /% = 0(1) then the convergence rate in the mixture pseudo-norm is:

1Bx = Wy Bollm = Op (énd/?)

where || Bllm = ||(6, w, u, o) || is the pseudo-norm on 6 and the mixture parameters (w, j, 7).
The rate of convergence in mixture norm || - ||, corresponds to the rate of convergence in the
weak norm || - ||, times a measure of ill-posedness A, /2 Relations between the mixture norm

and the strong norm || - || imply that the local measure of ill-posedness in Theorem [2] can be
computed using A, /2. Indeed, results in ivan der Vaart & Ghosal (2001); Kru1]er et al. (2010)
imply that || — I Bollrv < i 1B = iy Bollm and (B — Ty Bolleo < iy 1B = Ty Bollm-

These inequalities imply upper—bounds for ill-posedness in total variation and supremum norms:

-1/2 -1 -1/2 -2
Ty, < An / gk(n) and Toon < An / gk(n)'

172 can be approximated numerically using sample estimates and Tk(n) 1s the band-

The quantity A,
width in Lemma (I} As a result, even though the local measure of ill-posedness from Theorem
is generally not tractable, an upper bound can be computed using Lemma 5| Chen & Christensen
(2017) shows how to achieve the optimal rate of convergence using plug-in estimates of the mea-
sure of ill-posedness in nonparametric instrumental variable regression, a similar approach should

be applicable here using these bounds. This is left to future research.

Lemma 6 (Stochastic Equlcontmmty Results). Let 8, = 6,A, /2. Suppose that the assumptions

of Lemmalhold and (Mnémn)é max (log[k(n)]?, | log[Mdmu]|*)k(n)? = o(1), then a first stochastic
equicontinuity result holds:

sup [ |3 B) — e Ty o)l ~ BB (5, B) — 955, Ty o)) 7(x)r = 0,(1/)

H/S Hk ﬁ0||m<Mn‘5mn

2
(T, Bo) — ¥i (T, ﬁ)‘ 71(T)dT is continuous with respect to || - || g at B = Bo,

uniformly in t > 1, then a second stochastic equicontinuity result holds:

sup [0 ) — B3 (c o)) — EIE(x, ) — 95(x, o] ()T = 0p(1/m).

Hﬁ Hk ﬂOHm<Mn5mn
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Lemma [6| uses the rate of convergence in mixture norm to establish stochastic equicontinuity
results. With these results, the moments 93 (7, B) — §5,(7, Bo) can be substituted with a smoothed

version under the integral of the objective function.

Remark 2 (Required Rate of Convergence). To achieve the rate of convergence required in Lemma [0]
k(n) must grow at a power of the sample size n, hence: log(n) < log[k(n)] < |1og(dmn)|. As a result, the
condition on the rate of convergence in mixture norm (My6,,) T max(log[k(n))?, | log[Mudu]|?)k(1n)? =

0(1) in Lemma 6| can be simplified to:

M =0 ([k(n) log )]/ 7

The following definition adapts the tools used in the sieve literature to establish asymptotic
normality of smooth functionals (see e.g.|Wong & Severini, 1991 Ai & Chen, 2003; Chen & Pouzo,

2015;|Chen & Liao, 2015) to a continuum of complex valued moments.

Definition 2 (Sieve Representer, Sieve Score, Sieve Variance). Let Bo, be such that || Bon — Bo|lweak =

infge,, |B — Bollweaks let Vi) be the closed span of Bosy — {Bon}. The inner product (-, -) of (v1,v2) €

Vi(n) is defined as:

(o1,22) = 5 [ [ 5,205 22) + 9T, 0005, 02)| (D)

i. The Sieve Representer is the unique vector vy, € V) such that Vo € Vi: (vy,v) = d"’d(g(’) [v].

ii. The Sieve Score S}, is:

$1= 5 [ [#o(m, 0 B, Bo) — $u(0)] + B (m, o) 95 o) — ()] ()
= [ Real ((x, ) 57, Bo) = $u(0)]) ().

iti. The Sieve Long Run Variance o;; is:

2
032 = nE (S}?) = nE ([/ Real (1/}5(’(, o) 3 (T, Bo) — 1,En(r)]> N(T)d’(] ) :

iv. The Scale Sieve Representer u;, is: u;, = v;,/ ;.

Assumption 4 (Equivalence Condition). There exists a > 0 such that for all n > 1: a||v} || weax < ;-

Furthermore, suppose that o;; does not increase too fast: o;; = o(\/n).
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In Sieve-MD literature, Assumption[dis implied by an eigenvalue condition on the conditional
variance of the momentsFZ] Because the moments are bounded and the data is geometrically er-
godic, the long-run variance of the moments is bounded above uniformly in T@ However, since
T has unbounded support, the eigenvalues of the variance may not have a strictly positive lower

bound. Assumption@plays the role of the lower bound on the eigenvalues@
Assumption 5 (Convergence Rate, Smoothness, Bias). B,y is a convex neighborhood of Bo where
i. (Rate of Convergence) M6, = o(n~*) and M5, = o (./ ./ (k(n)log(n ))4/72)

ii. (Smoothness) A linear expansion of ¢ is locally uniformly valid:

wp V7 49(po)

*
1B—Boll <My, Tn dp

A linear expansion of the moments is locally uniformly valid:

(/ ‘IE ¥ (7, B)) — E(dn (T, fo)) — W[ﬁ_ﬁo])zﬂ(ﬂhf/z

$(B) — ¢(Bo) —

[B—pol| = o(1).

”5 ﬁoneak<Mn5n

~0 ((Mnén)z) .

The second derivative is bounded:

PEGS(T,B0))  » a2
18— .BOHweak<Mn 1 </’ d’Bd[B [un/un]

iii. (Bias) The approximation bias is negligible:

\(Zjd(’ii(go)[ﬁo,n — Bo] = o(1).

/
(T)d’l’)l 2 =0(1).

Note that if By, is a convex neighborhood of By then 6 is in the interior of ®. Assumptionis
standard in the literature. The first rate condition ensure the nonparametric component converges
fast enough so that the central limit theorem dominates the asymptotic distribution (Newey, (1994;
Chen et al., 2003), the second rate condition is required in Lemma @ The smoothness and bias
conditions can also be found in|Ai & Chen! (2003) and [Chen & Pouzo| (2015)). The bias condition

implies undersmoothing so that the variance term dominates asymptotically.

?7See e.g. assumption 3.1(iv) in/Chen & Pouzo (2015).
2This is shown in Appendix
29 A discussion of this assumption is given in Appendix

25



Theorem 3 (Asymptotic Normality). Suppose the assumptions of Theorems [1, 2| and lemmas 5] [6] hold
as well as Assumptions[dand 5] then as n goes to infinity:

ra % (¢(Ba) — $(Bo)) > N (0,1)

where r,, = }/f? — 00,
n

Theorem 3shows that under the previous assumptions, inferences on ¢(fo) can be conducted
using the confidence interval [¢(B,) & 1.96 x 0}/ \/n]. The standard errors o} > 0 adjust automat-
ically so that r, = \/n/0; gives the correct rate of convergence. If lim,_,. 0; < 0o, then ¢( Bn) is
V/n—convergent. A result for 8, is given in Proposition |A1|in the Appendix for a smaller class of
models that include the stochastic volatility model in Example

As in |Chen & Pouzo| (2015) and (Chen & Liao| (2015), the sieve variance has a closed-form
expression analogous to the parametric Delta-method formula. The notation is taken from Chen
& Pouzo|(2015), with sieve parameters (On, fln, 0,) the sieve variance can be estimated using:

A% d(P n/d)n/ ,ﬁn/ &n)

/
= D,6,D
0, 9,6(),}{,(7) nOnDy

@
" d

where

A A A _1
& o d@ﬁ (T/ 6}’[/ d)nr ,ﬁ)’l/ a'n) dﬁbg (T/ 61’1/ a\)ﬂ/ ﬁl’l/ 6-)’1)
D, = (Real </ 306, w1, 7Y 406, w1, 0) n(t)dt

A

B, = / Gn(11) L (11, 2) Gp(02) (1) (12 ) dT1 A T2
Gy stacks the real and imaginary components of the gradient:

AP5 (7,0, @0, fin )
Real (—d(e’w’%a)

A (T,00,0u,fin,0n)
Im ( d(6,w,pu,0)

A

Gn(7) =

Let Z5 (T, B) = ¥u(T) — §5(T, B) The covariance operator %, approximates the population long-

run covariance operator X,:

Real (Z3 (11, Bo)) Real (Z3(t2, Bo)) Real (Z; (11, Bo)) Im (Z; (2, Bo))
Im (Z35(@, Bo)) Im (Z; (12, Bo))  Im (Z3 (1, Bo)) Real (Z; (2, Bo))

Yu(t, ) =nE

Carrasco et al.|(2007a)) gives results for the Newey-West estimator of 2,,. In practice, applying the
block Bootstrap to the quantity

Real (dl’}ﬁ“' On O o 0) (5 5~ (o Bm)

a6, w,u,o)
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is more convenient than computing the large matrices G, 2. ﬁn is held fixed across Bootstrap
iterations so that the model is only estimated once. The Gaussian and uniform draws Z7, and vy

are re-drawn at each Bootstrap iteration.

4 Extensions

This section considers two extensions to the main results: the first covers auxiliary variables in the

CF and the seconds allows for panel datasets with small T.

4.1 Using Auxiliary Variables

The first extension involves adding transformations of the data, such as using simple functions
of y; or a filtered volatility from an auxiliary GARCH model, to the CF §,. This approach can be
useful in cases where (y;, u;) is Markovian but y; alone is not, in which case functions of the full
history (v, ...,y1) provide additional information about the unobserved u;. It is used to estimate
stochastic volatility models in sections[5|and 6} Other potential applications include filtering latent
variables from an auxiliary linearized DSGE model to estimate a more complex, intractable non-
linear DSGE model.

The auxiliary model consists of an auxiliary variable z{** (the filtered GARCH volatility) and

HAUX

auxiliary parameters 7j;** (the estimated GARCH parameters). The estimates 7j;;** are computed

from the full sample (y1,...,Yn, X1,...,%x,) and the auxiliary variables z{"*, z{"""* are computed

using the full and simulated samplesﬁ]

aux uux) S aux
7

gtaux<]/t/ oY1 Xt e, X1, 1y

S ~AAUX
= Qtaux Vi, - Y1, Xt o, X1, G70).

The moment function ¢, is now the joint CF of the lagged data (y;, x;) and the auxiliary z#*:

- n
lp T, ﬁzllx Zel Yt,Xr,Zt )’ lpn (T ﬁflux, ) _ Zei.{/(y;—,xhziaux)‘
t=1

t=1

LaAUuUx

The following assumption provides sufficient conditions on the estimates 7;** and the filtering

process gt qux for the asymptotic properties in section 3| to also hold with auxiliary variables.
Assumption 6 (Auxiliary Variables). The estimates 73"* are such that:

i. Compactness: with probability 1 7;** € E finite dimensional, convex and compact.

30Note that using the same estimates 72** for filtering the data and the simulated samples avoids the complication of
proving uniform convergence of the auxiliary parameters over the sieve space.
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ii. Convergence: there exists a n*** € E such that:

\/H(Aaux o naux) g N(O Vaux)‘

iti. Lipschitz Continuity: for any two n{**, n3"* and for both yi and y;:

\gtaux Yt -y, Xe, o, X, 18YY) = Zeaux (e, - - Y1, Xt, - o, X1, 15°) ||

aux

< C Yooy xe 1) X I =g

with B(C™ (yy, ..., y1,xt, ..., x1)%) < C" < coand E(C™ (y5,..., Y5, xt, ..., x1)%) < C™W¥ <
0. The average of the Lipschitz constants Ci** = % Y C"(yy, ..., Y1, X¢, ..., X1) is uniformly
stochastically bounded, it is O, (1), for both the data and the simulated data.

iv. Dependence: for all y*** € E, (v, x¢, 2f"*) is uniformly geometric ergodic.

v. Moments: for all n™* € E, p = Bo and B = Iy, Bo, the moments E(||z{"**||?) and E(||z;" 1)

exist and are bounded.
vi. Summability: for any (ye, ..., y1), (e, ..., 1), any n™* € E and for all t > 1:

ﬂMX)

t
_Zt,aux<gt/---/ylfxt;---lefﬂwx)u S ZP]H]/] —]/~]H

j=1

gt aux(We, - - Y1, Xt oo, X1,

with pj > 0 forall j > 1 and } 32, pj < oo.

vii. Central Limit Theorem for the Sieve Score:

ViReal ( [ a1 (G, 5) — G5 7, ﬁo))ﬂ(T)dT> 4 N(01)

The summability condition iv. is key in preserving the Holder continuity and bias accumula-
tion results of section |3 when using auxiliary variables in the CF. For auxiliary variables gener-
ated using the Kalman Filter or a GARCH model, this corresponds to a stability condition in the
Kalman Filter or the GARCH volatility equations.

Conditions ii. and iii. ensure that 7j;** is well behaved and does not affect the rate of conver-
gence. Condition iv implies that the inequality for the supremum of the empirical process still ap-
plies. Condition vii. assumes a CLT applies to the leading term in the expansion of ¢(B,) — ¢(Bo).
It could be shown by assuming an expansion of the form 7#** = Ly | " (y,, x;) + 0,(1/+/n)

aux

and expanding ¢, 5 around the probability limit #7**. The following illustrates the Lipschitz

and summability conditions for the SV with GARCH filtered volatility.
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Example 1| (Continued) (Stochastic Volatility and GARCH(1,1) Filtered Volatility). For simplicity,

assume there are only volatility dynamics:
Y = 01
For simplicity, consider the absolute value GARCH(1,1) auxiliary model.Er]
ye =01, of" =" " ] + 5" o

The focus here is on the Lipschitz and summability conditions in the GARCH auxiliary model. First, to

prove the Lipschitz condition, consider a sequence (y;) and two sets of parameters 5™, ij***, by recursion:

‘ aux 5.&1/[2( ’ — aux __ ~aux (Wgux ~aux> ‘yt‘ + ( aux __ ﬁguX)a.taquc ~aux(0,aux 5.?1/131() ‘

Ui
aux ~aux 1 + g aAUux aAUxX
< lp™* — \IX(WH + 75 yel + -+ @75 wal))

7™ are upper-bounds on the parameters. If B(|y:|?)) and B(|y;|?)) are finite and bounded and 0 <
73" < 1 then the Lispchitz condition holds with:

—uux

Caux < 772 (1 _|_0,6mx +My)

1 171111)(

where E(|y;|*) and E(|y;|*) < My, forall t > 1 and B € B. Next, the proof for the summability is very

similar, consider two time-series y;,  and a set of auxiliary parameters n***:

o7 = %) < Ty — |+ 750 — o1
By a recursive argument, the inequality above becomes:
o =01 < Talye = Gl + T3 Talyior = Feal - 4 (73) T alyn = gl + G75) T og™ — 56

Suppose that og"* only depends on n*** or is fixed, for instance equal to 0. Then the summability condition

holds, if the upper-bound 73" < 1, with:

FauUx

p;i =T8I, Y pj = '72 i < 0.
=0

— 13

The Lipschitz and summability conditions thus hold for the auxiliary GARCH model.

31The process is also known as the AVGARCH or TS-GARCH (see e.g. Bollerslev, 2010) and is a special case of the
family GARCH model (see e.g.Hentschel,[1995). The method of proof is slightly more involved for a standard GARCH
model, requiring for instance a lower bound on the volatility o7~ together with finite and bounded fourth moments
for y,y; to prove the Lipschitz condition.
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The following corollary shows that the results of section [3|also hold when addition auxiliary
variables to the CF.

Corollary 2 (Asymptotic Properties using Auxiliary Variables). Suppose the assumptions for Theo-
rems |1} 2| and 3| hold as well as Assumption[6] then the results of Theorems|[I} 2] and [3| hold with auxiliary

variables. The rate of convergence is unchanged.

The proof of Corollary [2]is very similar to the proofs of the main results. Rather than repeating
the full proofs, Appendixshows where the differences with and without the auxiliary variables
are and explains why the main results are unchanged.

To compute standard errors, a block Bootstrap is applied to compute the variance term for
the difference (-, 71%*) — 5 (-, Bo, 724¥) in the sandwich formula for the standard errors. The

unknown By is replaced by 8, in practice.

4.2 Using Short Panels

The main theorems and [3 allow for either iid data or time-series. However, SMM estimation
is also common in panel data settings where the time dimension T is small relative to the cross-

sectional dimension n. The following provides a simple application of these results.

Example 2 (Dynamic Tobit Model). y; follows a dynamic Tobit model:

Yjt = (x}/tél + ”j,t)]lx;.,teﬁuj,tzo
Ujp = PUj—1 + €t
where |p| <1, ej; w f,E(ejs) = 0. The parameters to be estimated are § = (61, p) and f.

An overview of the dynamic Tobit model is given in Arellano & Honoré| (2001). Applications
of the dynamic Tobit model include labor participation studies such as|Li & Zheng| (2008); Chang
(2011). |Li & Zheng| (2008) find that estimates of p can be biased downwards under misspecifica-
tion. This estimate matters for evaluating the probability of (re)-entering the labor market in the
next period for instance.

Quantities of interest in the dynamic Tobit model includes the probability or re-entering the
labor market P(y;+1 > O|x¢11,..., X, Yt = 0,y—1,...,y1) which depends on both the parameters
6 and the distribution f. Marginal effects such as 9y, ,,P(y¢41 > 041, ..., X6, ¥ = 0, ¥¢—1,..., Y1)
also depend on the true distribution f. As a result these quantities are sensitive to a particular
choice of distribution f, this motivates a semi-nonparametric estimation approach for this model.

Other applications of simulation-based estimation in panel data settings include Gourinchas

& Parker (2010) and Guvenen & Smith| (2014) who consider the problem of consumption choices
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with income uncertainty. For the simulation-based estimates, shocks to the income process are
typically assumed to be Gaussian. (Guvenen et al.|(2015) use a very large and confidential panel
data set from the U.S. Social Security Administration covering 1978 to 2013 to find that individual
income shocks are display large negative skewness and excess kurtosis: the data strongly rejects
Gaussian shocksF_ZI They find that non-Gaussian income shocks help explain transitions between
low and higher earnings states. Hence, a Sieve-SMM approach should also be of interest in the
estimation of precautionary savings behavior under income uncertainty.

Because of the fixed T dimension, the initial condition (1o, #p) cannot be systematically han-
dled using a large time dimension and geometric ergodicity argument as in the time-series case.

Some additional restrictions on the DGP are given in the assumption below.

Assumption 7 (Data Generating Process for Panel Data). The data (y;;, x;;) withj=1,...,n,t =

1,...,T is generated by a DGP with only one source of dynamics either:

Yit = gobs(xj,t/ ,B/ uj,t) (12)
Ujp = glatent<uj,t—1/ ﬁ/ ej,t)
or

Yit = SobsYji—1, Xt Br€j ) (13)
where e; Y f in both models. The observations are iid over the cross-sectional dimension j.

In situations where the DGPs in Assumption [7] are too restrictive, an alternative approach
would be to estimate the distribution of u;; conditional on (y;1, x1). The methodology of Norets
(2010) would apply to this particular estimation problem, the dimension of (y;1, ;1) should not
be too large to avoid a curse of dimensionality. This is left to future research.

For the DGP in equation , geometric ergodicity applies to u], when simulating a longer

3 S
history u;

e u]ff,O, cee, ”?,1' e, ”S‘,T and letting the history increase with 7, the cross-sectional

dimension: m/n — ¢ > Oasn — o]o For the DGP in equation , fixing yi, = yj1 ensures that
(y;,l, ... ,y}?,T, Xi1/ e, x]-,T) and (y]-,1, YT X xj,T) have the same distribution when g = By
(the DGP is assumed to be correctly specified).

The moments ,,, 5 are the empirical CF of (y;, x;) and (y$,x;) respectively where y; =
(Wt yp—r) for 1 < L < T —1; y;, x4, y; are defined similarly. The identification Assumption
is assumed to hold for the choice of L.

32 Also, Geweke & Keane (2000) estimate the distribution of individual income shocks using Bayesian estimates of
a finite Gaussian mixture. They also find evidence of non-Gaussianity in the shocks. |Arellano et al.| (2017) use non-
linear panel data methods to study the relation between incomes shocks and consumption. They provide evidence of
persitence in earnings and conditional skewness.
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The following lemma derives the initial condition bias for dynamic panel models with fixed T.

Lemma 7 (Impact of the Initial Condition). Suppose that Assumption[7|holds. If the DGP is given by
and (y; ,, u3 ) with a long history for the latent variable (uj,r, . .., uj, ..., Uj,—m) where m/n — ¢ >

0as n — co. Suppose that w3, is geometrically ergodic in t and the integrals

[ ] £@5xialaie Py sy, [ [ (7501000502 (05, )dys s,

are finite and bounded when B = Bo. Then, there exists a constant p,, € (0,1) such that:

Qu(fo) = [ B (9n(x) — 3 (x,B0)) [ m(r)ar =0 (o).

The effect of the initial condition is exponentially decreasing in m for DGP (12)). If the DGP is given by

and the data is simulated with y; , = y; 1 fixed then there is no initial condition effect:

Qi) = [ [ (u(r) = 93(x.60)) [ () =0

Simulating a long history u;,T, eeey ui_m implies that the impact of the initial condition uim =
U_p, on the full simulated sample Y;1,---,Y; r delines exponentially fast in m. If m does not grow
faster than n, that is m/n — ¢ > 0, than the dynamic bias accumulation is the same as in the
time-series setting. In terms of bias, these m simulations play a similar role as the burn-in draws

in MCMC estimation.

Corollary 3 (Asymptotic Properties for Short Panels). Suppose that Assumption[7|land Lemma [/|hold.
For the DGP in Assumption [7, assume that m is such that log[n]/m — 0 as n — oo. Suppose
the assumptions for Theorems [1} [2] and [3 hold, then the resuls of Theorems [1} 2| and [3| hold. The rate of

convergence in weak norm is the same as for iid data:

” o r/b+1 o
181 = Bollweak = Op (max (1 g[]f((:))y]zr ’ / k(n)l f[k(ﬂ)])) ‘

The rate of convergence in total variance and supremum distance are:

<1og[k<n>r/b+l k(n)log[k(nn))

k(n)rr 7 n

Hrén - ﬁOHB = Op <k(n

Remark 3. For the DGP (13), the simulated history is finite and fixed so that the approximation bias is not
inflated by the dynamics:

log[k(n)]"/" k<n>1og[k<n>]>>_

k(n)vr ’ n

HB” - ﬁOHweak = Op (max (

As a result, the rate of convergence is the same as for static models.
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The assumption that log[n]/m — 0 can be weakened to m — oo and lim,_, log[n]/m <
—log[p.]. Heuristically, the requirement is m > log[n], for instance when n = 1,000 this implies
m > 7: a short burn-in sample for u;; is sufficient to reduce the impact of the initial condition.

The following verifies some of the conditions in Assumption 2] for the Dynamic Tobit model.

Example 2| (Continued) (Dynamic Tobit). Since the function x — x1y>¢ is Lipschitz the conditions
y(i),y(ii) and y(iii) are satisfied as long as ||| is bounded, E(||x¢||3) is finite and E(u?) is finite and
bounded. The last variance is bounded if |p| < p < 1 and E(e?) is bounded above. The last condition is a
restriction on the density f. Since |p| < p < 1, condition u(i) is automatically satisfied. Together, E(u?)

bounded and linearity in p imply u(ii). Finally, linearity in e; implies u(iii).

5 Monte-Carlo Illustrations

This section illustrates the finite sample properties of the Sieve-SMM estimator. First, two very
simple examples illustrate the estimator in the static and dynamic case against tractable estima-
tors. Then, Monte-Carlo simulations are conducted for the stochastic volatility model Example
and Dynamic Tobit Example 2| for panel data.

For all Monte-Carlo simulations, the initial value for the mixture is a Gaussian density in the
optimization routine. In most examples the Nelder & Mead| (1965) algorithm in the NLopt pack-
age of Johnson| (2014) was sufficient for optimization. In more difficult problems, such as the SV
model with tail mixture components, the DIRECT global search algorithm of Jones et al. (1993)
was applied to initialize the Nelder-Mead algorithm. The Monte-Carlo simulations were con-
ducted using R@ for all examples except for the AR(1) for which Matlab was used.

The Generalized Extreme Value (GEV) distribution is used in all Monte-Carlo examples. For
the chosen parametrization, it displays negative skewness (—0.9) and excess kurtosis (3.9). It was
also chosen because the approximation bias is larger for both kernel and mixture sieve estimates,
and is thus more visible than alternative designs with smoother densities not reported here. This
is useful when illustrating the increased bias due to the dynamics.

The Student t-distribution is also considered in the stochastic volatility design to illustrate the
Sieve-SMM estimates with tail components. The density is smooth compared to the GEV. As a

result, the bias is smaller and less visible.

33Some routines such as the computation of the CF and the simulation of mixtures were written in C++ and im-
ported into R using Rcpp - see e.g. [Eddelbuettel & Fran| (2011alb) for an introduction to Repp - and ReppArmadillo
(Eddelbuettel & Sanderson) 2016) for linear algebra routines.
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5.1 Basic Examples

The following basic tractable examples are used as benchmarks to understand the basic properties
of the Sieve-SMM estimator in terms of bias and dynamic bias accumulation as well as the impact
of dependence on the variance. As a benchmark, the estimates are compared to feasible kernel

density and OLS estimates.

A Static Model

To illustrate Remark the first example uses the static DGP: y; = ¢; S f, the only parameter to be
estimated is f and kernel density estimation is feasible. The true distribution f is the Generalized
Extreme Value (GEV) distribution. It is a 3 parameter distribution which allows for asymmetry
and displays excess kurtosisE] In a recent application, Ruge-Murcia| (2017) uses the GEV distri-
bution to model the third moment in inflation and productivity shocks in a small asset pricing

model. The Sieve-SMM estimates fn are compared to the feasible kernel density estimates fn,kde.

Figure 1: Static Model: Sieve-SMM vs. Kernel Density Estimates

k=2 - n=200 k=3 - n=200 Kernel Density - n=200
60 - 60 - 60 -
40 -
20-
1 1 1 s 1 1 1 1 ! 1 O- 1 1 1 ' 1
-1.0 0.5 0.0 0.5 -1.0 0.5 0.0 0.5 -1.0 0.5 0.0 0.5
k=2 - n=1,000 k=3 - n=1,000 Kernel Density - n=1,000
60 - 60 - 60 -
40 -
20-
1 1 1 = 1 1 1 1 = 1 O- 1 1 1 ' 1
-1.0 0.5 0.0 0.5 -1.0 0.5 0.0 0.5 -1.0 0.5 0.0 0.5

Note: dotted line: true density, solid line: average estimate, bands: 95% pointwise interquantile range.
Top panel n = 200 observation, bottom panel: n = 1,000 obervations. Left and middle: Sieve-SMM with
k = 2,3 Gaussian mixture components respectively and S = 1. Right: kernel density estimates.

Figure 1| plots the density estimates for k = 2,3 with sample sizes n = 200 and 1,000. The

comparison between k = 2 and k = 3 illustrates the bias-variance trade-off: the bias is smaller

34The GEV distribution was first introduced by McFadden|(1978) to unify the Gumbel, Fréchet and Weibull families.
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for k = 3 but the variance of the estimates is larger compared to k = 2. Theorem [2|implies that
when the sample size 1 increases, the number of mixture components k should increase as well to
balance bias and variance. Here k = 2 appears to balance the bias and variance for n = 200 while
k > 3 would be required for n = 1, 000.

Autoregressive Dynamics

The second basic example considers an AR(1) model with an unknown distribution for the shocks:
jid
yi = pyr1+ew e~ (0,1).

The shocks are drawn from a GEV density as in the previous example. The empirical CFs are

computed using one lagged observation:
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Knight & Yu| (2002) note that additional lags do not improve the asymptotic properties of the
estimator since y; is Markovian of order 1.

This example illustrates Corollary [I| so the Monte-Carlo considers several choices of S =
1,5,25. Increasing S from 1 to 5 makes a notable difference on the variance of fn. Further increas-
ing S has a much smaller effect on the variance of the estimates. Table [T compares the Sieve-SMM
with OLS estimates for p = 0.95 for n = 200 and n = 1,000, S = 1,5, 25. In all cases, k = 2 mixture

components are used.

Table 1: Autoregressive Dynamics: Sieve-SMM vs. OLS Estimates

Sieve-SMM
Parameter: p OLS True

S=1 §=5 §=25

Mean Estimate | 0.942 0934 0933 0.927 0.95
n = 200

V/nx Std. Deviation | (0.54) (045) (0.44) (0.46) -

Mean Estimate | 0.949 0.947 0947 0946 0.95
n =1,000

\/nx Std. Deviation | (0.47) (0.38) (0.37) (0.34) -
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Figure 2: Autoregressive Dynamics: Sieve-SMM vs. Kernel Density Estimates

n=200 - S=1 n=200 - S=5 n=200 - Kernel Density
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Note: dotted line: true density, solid line: average estimate, bands: 95% pointwise interquantile range. Top
panel: n = 200, bottom panel: n = 1,000. Left and middle: Sieve-SMM with S = 1,5 repsectively and
k = 2. Right: infeasible kernel density estimates.

Figure [2| compares the Sieve-SMM estimates with kernel density assuming the shocks e; are
observed - this is an infeasible estimator. The top panel shows results for n = 200 and the bottom
panel illustrates the larger sample size n = 1,000.

There are several features to note. First, as discussed in section the bias is more pronounced
under AR(1) dynamics than in the static case. The variance is larger with AR(1) dynamics com-
pared to the static model. Second, as shown in Corollary [1| the number of simulated samples S

shifts the bias/variance trade-off so that k(1) can be larger.

5.2 Example[l} Stochastic Volatility

The stochastic volatility model of Example(l} illustrates the properties of the Sieve-SMM estimator

for an intractable, non-linear state-space model. As a simplification, there are no mean dynamics:

ye =01, log(or) = po + polog(oi—1) + Keero

jid iid . . . . .
where ¢; XN (0,1) and ¢4 ~ f with mean zero and unit variance. Using an extension of the

main results, a GARCH(1,1) auxiliary model is introduced:

I = G, (o) = o e + a3 (o),
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Using the data y;, the parameters 75" = (u4**, af"*, a53"*) are estimated. The same 77"* is used to

compute both filtered volatilities 67, 5;"**. The empirical CFs uses both y and ¢"*{"]

n n
y o7 w1 07 log(01")) s (7, B) = % Y o7 Wiy log(071))
=1 =1

~

¥u(T) =

S| =

The use of a GARCH model as an auxiliary model was suggested for indirect inference by Gouriéroux
et al[(1993). Andersen et al. (1999) compare the EMM using ARCH, GARCH with the QML and
GMM estimator using Monte-Carlo simulations. They find that EMM with GARCH(1,1) auxiliary
model is more precise than GMM and QMLE in finite samples.

The parametrization is taken from |Andersen et al|(1999): pu, = —0.736, p = 0.90, x, =
0.363. Since Bayesian estimation is popular for SV models, the estimates are compared to a Gibbs
sampling procedure, which assumes Gaussian shocks, using the R package stochvol of Kastner
(2016). For Sieve-SMM estimation, the auxiliary GARCH filtered volatility estimates are computed
using the R package rugarch of (Ghalanos| (2017).

The Monte-Carlo consists of 1,000 replications using n = 1,000 and S = 2. The distributions
considered are the GEV and the Student t-distribution with 5 degrees of freedom. For the GEV
density, k = 4 Gaussian mixture components are used and for the Student density, 4 Gaussian and

2 tail components are used.

Table 2: Stochastic Volatility: Sieve-SMM vs. Parametric Bayesian Estimates

Parameter True GEV Student
Sieve-SMM Bayesian Sieve-SMM Bayesian

4, ~ Mean Estimate | -7.36 -7.28 -7.37 -7.29 -7.63
e Std. Deviation | - (0.16) (0.13) (0.15) (0.13)
Mean Estimate | 0.90 0.90 0.88 0.92 0.71

o Std. Deviation | - (0.03) (0.04) (0.08) (0.10)
Mean Estimate | 0.36 0.40 0.40 0.29 0.74

v Std. Deviation | - (0.05) (0.06) (0.06) (0.12)

The standard deviations are comparable to the EMM with GARCH(1,1) generator found in
Andersen et al. (1999). Results based only on the CF of y; = (Yt,--.,Yi—2) (not reported here) were

35The simulation results are similar whether ¢** or log(6**) is used in the CF.
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more comparable to the GMM estimates reported in /Andersen et al. (1999) - both for SMM and
Sieve-SMM. Applying some transformations such as log(y?) provided somewhat better results
but information about potential asymmetries in f is lost. This motivated the first extension of
the main result in section [4 to allow for auxiliary variables. Also not reported here, the bias and
standard deviations of parametric estimates with fy are comparable to the GEV results.

Table 2| shows that the parametric Bayesian estimates and the SMM estimator are well be-
haved when the true density is Gaussian. For the GEV distribution, both the Sieve-SMM and the
misspecified parametric Bayesian estimates are well behaved. However, under heavier tails, the
Student t-distribution implies a significant amount of bias for the misspecified Bayesian estimates.

The Sieve-SMM estimates are only slightly biased compared with the Bayesian estimates.

Figure 3: Stochastic Volatility: Sieve-SMM vs. Kernel Density Estimates

GEV: Sieve-SMM GEV: Kernel Density
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Note: dotted line: true density, solid line: average estimate, bands: 95% pointwise interquantile range. Top
panel: estimates of a GEV density, bottom panel: estimates of a Student t-distribution with 5 degrees of
freedom.

Figure 3| compares the density estimates with the infeasible kernel density estimates based on
ey directly. The top panel shows the results for the GEV density and the bottom panel for the
Student t-distribution. The Sieve-SMM is less precise than the infeasible estimator, as one would
expect. As a comparison, the density is less precisely estimated than in the AR(1) case in figure
The two figures also illustrate bias reduction: the bias is larger for the AR(1) example which only
uses k = 2 mixture components whereas the SV example uses k = 4.

The Monte-Carlo simulations for the stochastic volatility model highlight the lack of robust-
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ness of the parametric Bayesian estimates to the tail behavior of the shocks. This is particularly
important for the second empirical application where Sieve-SMM and Bayesian estimates differ a

lot and there is evidence of fat tails and asymmetry in the shocks.

5.3 Example 2t Dynamic Tobit Model

The dynamic Tobit model in Example [2|illustrates the properties of the estimator in a non-linear

dynamic panel data setting:

/
Yt = (614 x;,62 + ”j,t)]leﬁx}teﬁu,-,tzo

Ujt = PUjr1+ et

withj=1,...,nandt =1,...,T. The Monte-Carlo simulations consider a sample with n = 200,
T = 5 for a total of 1,000 observations. The burn-in sample for the latent variable Ujt, described
in section 4, is m = 10 which is about twice the log of n. The regressors x; follow an AR(1)
with Gaussian shocks. The AR process is calibrated so that x has mean 2, autocorrelation 0.3
and variance 2. The other parameters are chosen to be: (p,01,6,) = (0.8, —1.25,1) and f is the
GEV distribution as in the other examples. As a result, about 40% of the sample is censored. The
numbers of simulated samples are S = 1 and S = 5. The moments used in the simulations are:
1 I
=T L

t=2j

eZT yt }/, XXt 1)

) 1 ZT
i (Y -1, X1 A
e
T =2
=<]

-
i7-

Table 3: Dynamic Tobit: SMM vs. Sieve-SMM Estimates

S=1 S=5
Parameter
SMM Sieve-SMM SMM Sieve-SMM  True
Mean | 0.796 0.801 0.796 0.796 0.80
4
Std. Deviation | (0.042) (0.039) (0.031) (0.031) -
o Mean | -1.259 -1.230 -1.250 -1.233 -1.25
1
Std. Deviation | (0.234) (0.200) (0.178) (0.169) -
o Mean | 1.002 1.002 1.000 0.997 1.00
)

Std. Deviation | (0.059)  (0.052)  (0.045)  (0.043) -
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Table 3| compares the parametric SMM and the Sieve-SMM estimates. The numbers are com-
parable except for 8; which has a small bias for the Sieve-SMM estimates. Additional results for
misspecified SMM estimates with simulated samples use Gaussian shocks instead of the true GEV
distribution also show bias for 61, the average estimate is higher than —1.1. The other estimates

were found to have negligible biasE]

Figure 4: Dynamic Tobit: Sieve-SMM vs. Kernel Density Estimates

k=3 - S=1 k=3 - S=5 Kernel Density
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-1.0 0.5 0.0 0.5 -1.0 0.5 0.0 0.5 -1.0 0.5 0.0 0.5

Note: dotted line: true density, solid line: average estimate, bands: 95% pointwise interquantile range.

Figure [4] shows the Sieve-SMM estimates of the distribution of the shocks and the infeasible
kernel density estimates of the unobserved e;. Because of the censoring in the sample, note that the
effective sample size for the Sieve-SMM estimates is smaller than for the kernel density estimates
in this model. The left and middle plots show the sieve estimates when S = 1,5; the right plot
corresponds to the kernel density estimates.

Figure 5| illustrates the differences between SMM and Sieve-SMM for a counterfactual that
involves the full density f. It shows the estimates of the probability of re-entering the market
P(yj5 > Olyja = 0,x5 = -+ = x1 = %) using the true value (6, fo), the SMM estimates 051M
with Gaussian shocks and the Sieve-SMM estimates (én, fn) The true distribution is the GEV
density which differs from the Gaussian density in the tails which implies a larger difference in
the counterfactual when ¥ is large, as shown in figure 5| For this particular counterfactual, the
Sieve-SMM estimates are much closer to the true value for larger values of x.

The Monte-Carlo simulations show the good finite sample behavior of the Sieve-SMM estima-
tor with a non-smooth DGP. Indeed, the indicator function implies that the DGP is Lipschitz but

not continuously differentiable. It also illustrates the extension to short panels in section 4]

30Li & Zheng| (2008) consider an alternative design where p displays more significant bias.
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Figure 5: Dynamic Tobit: SMM vs. Sieve-SMM Estimates of the Counterfactual

X

Note: Estimated counterfactual: P(y;5 > Olyj4 = 0,x5 = --- = x1 = X) - solid line: true probabil-
ity, dashed line: Sieve-SMM estimate, dotted line: SMM estimate with Gaussian shocks, 1 Monte-Carlo
estimate for SMM, Sieve-SMM, probabilities computed using 10° Simulated Samples.

6 Empirical Applications

This section considers two empirical examples of the Sieve-SMM estimator. The first example
illustrates the importance of non-Gaussian shocks for welfare analysis and asset pricing using US
monthly output data. The shocks are found to display both asymmetry and tails after controlling
for time-varying volatility. As a result, the Sieve-SMM estimates imply welfare costs that are 25%
greater than with the Gaussian SMM estimates. Furthermore, the effect of uncertainty on risk-free
is nearly 3 times as large for the Sieve-SMM estimates compared to the Gaussian SMM estimates.
The second one uses daily GBP/USD exchange rate data and highlights the bias and sensitivity

implications of fat tails on parametric SV volatility estimates.

6.1 Welfare and Asset Pricing Implications of Non-Gaussian Shocks

The first example considers a simplified form of the DGP for output in the Long-Run Risks (LRR)
model of Bansal & Yaron| (2004). The data consists of monthly growth rate of US industrial pro-
duction (IP), as a proxy for monthly consumption, from January 1960 to March 2017 for a total of
690 observations, from the FREIﬂ database and downloaded via the R package Quandl@ IP is

modeled using a stochastic volatility model with AR(1) mean dynamics:

Act = pe + peAci—1 + zeer
Utz = Ho +pa(TtZ,1 + Kg[Et,Z - 1]

iid iid . . . . .
where ¢;p ~ x% and e;; ~ f to be estimated assuming mean zero and unit variance. The stochastic

volatility literature has mainly focused on the distribution of the shocks to the mean e;; rather

3 https://fred.stlouisfed.org/.
3https://www.quandl.com/tools/r
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than the Volatility@ hence the volatility shocks are modelled parametrically in this application.
Using the chi-squared distribution ensures that the volatility is non-negative. This DGP is a sim-
plification of the one considered in Bansal & Yaron! (2004). They assume that consumption is the
sum of an AR(1) process and iid shocks with a common SV component. The DGP above only esti-
mates the AR(1) component for simplicity given that the focus is of this example is on the shocks
and the volatility rather than the mean dynamics. The volatility shocks are also assumed to be x?

rather than Gaussian to ensure non-negativity.

6.1.1 Empirical Estimates

The model is estimated using a Gaussian mixture and is compared with parametric SMM esti-
mates. S = 10 simulated samples are used to perform the estimation. As in the Monte-Carlo an

auxiliary GARCH(1,1) model is used. The empirical CF uses 2 lagged observations:

n
Y o (Acuberr Aer log(51) log(0)) s (1) = 1 y AT (A, AC A6, log(o7

, =

n
) log(574%))
t=1 t=1

- 1
Pu(T) = n
Table {4 shows the point estimates and the 95% confidence intervals for the parametric SMM, as-
suming Gaussian shocks, and the Sieve-SMM estimates using k = 3 mixture components. For
reference, the OLS point estimate for p is 0.34 and the 95% confidence interval using HAC stan-
dard errors is [0.23, 0.46] which is very similar to the SMM and Sieve-SMM estimates@]

Table 4: Industrial Production: Parametric and Sieve-SMM Estimates

pC ,u(T pa Ko
Estimate 0.33 0.39 0.65 0.15
SMM
95% CI | [0.22,0.43] [0.34,0.45] [0.22,0.86] [0.08,0.26]
Estimate 0.32 0.43 0.75 0.13
Sieve-SMM

95% CI | [0.20,0.42] [0.34,0.55] [0.35,0.92] [0.06,0.29]

Figure [ compares the densities estimated using the parametric SMM and Sieve-SMM. The
log-density reveals a larger left tail for the sieve estimates and potential asymmetry: conditional

on the volatility regime, large negative shocks are more likely than the Gaussian SV estimates

39Gee [Fridman & Harris| (1998); [Mahieu & Schotman/ (1998); [Liesenfeld & Jung| (2000); [Jacquier et al.| (2004); (Comte
(2004); Jensen & Maheu! (2010); |Chiu et al.| (2017) for instance.
“HAC standard errors are computed using the R package sandwich (Zeileis| 2004).
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suggest. For instance, the log-difference at e = —4 is about 5 so that the ratio of densities is nearly

150 and the log-difference for e = —5 is roughly 10 so the density ratio is more than 20, 000.

Figure 6: Industrial Production: Sieve-SMM Density Estimate vs. Normal Density

Density log-Density

Note: dotted line: Sieve-SMM density estimate, solid line: standard Normal density.

Table[5|shows that sieve estimated shocks have significant skewness and large kurtosis. It also
shows the first four moments of the data compared to those implied by the estimates. Both sets of
estimates match the first two moments similarly. The Sieve-SMM estimates provide a better fit for

the skewness and kurtosis.

Table 5: Industrial Production: Moments of Ac;, Acj and ¢}

Mean Std Dev Skewness Kurtosis
Data y; | 0.21 0.75 -0.92 7.56
SMM y; | 0.25 0.66 0.06 4.39
Sieve-SMM  y; | 0.24 0.67 -0.35 6.65
SMM ¢ | 0.00 1.00 0.00 3.00
Sieve-SMM ¢ | 0.00 1.00 -0.75 7.74

Altogether, these results suggest significant non-Gaussian features in the shocks with both
negative skewness and excess kurtosis. The welfare implications and the impact on the risk-free

rate are now discussed.
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6.1.2 Welfare Implications

The first implication considered here is the welfare effect of the fluctuations implied by each set
of estimates. The approach considered here is based on the simple calculation approach of |Lucas
(1991, 2003)@ The main advantage of this approach is that it does not require a full economic
model: only a statistical model for output and a utility function are needed. To set the framework,
a brief overview of his setting is now given. [Lucas| (1991) considers a setting where consumption
is iid log-normal with constant growth rate C; = e#'*7% where ¢; (N (0,1) and has a certainty
equivalent C} = el+7*/2,

For a given level of risk-aversion ¢y > 0 and time preference e~* € (0, 1), he defines the welfare
cost of business cycle fluctuations as the proportion A by which the C;s increase to achieve the

same lifetime utility as under C;. This implies the following equation:

>0 i >0 I—o

1=y *—y
1+ )17 Y e "E, (Cfl — 1) e )

The estimates for the cost of business cycle fluctuations depends only on 7 and ¢ in the Gaussian
case: log(1+A) = ’y%z. Lucas estimates this cost to be very small in the US.

Combining the SMM and Sieve-SMM with Monte-Carlo simulations{ﬂ the welfare cost of busi-
ness cycle fluctuations is now computed under Gaussian and mixture SV dynamics. Table [f] com-
pares the two welfare costs for different levels of risk aversion with the baseline iid Gaussian case
of Lucas For the full range of risk aversion considered here the welfare cost is estimated to be
above 1% of monthly consumption. As a comparison Lucas (1991) estimates the welfare cost to
be very small, a fraction of a percent, while Krusell et al. (2009) estimates it to be around 1%@
Both SV models imply much larger costs for business cycle fluctuations compared to the iid re-
sults: for v = 4 and an annual income of $55,000 the estimated welfare cost is $990, $800 and $7
for Sieve-SMM, SMM and Gaussian iid estimates respectively. The Sieve-SMM estimates imply a
welfare cost that is nearly $200, or 25%, higher than the parametric SMM welfare estimates. This

difference is quite large highlighting the non-negligible role of asymmetry in welfare.

41 A number of alternative methods to estimate the welfare effect of business cycle fluctuations exist in the literature
using, to cite only a few, models with heterogeneous agents (Krusell & Smith, Jr.[1999; Krusell et al}, 2009), asset pricing
models (Alvarez & Jermann), |2004; Barro, 2006a) and RBC models (Cho et al.,[2015).

42Expectations are taken over 1,000 Monte-Carlo samples for an horizon of 5,000 months or about 420 years.

“3The iid case is calibrated to match the mean and standard deviation of monthly IP growth. The monthly time
preference parameter is chosen to match a quarterly rate of 0.99.

# Additional calculations and results under an AR(1) process and using linearized DSGE models are also given in
Reis| (2009).
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Table 6: Welfare Cost of Business Cycle Fluctuations A (%)

Risk Aversion vy | 2 4 6 10

Gaussianiid | 0.01 0.01 0.02 0.03
SMM | 132 146 1.53 1.65

Sieve-SMM | 1.54 1.80 193 2.12

6.1.3 Implications for the risk-free rate

The second implication considers the effect of uncertainty on the risk-free rate. As discussed in the
introduction, the Euler equation implies that the risk-free rate r; satisfies: e~ = e™*IE; ((Ct+1 / Ct)_v)
where ¢ and v are the time preference and risk aversion parameters. To explain the low-level
of the risk-free rate observed in the data (Weil, 1989) a number of resolutions have been proposed
including the long-run risks model of |[Bansal & Yaron, (2004), which involves stochastic volatility
and a recursive utility, and the rare disasters literature which involves very low frequency, high
impact shocks and a power utility (Rietz,|1988; Barro, 2006b). This empirical application considers
a simple power utility together with the higher frequency of shocks (monthly) over a recent period
(since 1960) to achieve a similar result.

Given the AR(1) mean dynamics and volatility process postulated for IP growth, the risk-free

rate can be written as:

rt =a + ,)/VC + ,)/pCACt i log </ Ei’yeHl’l\/V”+P‘70}2+K”[eHl’Zil]f(eH.],] )sz <ef+1,2)det+1,1det+1,2)
—_————— 1

Predictable Component

Effect of uncertainty

where f)c% is the density of a x7 distribution.
Other than time preference 4, there are two components in the risk-free rate: a predictable com-
ponent yu. + yp.Acy and another factor which only depends on the distribution of the shocks, it

is the effect of uncertainty. In the second term, the integral over e;,1; is the moment generat-

ing function of ;1 evaluated at —’y\/ Yo + pgatz + Ko [er+12 — 1] and has closed-form when the

distribution is either a Gaussian or a Gaussian mixture:

/e—vetm \/Va-i-PatTtZ-i-Ka[Et+1,2—1]f(gt+1,1)fx% (ers12)ders1 1dersr o

k 2
— U 2 —1)+2X 2 2 -1
= Z w;j / e THj \/Vfrpmn o lery12—1]+% 7 (Ho+po07 +Kolery12 Df?(% (et+1,2)d3t+1,2-
=1
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The integral over e, is computed using Gaussian quadrature. Using this formula, table 7] com-
putes the effect of uncertainty on the risk-free rate over a range of values for risk aversion <y for a
Gaussian AR(1) model as well as the parametric SMM and Sieve-SMM SV estimates. The effect of
uncertainty is estimated to be nearly 3 times as large under the Sieve-SMM estimates compared to

the Gaussian SMM estimates. Given that the risk free-rate is predicted to be much lower with the

Table 7: Effect of uncertainty on the risk-free rate (% annualized)

Risk aversion v | 2 4 6 10

Gaussian AR(1) | -0.12 -0.24 -0.35 -0.59
SMM | -0.09 -0.37 -0.84 -2.34
Sieve-SMM | -0.25 -1.02 -2.32 -6.59

Sieve-SMM estimates, the results suggest that the non-Gaussian features in the shocks matter for
precautionary savings. Altogether, the results suggest that the choice of distribution f matters in

computing both welfare effects and the risk-free rate.

6.2 GBP/USD Exchange Rate Data

The second example highlights the effect of fat tails and outliers on SV estimates for GBP/USD
exchange rate data. The results highlight the presence of heavy tails even after controlling for
time-varying volatility. Similar findings were also documented with parametric methods (see e.g.
Fridman & Harris| [1998; Liesenfeld & Jung, 2000). This paper also finds significant asymmetry
in the distribution of the shocks. Furthermore, comparing the estimates with common Bayesian
estimates shows that parametric estimates severely underestimate the persistence of the volatil-
ity. Mahieu & Schotman! (1998) also consider a mixture approximation for the distribution of the
shocks in a SV model, using quasi-MLE for weekly exchange rate data. However, they do not
provide asymptotic theory for their estimator and quasi-MLE does not estimate asymmetries in
the density which turns out to be significant in this setting.

The data consists of a long series of daily exchange rate data between the British Pound and
the US Dollar (GBP/USD) downloaded using the R package Quandl. The data begins in January
2000 and ends in December 2016 for a total of 5,447 observations. The exchange rate is modeled

using a log-normal stochastic volatility model with no mean dynamics:
ye = py +orer1,  log(or) = polog(oi-1) + Keern
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where ¢; KN (0,1) and e w f to be estimated assuming mean zero and unrestricted variance.
This allows to model extreme events associated with volatility clustering, when o7 is large, as well
as more isolated extreme events, represented by the tails of f. For this empirical application, i,
is set to 0 and f is only constrained to have unit variance. This illustrates the type of flexibility
allowed when using mixtures for estimation. The data y; consists of the daily log-growth rate of
the GBP/USD exchange rate:

yt:100><log< CBD/USD, )

GBP/USD;

Sieve-SMM estimates are compared to a common Gibbs sampling Bayesian estimate using the R
package stochvol (Kastner, 2016). Two sets of Sieve-SMM estimates are computed: the first uses a
Gaussian mixture with k = 5 components and the second a Gaussian and tails mixture with k = 5
components: 3 Gaussians and 2 tails. The two Sieve-SMM estimators have the same number of
parameters to be estimated.

Table |8 shows the posterior mean and 95% credible interval for the Bayesian estimates as well
as the point estimates and te 95% confidence interval for two Sieve-SMM estimators. The Bayesian
estimate for the persistence of volatility p, is much smaller than the SMM and Sieve-SMM esti-
mates: it is outside their 95% confidence intervals. This reflects the bias issues discussed in the
Monte-Carlo when f has large tails. As a robustness check, the estimates for the Sieve-SMM are
similar when removing observations after the United Kingdom European Union membership ref-
erendum, that is between June 23rd and December 31st 2016: (p,,0=) = (0.96,0.23) for the Gaus-
sian mixture and (0.97,0.20) for the Gaussian and tails mixture. The Bayesian estimates are also
of the same order of magniture (0.26,1.27). The density estimates f, are also very similar when
removing these observations.

Figure @ compares the density f, of e;; for the Bayesian and Sieve-SMM estimates. The log-
density log[f,] is also computed as it higlights the differences in the tails. The Bayesian assumes
Gaussian shocks, so the log-density is quadratic, the density declines faster in the tails compared
to the other two estimates. For the mixture with tail components, the density decays much slower
than for both the Bayesian and Gaussian mixture estimates.

Table |§I compares the first four moments in the data to those implied by the estimates The
Bayesian estimates fit the fourth moment of the full dataset best. Note that for time series data,
estimates of kurtosis can be very unprecise (Bai & Ng, 2005). Hence a robustness check can be

important: when removing the observation corresponding to United Kingdom European Union

45The moments for the Bayesian and Sieve-SMM estimates are computed using numerical simulations.
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Table 8: Exchange Rate: Bayesian and Sieve-SMM Estimates

Oz 0z
Estimate 0.24 1.31
Bayesian
95% CI | [0.16,0.34] [1.21,1.41]
Estimate 0.96 0.22
Sieve-SMM

95% CI | [0.59,0.99] [0.06,0.83]

Estimate 0.97 0.19
Sieve-SMM Tails

95% CI | [0.62,0.99] [0.05,0.79]

Note: Cl is the credible interval for the Bayesian and the confidence interval for the frequentist estimates.

Figure 7: Exchange Rate: Density and log-Density Estimates

Density log-Density
1.25-
1.00 - 4
0.75-
0.50 -
0.25-
Y, \
OOO- 1 1 J 1 1 1 1 1 1 1 1
-5.0 2.5 0.0 25 5.0 -5.0 2.5 0.0 25 5.0

Note: solid line: Gaussian density, dotted line: Gaussian mixture, dashed: Gaussian and tails mixture.

membership referendum on June 23rd 2016 which is the largest variation in the sample the
kurtosis drops to about 10. Furthermore, when removing all observations between June 23rd
and December 31st 2016, the kurtosis declines further to about 9. As discussed above, the point
estimates remain similar when removing these observations. The Sieve-SMM estimates match
the fourth moment of the restricted sample more closely but the Gaussian mixture fits the third
moment poorly. The Gaussian and tails mixture fits all four moments of the restricted sample best.
It also has the lowest value for the sample objective function. The Gaussian and tails mixture is
thus the preferred specifications for this dataset.

In terms of forecasting, there are three main implications. First, the Bayesian estimates severely

461t is associated with a depreciation of the the GBP of more than 8 log percentage points. This is much larger than
typical daily fluctuations.
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Table 9: Exchange Rate: Moments of y;, y; and e}

Mean Std Dev Skewness Kurtosis
Data y; | 0.00 0.49 -1.15 21.05
Data* y; | 0.00 0.47 -0.32 8.92
Bayesian y; | 0.00 0.52 0.00 18.47
Sieve-SMM i | 0.00 0.85 0.10 5.88
Sieve-SMM tails y; | 0.00 0.45 -0.28 7.74
Bayesian ¢; | 0.00 1.00 0.00 3.00
Sieve-SMM ¢ | 0.00 1.00 -0.06 3.68
Sieve-SMM tails ¢} | 0.00 1.00 -0.17 4.83

Note: Data corresponds to the full sample: January 1st 2000-December 31st 2016. Data* is a restricted
sample: January 1st 2000-June 22nd 2016. Sieve-SMM: Gaussian mixture, Sieve-SMM tails: mixture
with tail components.

underestimate the persistence of the volatility: as a result, forecasts would underestimate the per-
sistence of a high volatility episode. Second, f, displays a significant amount of tails: a non-
negligible amount of large shocks are isolated rather than associated with high volatility regimes.
Third, there is evidence of asymmetry in f,: large depreciations in the GBP relative to the USD are

historically more likely than large appreciations.

7 Conclusion

Simulation-based estimation is a powerful approach to estimate intractable models. This paper
extends the existing parametric literature to a semi-nonparametric setting using a Sieve-SMM es-
timator. General asymptotic results are given using the mixture sieve for the distribution of the
shocks and the empirical characteristic function as a moment function. On the theoretical side,
this paper provides new and more general results for static models and allows for a new class of
dynamics in the Sieve-GMM literature. Monte-Carlo simulations illustrate the range of applica-
tions of the method and its finite sample properties. Extensions to a larger class of moments and
short panels are given.

Two empirical applications highlight the importance of the density in the shocks in practice.

The first one shows asymmetry and tail behavior in output shocks. Welfare estimates suggest that
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the cost of business cycle fluctuations are larger under these non-Gaussian shocks. The risk-free
rate is also significantly lower, reflecting the greater downside risks in the estimated distribution
and the additional precautionary savings it implies.

The second empirical example highlights the effect of misspecification on volatility estimates.
Sieve-SMM estimation applied to daily GBP/USD exchange rate data reveals significant tail be-
havior and asymmetry, even after controlling for the time-varying volatility. The parametric
Bayesian estimates are not robust to misspecification and large rare events.

Going forward, a number of extensions to this paper’s results should be of interest. On the
theoretical side, extending the inequality in this paper to unbounded moments would allow for
more general Sieve-GMM settings as in Chen et al.[(2013). The results could also be extended to a
generalization of Indirect Inference with both infinite dimensional moments and parameters. The
mixture sieve can be extended to accommodate heteroskedasticiy as in Norets (2010) or multivari-
ate densities without the independence assumption as in De Jonge & Van Zanten! (2010). On the
empirical side, the results in this paper suggest that the distribution of the shocks is important in
estimating welfare effects in DSGE models or risk-premia in asset pricing models. Also, using the
results in this paper, the Sieve-SMM can be applied to estimate cross-sectional heterogeneity in

short panels where fixed effects cannot be differenced out.
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Appendix A Background Material
A.1 The Characteristic Function and Some of its Properties
The joint characteristic function (CF) of (y;, x;) is defined as
yp:1—E (e”/(yf"‘f)) = E (cos(t'(y, x¢)) + isin(t' (y, xt))) -

An important result for the CF is that the mapping between distribution and CF is bijective: two
CFs are equal if, and only if they come from the same distribution fi = fo < 5 = ¢y,. The

characteristic function has several other attractive features:

i. Existence: The CF is well defined for any probability distribution: it can be computed even

if no moment of (y;, x;) exist.

ii. Boundedness: The CF is bounded |¢(7)| < 1 for any distribution. As a result, the objective

function Q7 is always well defined assuming the density 7 is integrable.
iii. Continuity in f: The CF is continuous in the distribution f, — fo implies ¢, — .
iv. Continuity in 7: The CF is continuous in 7.

The continuity properties are very useful when the data y; does not have a continuous density,
e.g. discrete, but the density of the shocks f is continuous as in Example 2, For instance, the data

generated by:
Yt = Lygie>0

is discrete but its conditional characteristic function is continuous in both f and 6:
E (eiTWf|xt) =1— F(x}0) + F(x}0)e'™,
where F is the CDF of ¢; ~ f. As a result, the joint CF is also continuous:
E (eiﬂw)) —E (efw 11— F(x}0) + P(xge)effu]) .

The empirical CDF however is not continuous. As a result, a population objective Q based on the

CF is continuous but the one based on a CDF is not.

A.2 Computing the Sample Objective Function O

This section discusses the numerical implementation of the Sieve-SMM estimator. First, several

transformations are used to normalize the weights w and impose restrictions such as mean zero
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o . . 2 2 o . o . . . . .
Y_j wjnj = 0 and unit variance }; w;(p i to ) = 1 without requiring constrained optimization. For
the weights, take k — 1 unconstrained parameters @ and apply the transformation:
1 evi-1
= T i1 ~ W= ——F—7
1+ tea” T 14 yhlea

The resulting wj, ..., wy are positive and sum to one. To impose a mean zero restriction take

w1 forj=2,...,k.

U2, ..., Y unconstrained and compute:

yy = D2t
w1
The mixture has mean zero by construction. In practice, it is assumed that 0; > ¢}. Take uncon-
strained ¢y, . . ., 0y and compute:
0j = oy + e’

The resulting 0; are greater or equal than the lower bound ¢;, > 0. To impose unit variance,
restrict 01 = 0 and then divide y, o by |/} a)]-(y]2 + U].Z): standardized this way, the mixture has
unit variance.

Once the parameters w, y, o are appropriately transformed and normalized, the mixture draws
e; can be simulated, and then y; itself is simulated. Numerical integration is used to approximate
the sample objective function Qﬁ For an integration grid 1, . . ., T, with weights 7y, ..., 71, com-

pute the vectors:

~ ~

Gu = (u(t1), -, Pul(T))s i = (Pa(m), -, P (Tn))’
and the objective:
Q5 (B) = (n — ¢y diag(m, ..., 7Tm) (n — ).
In practice, the objective function is computed the same as for a parametric SMM estimator. If a
linear operator B is used to weight the moments, then the finite matrix approximation B, is com-
puted on T, ..., Ty and the objective becomes (¢, — §5;)'B'diag(7y, . .., 7T ) (P — §5)"; a detailed
overview on computing the objective function with a linear operator B, using quadrature, is given

in the appendix of Carrasco & Kotchoni| (2016).

A.3 Local Measure of I11-Posedness

The following provides the derivations for Remark [I} Recall that the simple model consists of:

e

_ _ € — Uk(n
fl,k(n)(e) = gk(i)cp(—), f2,k(n)(€) = Qk(,lq)(l’(i() .

Tk(n)
The only difference between the two densities is the location parameter j(,,) in f; k(). The total

variance, weak and supremum distances between f; i(,) and f; x(,,) are given below:
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i. Distance in the Weak Norm

The distance between f; and f; in the weak norm is:
_ g2 2,
1o = follieae = 2 [ € %0 sin(rpy )P (o)d.

When py,) — 0, sin(ryk(n))z — 0 as well. By the dominated convergence theorem this
implies that || f1 k() — fok(n) lweak — 0 @s pig(n) — O regardless of the sequence gy, > 0. The

rate at which the distance in weak norm goes to zero when ji(,,) — 0 can be approximated

using the power series for the sine function || fi — fallwear = ()] \/2 i efgﬁ")TszT((T)dT +
o(| Hk(n) ). For Hin) — 0, the distance in weak norm declines linearly in ). For a specific
choice of sequence (ji(,)) the total variation and supremum distances can be shown to be
bounded below. As a result, the ratio with the distance in weak norm is proportional to

"uk(n)‘_l — too.

ii. Total Variation Distance

The total variation distance between f; i (,) and f x(,,) is bounded below and above b

1/2
y%(ﬂ) V%(”)

1—e 0 < ||fi— follrv < V2 | 1—e S

For any ¢ > 0, one can pick py(,) = £k —8log(1 — €2) so that Hfl,k(n) — f2,k(n)HTV €
[€2/2,€]. However, for the same choice of jiy(,), the paragraph above implies that || f1 () —

fox(n) lweak — 0 @s i,y — 0. The ratio goes to infinity when gy,,) — 0:

| fL k) — ok llTv S 1 1

Hfl,k(n) - fZ,k(n) Hweak = Tk(n) \68\/ —810g(1 — 82)

iii. Distance in the Supremum Norm

Using the intermediate value theorem the supremum distance can be computed as:

e B € — H(n)
(P (Uk(n)) (P ( gk(n) > ‘

e |‘uk(l’l)| /
¢’ ( ) ‘ = 1¢"]]eo
Tk(n) i)

frken) = faknylleo = ok Tk(n)

|an|
p 2()

eeR Ty(y)

4The bounds make use of the relationship between the Hellinger distance H(f1, f2): H(f1, £2)> < |Ifi — falltv <

V2H(f1, f2). The Hellinger distance between two univariate Gaussian densities is available in closed-form: H(f, g)? =
1 (np-ng)?
2070, 4 (0Z+402)
terfrlrgz € e
7%

1—
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For any ¢ > 0, pick yy = j:sg%(n)/ |¢'|| then the distance is supremum norm is fixed,
I f1k(n) = fokn)lle = € for any strictly positive sequence gy(,) — 0. However, the distance

in weak norm goes to zero, again the ratio goes to infinity when o,y — 0:

I fr k) = for(m oo
||f1,k(n) - f2,k(n) ||weak

> 0,2 e

The degree of ill-posedness depends on the bandwidth ¢y ,,) in both cases. In order to achieve
the approximation rate in Lemma the bandwidth ¢,y must be O(log[k(n)]?’t /k(n)). As aresult

the local measures of ill-posedness for the total variation and supremum distances are:

K(n) L knp
1og[k<n>12/b> ¢ Teon =0 <log[k<n>14/b) |

A.4 Identification in the Stochastic Volatility Model

Ty, = O (

This section provides an identification result for the SV model in the first empirical application:

jid
Yt = MUy +0yYr—1 +0rer1, €1 < f

2 2
0p = Ho + Po0;1 + Kobt2

with the restriction e;; ~ (0,1), |oy], |0s| < 1 and e;, follows a known distribution standardized to
have mean zero and unit Variance Suppose the CF ), includes y; and two lagged observations
(Yt—1,Y¢—2) and that the moment generating functions of (v, y;—1, y¢+—2) and e; 1 are analytic so that
all the moments are finite and characterise the density. Suppose that for two sets of parameters
B1, B2 we have: Q(B1) = Q(B2) = 0. This implies that 7t almost surely:

E($;(t, 1)) = E(§;(7, B2)), VT eR’. (A.14)
Using the notation T = (7, T2, 73) this implies that for any integers ¢4, (2, {3 > 0:

1+l +0, e
) ’ , dhtbtEE T, B1 )
121+€2+€31Eﬁ1 (ytlyfilyfiz) _ (l/)n( IB )

drfldrfzdrf3 =0
b+l +1, s
_ dOTRTRE(; (T, B2)) R IO R
- - 2\Jt Jt—-17t-2
drfldrfzdrf3 =0

In particular for /1 = 1,{, = 0,{3 = 0, it implies p,1 = py2 so that the mean is identified.
Then, taking {1 = 2,{, = 0,3 = 0 implies that Eg, (¢7)/(1 — pj,) = Ep,(c7)/ (1~ pj,). For
by = b, = 1,03 = 0 it implies p,1Eg, (¢7)/(1 — pil) = py2Ep, (07)/(1 - pig) which, given the

#8This assumption makes the derivations easier in terms of notation.

64



result above implies py 1 = py2 and then g, (67) = Eg, (7). The latter implies jig1/(1 — po,1) =
to2/ (1 —pgp2). Taking ¢4 = 2,0, = 2,03 = 0and ¢; = 2,0, = 0,¢3 = 0 implies two additional
moment conditions (after de—meaning)ﬂ oK%,/ (1= p% 1) = poorl,/(1—03,) and p3 x5, /(1 —
021) = P52K2,/ (1= 03 5). I pg1, 002 # O this imples pg1 = g2 and k1, ko2 and also pig,1 = fo,.

Overall if p, # 0, then condition implies 6; = 6, the parametric component is identi-
tied. Since 6 is identified, all the moments of ¢; are known. After recentering, this implies that for
all ¢, > 3if Eg(0}1) # O:

Ey, (e/y) = Ef, (e}}). (A.15)

t,

If 0} is non-negative, which is implied by e.g. e;» ~ x? and parameter constraints, then all mo-
ments are stictly positive so that holds. Since the moment generating function is analytic
and the first two moments are fixed, implies f1 = f». Altogether, if p, # 0 and 0; > 0 then
the joint CF of (y, y+—1,y:—2) identifies B.

A.5 Additional Results on Asymptotic Normality

The following provides two additional results on the root-n asymptotic normality of §,,. A positive
result is given in Proposition[AT]and a negative result is given in Remark[A4] The results apply to
DGPs of the form@]

yt = gObS (yt—lz 9/ ut)
Uy = glatent(ut—lf 0, et)

where gops, Siatent are smooth in 6. In this class of models, the data depends on f only through ;.
Examples [1|and [2] satisfy this restriction but dynamic programming models typically don’t. The
smoothness restriction holds in Example [[]but not Example

Proposition A1 (Sufficient Conditions for Asymptotic Normality of 6,,). If Eq, ((y;) and Vo ¢(y;)

do not depend on f then 8, is root-n asymptotically normal if:

d S
Eaun (G [(1 v )91 )

has rank greater or equal than dg when t — oo.

#Since juy, py are identified, it is possible to compute E( [y — py — pyys—1)*[yi—1 — sy — pyyi—2]?) = E(0?0? ;) from
the information given by the CF.

50The regressors x; are omitted here to simplify notation in the proposition and the proof, results with x; can be
derived in a similar way as in this section.
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Proposition |Al| provides some sufficient conditions for models where the mean and the vari-
ance of y; do not vary with f, this holds for Example[I|but not Example 2| This condition requires
that y; varies sufficiently with 6 on average to affect the draws. The proof of the proposition is

given at the end of this subsection.

Example (1| (Continued) (Stochastic Volatility). Recall the DGP for th stochastic volatility model:

Zpygt j€t—j1 Ut ZPO’ Yo + Koy ]2)
= j=0

It is assumed that the initial condition is yo = oo = 0 in the following. To reduce the number of derivatives
to compute, suppose g, Ky are known and e;_j, is normalized so that it has mean zero and unit variance.
During the estimation e; 1 is also restricted to have mean zero, unit variance which implies that the mean of

y; and its variance do not depent on f. First, compute the derivatives of y; with respect to py, o,

dys .
dfy?; = Yool o e
j=1
2
dys 2 —j
di =0.5 Z P]y#et—j,l/a—t—j where Z €P ,Ma + Koy 2)
Po j=0 dplT

Both derivatives have mean zero, the derivatives of the lags are zero as well. Hence, E (dy’ yi) must have

rank greater than 2 for Proposition [Al)to apply. Now, compute a first set of expectations:

dPy
d S . t—1 ‘
<dyfyt_1> = Y+ 1)V E(oR )
Oy =0
d s i t—2 ‘
E(5yi ) = Y (i +2)07 "E(0R )
dpy o
]_
dys t—1
E(=“1y) = Y joE(0i-j1)
dPy t = y ]
dyi ,
IE( vi) E(oi—j-2).
dPy Z; !

The remaining expectation for p, can be deduced from the expectations above. Since E(Z—(Z?yf 1) > 0, these

expectations are not all equal to zero as long as E(0?) > 0. If p, was known then the rank condition would
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hold. For the second set of expectations:

]/t ) Zpy

t

—j
Zp]yZKPZZ 1

dPU dpa j=0 =1
E dyty Zpﬁrl Zp]+1 ngze 1
(oY1) dpa =
d 2 1
dz;yt 2 Zp” ﬁpf* Zép” :
]7

The remaining derivatives can be computed similarly. The calculations above imply that the matrix is full

rank only if p, # 0 and yu, # 0 since all the expectations above are zero when either p, = 0 or py; = 0.

Remark A4 (9, is generally not an adaptive estimator of ). For the estimator 8, to be adaptiv an

orthogonality condition is required, namely:

dig;/;o)[f_fo] =0, forall f € Fouy.

For the CF, this amounts to:

i [ Real (dw;(r, Po)) AE(L(T,Po)) (¢ oo dT) o

n—sco do af

Given the restrictions on the DGP and using the notation in the proof of Proposition it implies:

t—o0

llm Real <ZT,8't<d08’el> lT/[gt(GO 61) —&t 90 €2 ]fo(el)Af(ez) (T)de61d82> = 0
After some simplification, the orthogonality condition can be re-written as:

tli}r?o T/dgt(jg'el) sin (7'[g+(60,e1) — g¢(0,€2)]) fo(e1)Af (e2) 7w(T)dTderde, = 0.

This function is even in T so that it does not average out over T in general when 7t is chosen to be the
Gaussian or the exponential density with mean-zero. Hence, the orthogonality condition holds if the integral
of% sin (7'[g¢(60,e1) — (6, e2)]) fo(er)Af (e2) over ey and ey is zero. This is the case if g¢(6o, e1)

is separable in ey and fo, f are symmetric densities which is quite restrictive.
Proof of Proposition Chen & Pouzo|(2015), pages 1031-1033 and their Remark A.1, implies that

0, is root-n asymptotically normal if:

lim inf 5
=% e V0940 HveH

/’dIE 1/7” T, :BO Vg + (lpnd(;- ,BO))[ f] (T)dT 0.

511f the estimator is adaptive then 6, is root-n asymptotically normal and its asymptotic variance does not depend
on fy, i.e. it has the same asymptotic variance as the CF based parametric SMM estimator with fy known.
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By definition of V' the vector v = (vp, vs) has the form vy € R% and vy = Yo aj[fj — fo] for a
sequence (ay,az,...) inRand (fi, f2,...) such that (9]-,f]-) € Bysn for some 0;. To prove the result,

we can proceed by contradiction suppose that for some non-zero vy and a vy:

/)d]E $5(1, Bo)) o0+ dlE(s@,Z(;,ﬁo)) [vf]‘znde —o. (A.16)

This implies that dlE(u}%i(;’ﬁ 2y + d]E(lﬁE‘i(fT’ﬁ o) [ ¢] = 0 for all T (7r almost surely). This implies that

the following holds:
dIE (5 (0, dIE (5 (0,
d*E(§; (T, o)) d*E(§; (T, o)) _
dodr o T apar o, =0 (A.18)
°E (§;(7, Bo)) °E (¢;(7, fo)) _
dodtdy,  le—o® T dfdtd ol =0 (A.19)

forall ¢/ = 1,...,dy. To simplify notation the following will be used: f(e) = f(e1) x --- x f(et)
and Afj(e) = [fk(er) — foler)lfole2) x -+ x fo(er) + foler)[fj(e2) — foe2)] foles) x -+ x foler) +

-+ foler) ... foler—1)[fi(er) — fo(er)] and yi = g:(0,¢;, ..., ¢}) (the dependence on x is removed
for simplicity). The first order derivatives can be written as:

dE (5 (7, . ,d81(600,€) ivr,(60e dE(; (7, = iT'gi(60.e
S = [wigensa e, SRR = L [ersonaien

dE(5(0, dE(¢5 (0,
IE(lPd(eO Po)) _ 0and (IPdE[ ﬁo))[

For T = 0 this yields v¢] = 0, so equality (A.17) holds automatically.

Taking derivatives and setting T = 0 again implies:

PE@; (T, o) | _ /dgt (60, ¢) )de
dodt — e’ fol

2 7S
W[U |, = i;ﬂj/gt(GO/e)Aﬁ(E)de

=0

If E(y;) does not depend on f then [ g;(6o,e)Afj(e)de = 0 for all j and W[vﬂ o

holds automatically. This implies that condition (A.18) becomes:

dy
1E<d6t>v =0 (A.20)

If E ( ) has rank greater or equal than dy then condition (A.20) holds only if vy # 0; this is a

contradiction. If the rank is less than dy, then taking derivatives with respect to T again yields

3 7S
w ‘TZO [v] = = L2045 [ 8:(0,e)g:(6, €)' Afj(e)de = 0 assuming E(y}y;') does not depend
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on f. Computing the other derivatives imply that condition l) becomes —vj, [ d%(g‘)) g(6o,e) fo(e)de

l1.e.:

S
oE (Zi)’fy;g) =Oforall £ =1,...,dy. (A.21)
Then, stacking conditions (A.20)-(A.21) together implies:
d S
oE (dgf {( 1y )®IdyD ~0. (A.22)

If the matrix has rank greater or equal to dy then it implies vy = 0 which is a contradiction. Hence
(A.16) holds only if vy = 0 which proves the result. O

Appendix B Proofs for the Main Results

The proofs for the main results allow for a bounded linear operator B, as in Carrasco & Florens

(2000), to weight the moments. In the appendices, the operator is assumed to be fixed:

Q5(8) = [ |Bda(r) — B (x,8)] ()

Since B is bounded linear there exists a M > 0 such that for any two CFs:

A ~ 2
§ulT) = B (T B)| m()d.

/‘B¢n(r) —Blﬁi(r,ﬁ)‘zn(T)dT < MZB/

As a result, the rate of convergence for the objective function with the weighting B is the same as

the rate of convergence withoutr;_z]

B.1 Properties of the Mixture Sieve
Lemma B8 (Kruijer et al.[(2010)). Suppose that f is a continuous univariate density satisfying:
i. Smoothness: f is r-times continuously differentiable with bounded r-th derivative.

ii. Tails: f has exponential tails, i.e. there exists e, M fr4, b > 0 such that:

fi(e) < My~ vle| > e.

iii. Monotonicity in the Tails: f is strictly positive and there exists e < e such that fs is weakly decreasing

on (—oo, e] and weakly increasing on [e, c0).

52For results on estimating the optimal B see|Carrasco & Florens| (2000); Carrasco et al.[{(2007a). Using their method
would lead to M — o0 as n — oo resulting in a slower rate of convergence for By Further investigation of this effect
and the resulting rate of convergence are left to future research.
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Let Fy be the sieve space consisting of Gaussian mixtures with the following restrictions:
jo. Bandwidth: 0; > ¢ = O(*8EmE"
iv. Bandwidth: oj > 0 = O(===+—).

v. Location Parameter Bounds: p; € [—fix, fix].

vi. Growth Rate of Bounds: jiy = O (log[k]*/?).

Then there exists 11 f € Fy, a mixture sieve approximation of f, such that as k — oo:

o n)]2r/b
I = 1l = 0 (B

k(n)
where || - |7 = [| - lrv or || - [leo-
Proof of Lemmal2} :
The difference between e and &} can be split into two terms:
k(n)
5 (Ueictonsl e ~ Lietzbansgan) (Wi+9i%5) (B:23)
k(n)
. . PRp— 7 . PRp— ~. s
L Licipi ol g (19— i+ 165 = 312). (B.24)
]:

To bound the term (B.23) in expectation, combine the fact that || < fix(y), |0j| < o and v} and Z},

are independent so that:

1/2
?é%f 2
E sup (Leier sl o — Loeig- ang ~)(y-jua-zs‘)’

[(w,p,0)=(@,1,0)[2<6 " j=1 V€T @il @] V€T Zo @11 @] A

E ( sup 1
(s p,0) = (@,1,0) |26

The last term is bounded above by ji +- 7Cz. Next, note that 1
{0,1} so that:

k(n)
<

i1 i -1 i1 .
vi€[TZg wiXi_pwi] vie[TZo @Yo @1

j=1

i—1 j —1 i—1 - i~
Vf S [25:0 WI/ZLO wl] er [Z{:O WI/ZLO wl]

)

1. i1 i —1 i1 . i -
vielDyw_gw] T viE[TZy@1T], @]

»
o
ao)

]l i—1 i - ]l s i—1 - i ~
V? € [24:0 wz/ﬂ:g wl] V? € [25:0 wl/Zézo wl}

E <
(e o) —(@,7,7) 20

=E ( sup
(s u,0) = (@,,0) |26

) |
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. . , , 1/2
Also, forany j: | Y] _ @1 — ¥ _qwi| < X)_gl@r — Y _gwi| < (Z{:o | — anlz) <@ -wl2 <
¢. Following a similar approach to /Chen et al.|(2003):

1/2
IE (”(w,y,o’)stg)ﬁé'ﬂ <5 ﬂvtE[ZZ Owl Z[ OCU[] [Z d]l 2] Owl])>]
- 1/2
< .
= E(@w@iﬁ”ﬂﬂ VEE[(E] g @1) ~0(K)_o @1)-+¢] Vﬁmémﬂwﬂol
[/ j-1 j j-1 12
_ (uzwl)m—[(zwz “(Eon-Tan ) _ v
L\ =0 1=0 =0 =
Overall the term (B.23) is bounded above by v/2(1 + Cz) (ﬂk(n) +0+ k(n)) /3. The term (B.24
can be bounded above by using the simple fact that 0 < 1 vl . <1and:
l 0
k(n) ) 1/2
E sup il - i - (M — i+ o] — 03] Z
<|(wya) (@f1,0)|2<0 ‘ ]Z VPETIZy @1l @] < 1o I t’]> ‘
k(n) ’ 1/2
<Y |k ( sp |y 1) + oy~ 712 )]
(o) = (@, f1,0) <6

sup (Iuj — fijl + loj — 57 C2)
(@, 1,0) — (@,71,5)[2<5

IA
H [\13: T

1/2
< (1+Cy) sup (Z i — il + |aj—&j|2> < (14 Cz)o.
| (w,p,0)—(@,,5)[|2<8

Without loss of generality assume that § < 1 so that:

g

1/2
< 2V2(1+Cz) (14 g + 7+ k(m) ) 6172

e; — &

E ( sup
(o) =(@,m0)]2<6

which concludes the proof. O

Lemma B9 (Properties of the Tails Distributions). Let § > &1,é, > & > 0. Let v; 1 and vi, be uniform

1 1
2+ 2+Gy
€1 =— L -1 €, = o 1
t,1 — 1/ 4 t2 — 1 - 1/5 .
t,1 t2

The densities of €; , € , satisfy fe;, (e) ~e 3 C1ase — —oo, fes, (e) ~ e 372 gs e — +o0. There exists a

inite C bounding the second moments E (|e5,]2) < C < coand E (|e5,]?) < C < oco. Furthermore, the
g t1 t2

Ujo 1) draws and.:
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draws yi | and y; , are L2-smooth in &1 and &, respectively:

1/2 1/2
<Cs |E ( sup |ef,(62) — 3?,2(52”2)] <Cé

|82 —&| <6

]E( sup |€?,1(€1)—€?,1(§1)|2)

|81 —81|<o

Where the constant C only depends on & and .

Proof of Lemma :
To reduce notation, the t and s subscripts will be dropped in the following. The proof is similar
for both e and e; so the proof is only given for e;.

First, the densities of e; and e are derived, the first two results follow. Noting that the draws

are defined using quantile functions, inverting the formula yields: v; = 1%@ This is a proper
—

CDF on (—o0,0] since e; — 1%%1 is increasing and has limits 0 at —co and 1 at 0. Its deriva-
&

1+§1
e . . .

—L—=— which is continuous on (—co,0] and has an asymp-

(1—e3 1)

tive is the density function: (2 + &;)
o tel
(1-¢; 12

then E|e;|> < C < oo for some finite C > 0. Similar results hold for e; which has density

tote at —oo: (2 + &) X e?+§1 — (24 3&1) ase; — —oo. Since & € [§,¢] with0 < ¢

1+8o
(2 + gz)(l—ize;ﬁ on [O, +OO)

)

Second, &1 — e1(¢;) is shown to be L2-smooth. Let |&; — ¢;| < 6, using the mean value
theorem, for each v; there exists an intermediate value &; € (&1, & ] such that:

1 1 1
1 2401 1 248 1 1 1 248 ~
- —(=-1 = ~log(— —1)( — -1 —&).
<V1 ) <V1 ) 2+ ¢ g(Vl ) <V1 ) (& =¢)

The first part is bounded above by 1/(2 + ¢), the second part is bounded above by:

1
1 1 2

and the last term is bounded above, in absolute value, by 4.

Finally, in order to conclude the proof, the following integral needs to be finite:

1 1 ! 1 ! 1 it d
/0 og(v—l—}— )(1/1+ > V.
By a change of variables, it can be re-written as:
2

/ log(v)vﬁfzdv.
2
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Since %@ — 2 < —1, the integral is finite and thus:

1/2
E < sup ef1(C1) —e§,1(§1)12>] < 213\//2 log(v)vﬁfzdv.

|E1—¢1]<o

O]

Proof of Lemma|l} The proof proceeds by recursion. Denote 7y, f; € BBy, the mixture approxi-
mation of fj from Lemma Ford, = 1, Lemma implies

n r/b
I = g illry = OCEE), s — Mg flle = O

Suppose the result holds for f; x --- x f;. Let f = fi X - -+ X fg X fg,41; let:

dipr = fi X X fa, X fa1 — Wiy f1 X X Ty fa, X D) fa 11
dy = f1 X X fg, =g fr X - X D) fa,-

The difference can be re-written as a recursion:

div1 = difa, 41 + gy fr X - X i) fa, (fde+1 — Hk(n)fdeﬂ) :
Since [ fa,41 = [Tk fi X - X Iy fa, = 1, the total variation distance is:

logl[k(n)]""
o)

desally < [l + 1 foen = D S v = 0 (B

And the supremum distance is:

dts1lleo < lldellooll fa41llc0 + TTk(my f1 X =+ X Wiy fat, oo ll ftr1 — D) fitor1 lloo
log[k(n)]"/?
< el (sl + 13 5+ % fuloll s = g facnll) =0 (FELIZ).
]

Definition B3 (Pseudo-Norm || - ||, on By(,)). Let B1, B2 € By, where By = (6;, f1),1 = 1,2 with
fi=fij % ... fa, each f;asin definition The pseudo-norm || - ||, is the €2 norm on (0, w, u, o, &), the

associated distance is:

181 — B2llm = ||(61, wr, 11,01,81) — (62, wa, p2, 02, E2) |2

using the vector notation wy = (w1, . . S WLk(n) 427+ Wy s+ s wdmk(n)ﬂ)for 0,w,u,0,c.
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Remark B5. Using lemma 6 in Kruijer et al.| (2010), for any two mixtures fi1, fa in By(,:

Hfl_fZHooSCoonlszHm, Hfl_f2HTV§C Hfl f2Hm
k() Ti(n)

for some constants Coo, Cry > 0. The result extends to d, > 1, for instance when d, = 2:
Aff-AB=AF-B)+(f-1)f

In total variation distance the difference becomes:

A5 =~ ARl < = 17 = Bllrv + £ = Al
< e BBl IR =Bl _ o 1= Foln,

Tk(n) Tk(n)

A recursive argument yields the result for arbitrary d, > 1. In supremum distance a similar result holds

assuming ||f{ || oo, Hfé || o, with j = 1,2, are bounded above by a constant.

B.2 Consistency

Assumption 2] (Data Generating Process - L>-Smoothness). v is simulated according to the dynamic
model —@) where gops and Qiatent satisfy the following L2-smoothness conditions for some v € (0,1] and
any 6 € (0,1):

y(i)". Forsome0 < Cy < 1:

1/2
15( sup  ||obs (i (B1), xt, B1, 1 (B1)) — Govs (¥i(B2), X1, Br, 45 (B1)) || y?(ﬁl)/yi(ﬁz)ﬂ

|B1—Ballp<é

< Cillyi(B1) —vi(B2)ll

y(ii)'. Forsome 0 < Cp < oo:

1/2
E (ﬁ ,S;lli <5 Hgobs(]/i(ﬁﬂ, xhﬁl/”?(ﬁl» _gobs(]/?(ﬁl)/ xt,ﬁz, u?(lBl))Hz) < C_2(57
y(iii)'. Forsome0 < C3 < oo:
1/2
E (m _Slﬁ ., 18obs (5 (B1), X1, B1, 1 (B1)) — &obs (5 (B1), X1, B1, 13 (B2)) I u?(ﬁﬁ,ui([ﬁ))]

< Gllui(Br) — ui(B2)I”
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u(i)!. Forsome(0 < Cyq <1

1/2
¢ </S _S/I;FH) <6 Hglatent(ui—l(ﬁl)l ﬁ/ 6?([51)) _glatent(uifl(.gZ),,B, 6?(‘31))”2)]

< Cyllug_1(B1) — ui_1(B2) |l

u(ii)’. For some 0 < Cs < oo:

: (w sup _ N8ment(ti1(Br). P15 (B)) —gzmxuf_l(ﬁo,ﬂz,eiwm|!2> < Cso”

u(iii)’. For some 0 < Cs < oo:

1E< sup  [|tatent (151 (B1), P, €5 (B1)) — Quatent (15 1 (1), B, €3 (B2)) |I°

|B1—B2ll5<é
< Csller — ez

e?(ﬁl)/ef(ﬁz)>

for |B1 = Balls = 1161 = 02| + [ f1 = fallow o7 (161 = G2l + || f1 = fall7v-

Proof of Lemma |3 First note that the cosine and sine functions are uniformly Lispchitz on the real

line with Lipschitz coefficient 1. This implies for any two (y1,y2,x) and any T € R%:

| cos(T'(y1,x)) = cos(T'(y2,x))| < [T'(y1 = y2,0)| < [IT[llly1 - yall
| sin(7’(y1,x)) = sin(7'(y2,x))| < [7'(y1 = y2,0)[ < [|7llollyr — y2I.-

As a result, the moment function is also Lipschitz in y, x:
e — 02X |7 (1) 5 < 2|70 (T) y1 — .

Since 7t is chosen to be the Gaussian density, it satisfies sup_ [ 7]|op(T)3 < Cr < 00 and $(7)2 o
¢(T/+/2) which has finite integral.

The Lispschitz properties of the moments combined with the conditions properties of 77 imply
that the L>-smoothness of the moments is implied by the L?-smoothness of the simulated data
itself. As a result, the remainder of the proof establishes the L2-smoothness of y;.

First note that since y; = (y,...,Yi—L):

L
ly:(B1) = y:(B2)[| < Z% 1ye—i(B1) = ye—i(B2) -
=

75



To bound the term in y above, it suffices to bound the expression for each term y; with arbitrary
t>1. Assumptionsimply that, for some 7y € (0, 1]:

1/2 1/2
_ 57
IE< sup [[y+(B1) —yt(ﬁ2)||2> <C E( sup [lyi-1(B1) —yt—l(ﬁz)|\2> +Co—— 7
1812l 11—zl T
v/2
+Cs 1E< sup ||ut(,31)—ut(ﬁ2)||2>
H.Bl*ﬁZHm
The term Uﬁz — Ballew < ”ﬁ:(/j)z\\m and ||1 — Ballrv < H/Slak(,B)ZHm on

By (n)- Wlthout loss of generality, suppose that gy (,,) < 1E| Applying this inequality recursively,

and using the fact that ), u are the same regardless of B, yields:

C, o7
+ C3 Z Cl
1- C ‘722 ) 1=0

Using Lemmas 2]and B9 and the same approach as above:

1/2
1E< sup I\yt(ﬁl)—yt(ﬁz)HZ)] <
1B1—B2lm

1B1—=B2lm

1/2 1/2
_ 57
15( sup  [[ur(p1) —ut(ﬁz)HZ)] <Gy 1E< sup  [[ur—1(B1) —”tl(ﬁ2)||2> +Cs—m 7
1B1—B2llm 1B1—B2llm ()
+CoC (k(m) + fin) +7) 6772,
Again, applying this inequality recursively yields:
e
E| sup [lu(pr) - ut(ﬂz)Hz)] < —= + —C (k(n) + fig(n) +7) 6772,
<|.Bl,52|m 1- C4 Q’Zkzn) 1— C4 ( )
Putting everything together:
1/2
E ( sup ly:(B1) —yt(ﬁz)Hz)]
H.Bl*,BZHm
G o G [ G & | C !
2 3 5 6 _ _\ /2
< — - — —C (k(n) + figny +7) 07 .
T 1-Ci ¥ 1-Cy (1(:4(727 1-Cy ((n) i ) )
“k(n) “k(n)
Without loss of generality, suppose that § < 1. Then, for some positive constant C:
1/2 2
2 C o7 7 F17r577/2
E( sup llyi(B) —wi(B)IP )| < Comax [ S [k(n) + Py +2176772 |
H.Bl_ﬁZHW gk(n)
O

3Recall that by assumption Tr(ny = O( %) goes to zero.
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Lemma B10 (Covering Numbers). Under the L?-smoothness of the DGP (as in Lemma , the bracketing

number satisfies for x € (0,1) and some C:

Ny (6 ¥y (), 1+ l12)
. N\N2/7 3[k(n)+2]+dg
iz/,},z (k(ﬂ) + ]’lk(n) + 0’) + Qﬁ(n)

< (3[k(n) + 2] +dp) | 2max(fig,), o)C 2/ 77 +1

For T € R%, let Yi(n) (T) be the set of functions ¥y, (T) = {,B — "B (1)1/2, B € By (n) } The
bracketing entropy of each set ¥, (T) satisfies for some C:

tog (N} (3, ¥4y (7), ]| [112) < Ck(n) loglk(m)))log ],

Using the above, for some Cy < oo:

[ 1082 (N o ¥l I 112 < Cok(n okt

Proof of Lemma[BI0} Since By, is contained in a ball of radius max 7y, 7, [|0] o) in RO +2)+de
under || - ||, the covering number for By, can be computed under the H |l norm using a result
from Kolmogorov & Tikhomirov 1959 I As a result, the covering number N(x, By, || - [|m)
satisfies:

_ _ 3[k(n)+2]+dp
2 o
max(gk( ),0) N 1) '

N(x, By, | - llm) < 2 (3[k(n) + 2] 4 dp) <

The rest follows from Lemma [3and Appendix O

Proof of Theorem|[I} If the assumptions of Corollary [C3|hold then the result of Theorem [1| holds as
well. The following relates the previous lemmas and assumptions to the required assumption for
the corollary.

Assumption|Ilimplies Assumptions|C8and [C9] Furthermore, by Lemmas[3jand Assump-
tionswith (0 imply Assumption|C11|with \/C,/n = (%) using the norm || - ||
The order of Qy (I, Bo) is given in Lemmal 4l This implies that all the assumptions for Corollary
so that the estimator is consistent if /C,/n = 0(1) which concludes the proof. O

54Gee also|Fenton & Gallant (1996) for an application of this result for the sieve estimation of a density and |[Coppejans
(2001) for a CDF.
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B.3 Rate of Convergence
Proof of Lemma 4} First, using the assumption that B is a bounded linear operator:
Qu(Ty o) < M [ B (9(2) — 5(x. T o)) [ m(x)ae
A~ ~ -~ A~ 2
< 3M3 ( [ B (#(0) — 95(2.80)) | 700+ [ [B (5e, o) — (5, Ty )| n(r)dr)

Each term can be bounded above individually. Re-write the first term in terms of distribution:
A g 1 -
E(fu(0) = 85w 0) | = | 1o [0 (vix0) = filynx)ldysdx
t=1

where f; is the distribution of (y(Bo),x;) and f; the stationary distribution of (y:(Bo), x;). Using

the geometric ergodicity assumption, for all 7:

1 & 1 &
‘E 2/ (yex) fi (e, xe) — fe(ye Xt dYtht‘ < " Z/ ‘ft v, Xe) — fe(ye, Xe)|dydx;
t=1 =1
2C, 2C
== ' _ < =F b TP
n;“ft fillrv = — t;p S -

for some p € (0,1) and C, > 0. This yields a first bound:

2 4C%2 1 1
P _ ;S < [ -
/ ‘IE (lpﬂ(T) l/Jn(T, :30)) ‘ ﬂ(T)dT = (1 — p)z n2 O <Tl2> :
The mixture norm || - ||, is not needed here to bound the second term since it involves popu-
lation CFs. Some changes to the proof of Lemma |3/ allows to find bounds in terms of || - ||z and

|| - llrv for which Lemma|l|gives the approximation rates.

To bound the second term, re-write the simulated data as:

y? == gobs,t(xt/ <. X1, ﬁ/ e?/ LIS /e?[)/ ui = glatent,t(,B/ 6?, .o /ei)

with = (6, f) and ¢; ~ f. Under Assumption2]or 2]} using the same sequence of shocks (¢;):

E(

This is similar to the proof of Lemma ]3| first re-write the difference as:

gobs,t(xt/--~rx1/,BO/e§/---/ei)_gobs,t(xt/-- xl/Hk ,BOIEt/"'/esl,)H> SEHHk(n)fO_fOH};’

E(]

— Sobs (obs,t—1(Xt-1, - - X1, Iy 50/3,5 17---,€ )xt/Hk ,BO/glatent(glatentt 1(Hk 50ret 17+ --;ei)/nk(n),BO/ef‘D-

gobs (gobs,t—l (xt—ll . X1, ﬁO/ 6?71/ ceey Ei), Xt, ,BOI gltli’ent (glatent,t—l ('BO, 6?71/ sy esl,)/ ,30/ 6?))
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Using Assumptions [2}2]} there is a recursive relationship:

E(]

gobs (gobs,t—l (xt—ll .. X1, ,BOI eifll ceey ei)/ Xt, ,BOI glatent (glutent,t—l(,BO/ 6?71/ ceey eﬁ)/ ,BOI e?))

- gObS (gobs,t—l(xt—lr <o X1, Hk n ﬁOI 6?71/ ...,€ ) Xt, Hk ,BOI glatent(glutentt l(Hk ‘BO, et 17+ /ei)/ Hk(n),BO/ e?
(n)

< [&(]
_gobs(gobs,tfl(xtflw- xlrnk ﬁ()/et 17+ )xtrnk ,BOIglatent(glutentt 1(Hk ,BOIEt 1/"-/ei)lnk(n),30/e§

<cifx(

2
+ Col|Bo — iy 50H7+C3[ (H‘glatent,t(ﬁo,f??,---,ei)—gzutent,t(nk(n)ﬁolef,u.,Bﬁ) )]

gobs (gobs,t—l(xt—lr <o X1, ,BOI 6?71/ ceey esl’)/ Xt, ‘BO, glatent(glatent,t—l (,B()/ 6?71/ e /ei)/ ,BO/ e?))

1/2
gobs,t—1<xt—1/---;xlzﬁolei_lf---/ei) _gobs,t—l(xt—lr . xl/Hk 50/615 17 /ei)H )i|

The last term also has a recursive structure:

s 11/2
[]E(Hglatent,t(ﬁoze?r---r 1) — glatentt<Hk [Bo,et,...,eﬁ)H )}

_ 2 112
< C4 |:]E<Hglatent,t—1(50/e§1/---/ ) Slatent t— 1(Hk 50/et 17+ /ei)H ):| +C5H;BO_Hk(n),BOH’ly§‘

Together these inequalities imply:

E(]

gObS (gobs,t—l (xt—ll ey x]/ ,BOI 6?71/ sy ei)/ xt, ,30/ glatent(glutent,t—l (‘BO, 6?71/ cecy esl,)/ ,BO/ e?))

— Sobs(Sobst—1(Xt—1,- -+, X1, Ty Bo, €i_1, - - -, €1), Xt, Uiy Bos Satent (S1atent,i—1 (T Bo, €1 1/---,65),Hk(n)[30,€fH)

<

C —1II +C
1—C1< 2l1Bo — Ty Bolls + Cs

=
a _Ca) 180 — I Boll 5 >

Recall that || T||+/77(T) is bounded above and 7r(7)'/* is integrable so that:

/‘IE (eiT'(Yf(ﬁO/xtw-/xl)) it (ye (Mg Bo Xt - xl))) ‘zﬂ(T)dT
it

J— . C 5
(CzHﬁo =y olly + Co e 10 — i ol ) supl 7/ (1)) [ (7).

<

1-C;

To conclude the proof, the difference due to ¢; needs to be bounded. In order to do so, it suffice

to bound the following integral:

/eif’(yt(yo,uo,xz,~~~IX1r50r€fr~-vei)r"f) (fo(ef) X -+ % fo(e]) — Hk(n)fo(ei) X - X Hk(n)fo(eﬁ)> fx(x¢)dej ... dejdx;.

A direct bound on this integral yields a term of order of t|| fo — [Ty, fo|/7v which increases too fast
with f to generate useful rates. Rather than using a direct bound, consider Assumptions 212/l The

time-series y; can be approximated by another time-series term which only depends on a fixed and
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finite (¢}, ...,e;_,,) for a given integer m > 1. Making m grow with n at an appropriate rate allows
to balance the bias m|| fo — [Ty, fol| v (computed from a direct bound) and the approximation due
tom < t.

The m-approximation rate of y; is now derived. Let B = (6, f) € B, ¢},...,e] ~ f and §j such
that 7;_,, = 0,i;_,, = 0 and then g; = gobs(?;q/xjr B, ﬁ]S-), ﬁ; = gmtent(ﬁ?,yﬁ/ e]S.) fort—m+1<

j < t. Each observation t is approximated by its own time-series. For observation t — m, by

vionl) = £ (i)
iaf) < [e (Joiaf)]

construction:

E (li-n =3 ) = E

E (s = i) =

Then, forany t > > t —m:
_ 2\ 11/2
E ([ - 2]) < B (s - )
g (|t - ]) <2 [o (Jot - )]+ [ (- )]

The previous two results and a recursion arguments leads to the following inequality:

— s
Uy

S

vi —U;

N 1172
E (‘ 0 — ) <cy []E <‘ ui,mH )] (B.25)
o\ 717/2 o\ 11/2
(i -) <cc e (fual)] e [ (fia)] - @20

For B = Bo, ITi () Bo since the expectations are finite and bounded by assumption, IE (

vi-7) <
Cmax(Cy,Cq)" with 0 < max(Cy,Cy4) < 1 and some C > 0. For the first observations t < m the
data is unchanged, y; = 7, so that the bound still holds. The integral can be split and bounded:

| [ €m0 (foef) - foled) = i folef) x -+« x Ty foled) ) fulxi)de; ... e

< [E (57, Bo) — 5 (7, T Bo)] — [§5(T, Bo) — (T, Thygufo)] ) |

[ (Folls) x -+ x foleiprrn) = Tl foe) x -+ X Tl foleisn) ) fl)def .. e e
S 4Emax(61,64)7m + 2m||Hk(n)f0 — fQHTV.

The last inequality is due to the cosine, and sine function being uniformly Lipschitz continuous
)]Zr/b

and equations (B.25)-(B.26). Recall that [Ty, fo — follrv = O(%). To balance the two

terms, choose:

r
m =

- ———loglk >0
v logmax(Cy,Cy) oglk(n)]
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so that max(Cy, C4)" = k(n) " and

log[km)]wb“) |

Cmax(C1,C4)7m+2mHHk fO_fOHTV— < k<n)r

Combining all the bounds above yields:

log[k(1)]4/0+2 loglk(n)]47°r/b
ot 0):O<ma"[ B D

where || - ||g = || - || or || - [[7v s0 that ||Bo — [Ty, ,60||7 = O(lOg[ ())}47 r/b) The term due to the

r/b r/b
non-stationarity is of order 1/n% = o | max Log[k(n ﬂ:, e IOg[k ]47 so it can be ignored. This
y k(n) g

concludes the proof.

Proof of Theorem[2} The theorem is a corollary of Theorem [C5|with a mixture sieve. Lemma 4| gives

an explicit derivation of , /Qn(ITi(,)Bo) in this setting. O

B.4 Asymptotic Normality

d]E(4}2 (Ter(n),BU)) ,B d]E(4}I§ (Ter(n),BU))

Remark B6. Note that for each T the matrix B A0070,0) A0070,0)

ment is that the average, over T, of this matrix is invertible. Lemma states that B, and the approximation
1/2

is singular - the require-

Iy Bo have a representation that are at a distance 5,A,, "'~ of each other in || - ||, norm.
Proof of Lemma 5} Using the simple inequality 1/2]a|? < |a — b|? + |b|? for any a,b € R:

I
an(Tdﬁ k(n)Bo)) B — Ty ol zn(r)dr

/‘BdIEl/JnTﬁO ,30‘7T

_|_/)BdIE lpn T, ﬁO )[‘Bn—ﬁo] _B (lI]n(T Hk ﬁO))[’Bn Hk ,BO ‘ 7‘[ dt

0<1/2/’B

%
R dE(¢p,
/‘BdIE l/)n T, Bo) )“311 ‘ e dr+/‘ E (¢, (Td;Ik 'BO))[Hk(n),BO —ﬁo]‘zn(r)dr
+ [ [0 9 (g — o) - s I 5y (e

By assumption the term on the left is O,(62), by assumption ii. the middle term is O,(42) and
assumption i. implies that the term on the right is also O, (3). It follows that:

/ ’Bd]E(lﬁﬁ(Tr () Bo))

T By = Ty ol ()T = 0,3 (827)
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Now note that both 3, and ITi(,)Bo belong to the finite dimensional space By,) parameterized
by (6,w,p,0). To save space, B, will be represented by ¢, = (6, @, flun, ) and Iy, Bo by
Pr(n) = (Ok(n)r W(n)s Hik(n)s Tk(n))- Using this notation, equatlon-becomes

dE(y IT dE( I I
/’B ( n(Td[3 k(n ,30)> ,30 ’ T)dt = /‘ IIJHQT ;, )'BO))[(Pn q)k(n)] 27‘((T)d’[
dE(; (T, [Ty, " dE Py H
= trace ([(PAn - (Pk(n)]//B (d(ne(,T ,Vk,( ))'BO)) B (d(G(,T ,;, )ﬁO)) (T)dT[Pn — (Pk(n)]>

> Ayl @0 = @xim) I = AullBn — Tl Boll5,-

It follows that 0 < A, ||, — I Bollz < Op(67) so that the rate of convergence in mixture norm
is:
Hﬁn - Hk(n),BOHm = Op (5"A;1/2) .
O

Lemma B11 (Stochastic Equicontinuity). Let M, = loglog(n + 1) and 6y = 6n/+/A,,. Suppose that
the assumptions of Lemma B|and Assumption|CI1|hold then for any 1 > 0, uniformly over p € By,

1/2
|:1E ( sup ‘[1/35(1-/:8) l/]n(T I—Ik ﬁ())] [lﬁg(T,ﬁ) 1[32(T,Hk(n)ﬁo)]2ﬂ(’f)2i7>]

H.B*Hk(n) Bo H m < MnJmn

2
(Mnfsmn) 77
NG

For the mixture sieve the integral is a O(k(n) loglk(n)] 4+ k(n)|log(Mudmn)|) so that:

1 2 2
<C / (x19/2\/IOgN([XMn‘Smn]Werk(n)r I+ 1) + log? N([xMubun] 7, By(ny, || - Hm)> dx
0

”ﬁ I_Ik ﬁOHm<MVl§mn

1/2
{IE (/ sup |[95(r,B) — (T, Ty )] [a@i«aﬁ)¢2<T,Hk<n>ﬁo>1)2n<r>dr)]

2 n g
~0 <(Mn5mn)72 ax(log[k(n)]?, | log[Mdyun]| )kf/g) )

ax(log[k(n)]?, | 1og[Mdmu]|*)k(n)? = o(1). The first stochastic equicon-

22
2

Now suppose that (M0 )

tinuity result is:

H.B_Hk(n) ﬁO ” m <My Smn

1/2
JE(/ sup |95, B) — 5 (T, Ty )] [¢2<r,ﬁ>—¢5<r,nk<n)ﬁo>]2n<r>d~r>] = o(1//n).
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2
(T, Bo) — 1/3?(7,5)‘ 7(T)dt is continuous at B = PBo under the norm

| - lg, uniformly in t > 1. Then, the second stochastic equicontinuity result is:

1/2
[E(/ sup wmnm¢&n%ﬂﬁ@ﬂnm¢%nmn5wnm>] = o(1//n).

H.B 1_[k ﬁU”m<Mn5mn

Proof of Lemma This proof relies on the results in Lemma [3| together with Lemma First,
Lemma 3|implies that, after simplifying the bounds, for some C > 0:

1/2
{]E ( sup ‘lI}?(Tugl) - ¢?(7r52)2)] (7T\/(7’;72/2

”,Bl *ﬁzHmS&Hﬁj*nk(y[)ﬁoHmSMn(Sm,n/]':LZ

Next, apply the inequality of Lemma to generate the bound:

1/2
E( sup |5, B) — §5(7, Thynypo)] — EIGS(7,B) - %unk%n)] ()

Hﬁ_nk(n) Bollm <Mndmn

2 2
7(Mn(5m,n)72/2 1 —9/2 XMn(Smn 12 2 XMn(Smn 72
et [ a2\ o NS5 | B o) + 10" N 0 55 | B |-l |

for some C > 0,8 € (0,1). Since f V7t(T)dT < oo, the term on the left-hand side ca be squared
and multiplied by /7t(7). Then, taking the integral:

1/2
{E (/’ sup |95, B) — (7, Theg o) - [¢Eﬁvﬁ)I%KTJTumﬁszﬂCﬂdT>]

” ﬁ_nk(n) /SO HWI SMném,n

2 2

-~ Mﬂémn ,)/2/2 1 — anémn Ml’lémn
< C"(\/’E)/o X MZJlOgN( [W} - Bryo Il - [lm) +1082N([k()h} - By, I llm) | dx

where C = C [ \/7(7)dt. The integral on the right-hand side is a O (k(n)? max(log[k(n)]?, log[M6,x]?))-
To prove the fmal statement, notation will be shortened using A; (T, B) = ¥3(T, Bo) — ¥5 (T, B).
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Note that, by applying Davydov|(1968)’s inequality:
|8 (1, 1y o) — E[AGS (7, 1y )]

1 & o
< Y |G T o) — EIAGE(T T o)
t=1

n 1<t<n

24 R R 2/3
+ 20 (n = m)a(m) max. (|81, g o) ~ EAFE (7, g o))

m=1

o 2/3
<1+24 Y af 1/3> max (E)Akﬁf(ﬂnk(mﬁo) E[AG; (T, T, /30)]‘ >

m>1 l<tzn

N 2/3
< 48/3 <1+24 Y a( 1/3> max <]E‘A1I}?(T1Hk(n)50) E[A; (T, Ty, 50)]‘ > :

m>1 I=t<n
The last inequality is due to |A{$(t, )| < 2. By the continuity assumption the last term is a o(1)
when ||Bo — Iy ll5 — 0. As a result:
. . 2
| |85 (x, Ty o) — EIAGS (7, T po)]| 7(2)dT = o(1/1).
To conclude the proof, apply a triangular inequality and the results above:

1/2
{IE (/ sup wsﬁ(r,ﬁ)¢§<r,ﬁo>]E[@i(nm¢2<r,ﬁo>12n<r>dr)]

|‘ﬁ_nk(n)ﬁ0Hm§Mn§mn

Hﬁ Hk ,30||m<Mn5mn

1/2
< {]E (/ sup ‘[lﬁg(ﬁﬁ) P (T, Iy Bo)] — [1/33(7/5)lﬁg(T,Hk(n)ﬁo)]zﬂ(T)dT)]

) 1/2
+ (/E‘Alpi(%nk(mﬁo) - IE[A’ﬁﬁ(T/Hk(n)ﬁo)]’ ”(T)dT> =o(1/v/n).
]

Remark B7. Note that 6, = W = o(1) by assumption so that log[s,]?> = O(log(n)?). Fur-
thermore, it is assumed that 8, = o (\/A,) and &y, = 0(1), so that max(logk(n)]?, log[Myby|*)) is
dominated by a O(log(n)). The condition k(n)? max(log[k(n)]?,10g[Mdmu]?) can thus be re-written

as:

N

(Mudun) = [k(n) log(m)]* = o(1)

Op =0 ( \/I” I ) .
My [k(n) log(n)]+*)
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which is equivalent to:




k(n)* log[k(n)*

Furthermore, since 6,, = i this condition can be re-written in terms of k(n):
1
2+4/~2
/ 1
k(n) =0 % n2(2+4/’yz)
M, log(n) "

Proof of Theorem[3} Theorem [3] mostly follows from Theorem [C6| with two differences: the rate
of convergence and the stochastic equicontinuity results in mixture norm. Lemmas |5/ and
provide these results for the mixture sieve. Hence, given these results, Theorem is a corollary of
Theorem [Cal O
B.5 Extension 1: Using Auxiliary Variables

Proof of Corollary[2; Since the proof of Corollary [2)is very similar to the main proofs, only the dif-
ferences in the steps are highlighted.

i. Consistency: The objective function with auxiliary variables is:

/‘IE l,l)n T szux I,Bn(’( ﬁzux, ‘ZTI(T)dT_

To derive its rate of convergence consider:

/

PulT ™) —E (§u(r,) | m(x)dn

. . R A 2
(e, 1)~ E (e, 05) [ (T <9 |

+9/

+9 [ [ (@u(r,08) = fulc ) [ 70

2
Pu (T, 7%) = (T, ™) | 7(T)dT

The first term is O, (1/n). By the Lipschitz condition, the second term satisfies:
m(T)dr < || — ™| P|Cr / ITlleore(T)dT

= 0,(1/n)0,(1).

Ci'* is an average of the Lipschitz constants in the assumptions. The third term can be

N ~au N a 2
U (T, 13" = a7, ™) | 70

bounded using the Lipschitz assumption and the Cauchy-Schwarz inequality:

/

Altogether, these inequalities imply:

/

N ~AUX I aux 2
U (T, 75"°) — YulT, ™)

n(t)dt < E|f;" - “”XHZIE\CZ“"IZ/||T||oo7r(f)dr
= 0,(1/1*)0p(1).

" " 2
$ul(T,15) = E (fu(r,75)) | 7(x)dT = 0,(1/).
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i.

The L2-smoothness result still holds given the summability condition:

1/2
[IE( sup |\ Qaux (Wi (B1), -, Yi(B1), Xt, ..., X157) _gﬂux(yi(ﬁZ)/'--ryi(,Bz),xt,...,X1;17)||2>}
|1B1—B2llp<é.neE

M-

Il
—

1/2
< )P E( sup Hy?(ﬁl)—y?(ﬁz)ll2>]

B1—B2lls<én€E
1/2
Pf) sup E( sup ||y (1) —yi(ﬁz)!!2>]
t21 |B1—B2lls<é,n<E
57 B PN
Zp] max 027 [k(n)+yk(n)_|_g]7(5“r
j=

“k(n)

The last inequality is a consequence of Lemma

/

]

f(]

gl

B —E (¢ () | m()de

2
Py (T, ) — E (5 (T, 45)) ‘ n(t)dt < 9/
2

+9 [ |de ) = diie )

+9 [ B (§3(0.05%) — e ) [ riope

ni(t)dt

The first term is a O, (67) given the L?-smoothness above and the main results. The last two

terms are O,(1/1?) as in the calculations above.

Together, these results imply that the rate of convergence for the objective function is O, (42)

as before. As a result, given that the other assumptions hold, the estimator is consistent.

Rate of Convergence: The variance term is still O,(J) as discussed above. The only term

remaining to discuss if the bias accumulation term.

Recall that the first part of the bias term involves changing f in g,ps, §1atent While keeping the
shocks ¢f unchanged. Using the same method of proof as for the L?-smoothness it can be

shown that the first bias term is only inflated by } 2 p; < co: a finite factor.

The second part involves changing the shocks keeping gops, S1atent Unaffected. An alternative
simulated sequence §; where part of the history is changed ;_; = i} _; = 0 for j > m. For a
well chosen sequence m, the difference between y; and 7; declines exponentially in m. Here
z; only depends on a finite number of shocks since #;_,, = --- = §; = 0. The difference

between z§ and Z becomes:
t

E(|z - %) < Yo (||y;—y;||)§(zp]-)c‘max@,c;)vm
j=1

j=1
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iii.

where the last inequality comes from Lemma[d] To apply this lemma, the bounded moment

condition v. is required.

Overall, the bias term is unchanged. As a result, the rate of convergence is the same as in the

main proofs.

Asymptotic Normality: The L2-smoothness result was shown above to be unchanged. As
a result, stochastic equicontinuity can be proved the same way as before. The Lipschitz

condition also implies stochastic equicontinuity in #***

using the same approach as for the
rate of convergence of the objective. The asymptotic expansion can be proved the same
way as in the main results where ¥,,(7) and §5(t, o) are replaced with ¢, (7, #%**) and

5 (T, 7%%, By ). Eventually, the expansion implies:

Vn

o (¢(Bn) — ¢(Bo

)) = V/nReal (/ (T, 15, 1) (P (T, H21) — G5 (7, ﬁg“x,ﬁo))n(r)d7> +0p(1)

where the term on the right is asymptotically normal by assumption.

B.6 Extension 2: Using Short Panels

Proof of Lemma([/} The second part of the lemma is implied by Remark ??.

For the first part of Lemma|7} using the notation for the proof of Proposition|[C4 f is the distri-

bution for the simulated Y and uj, and f* is the stationary distribution. Note that f (yi p Xit] ul )=

£330 i4lu3,) for B =

J/Qu(Bo) < M (/

SMB/f*(

Bo and || fu — fillrv < Cupy for some C, > 0 and p, € (0,1).

2 1/2
E (§u(c) ~ (o) | m(c)ae)

1/2
1 n 1(vS x. N 2
S [T (3% = 1 (Vi) ) dydnid n(r)dr>
j=1
n ’ 1/2
S [Ty xgalu) () () dy x| n(r)dr)
1

V0105, [ £(u5,) = £ ()| dys s,

Applying the Cauchy-Schwarz inequality implies:

[ £ xialus ) [ £a50) = £ (5 ,) | dys s,
1/2 1/2
< ([ 7ol 2t = £y, ) ([ |0 - ], )
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By assumption the first term is finite and bounded while the second term is a O(p/?). Taking

squares on both sides on the inequality concludes the proof. O

Proof of Corollary[3} As discussed in section [4 asymptotic are conducted over the cross-sectional

dimension # for the moments:

D 1y it (yje.Xt) 7S 1
(1) = T Y e Wit i () = T

t=1

eiT, (Yitrxj,t)

1=

t=1

which are iid under the stated assumptions. The bias can accumulate dynamically for DGP (12),
as in the time-series case, but it accumulates with m instead of sample size. Assumption [2| or
2f] ensure that the bias does not accumulate too much when m — oo. Lemma [7] shows how the

assumed DGPs handle the initial condition problem in the panel setting. Note that:

np" = elogltl+mloglpu] — gmllogln]/m+logloul) _y

as m,n — oo if limy, o log[n]/m < —log[py] > 0. Given, this result and the dynamic bias

accumulation the results for the iid case apply with an inflation bias term for DGP (12). O
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