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Abstract

This paper studies the design of ex ante efficient mechanisms in situations where
a single object is for sale, and agents have positively interdependent values and can
covertly acquire information at some cost before participating in a mechanism. We find
that when the strength of interdependence is low or the number of agents is large, the ex
post efficient mechanism is also ex ante efficient. In cases of high interdependence or a
small number of agents, ex ante efficient mechanisms discourage agents from acquiring
excessive information by introducing randomization to the ex post efficient allocation
rule in areas where the information’s accuracy increases most rapidly if an addition
piece of information is acquired. In special cases, there exists an ex ante efficient
mechanism that has a simple and appealing implementation: standard auctions with
discrete bids.
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1 Introduction

Most of the mechanism design literature assumes that the amount of information pos-
sessed by agents is exogenous. In many important applications, however, this assumption
does not apply. For example, in auctions for offshore oil and gas leases in the U.S., com-
panies use seismic surveys to collect information about the tracts offered for sale before
participating in the auctions. Another example is the sale of financial or business assets, in
which buyers perform due diligence to investigate the quality and compatibility of the assets
before submitting offers. In these settings, the information held by agents is endogenous.
Moreover, it is costly to acquire information. In the example of U.S. auctions for offshore oil
and gas leases (see Haile et al. (2010)), companies can choose to conduct two-dimensional
(2-D) or three-dimensional (3-D) seismic surveys. 3-D surveys can produce more accurate
information, and thus were used in 80% of wells drilled in the Gulf of Mexico by 1996. How-
ever, this number was only 5% in 1989 when 3-D surveys were more expensive than 2-D
surveys.! Similarly, the legal and accounting costs of performing due diligence often amount
to millions of dollars in the sale of a business asset (see Quint and Hendricks (2013) and
Bergemann et al. (2009)).

Earlier studies have analyzed agents’ private incentives to acquire information and com-
pared that with the social incentives. Maskin (1992) and Bergemann and Valiméaki (2002),
among others, focus on the ex post efficient mechanism that implements the ex post efficient
allocations given acquired private information. They find that, if valuations are private,
agents’ incentives to acquire information coincide with the social incentives and the ex ante
efficient information acquisition is achieved. However, if valuations are interdependent, the
ex post efficient mechanism will result in socially sub-optimal information acquisition. The
case of interdependent values is pertinent to many economic applications. For example, in
the U.S. auctions for offshore oil and gas leases, if one company find that the other have a
lower estimate on the amount of extractable oil, they may revise their valuation downward.
In a follow-up paper, Bergemann et al. (2009) study the equilibrium level of information
acquisition when agents face binary information decisions and their values are positively in-
terdependent. They find that the ex post efficient mechanism leads to excessive information
acquisition in equilibrium. In summary, when valuations are interdependent, there is a con-
flict between the provision of ex ante efficient incentives to acquire information and the ex
post efficient use of information. The question regarding how to design an ex ante efficient

mechanism to balance the two trade-offs remains open.

'For instance, it costs $1 million to examine a 50 square mile 3-D seismic survey in 1990, while this
number was less than $100, 000 in 2000.



In this paper, we study the design of ex ante efficient mechanisms in the sale of a single
object when agents’ values are positively interdependent. The true value of the object to each
agent is initially unknown. Before participating in a mechanism, agents can simultaneously
and independently decide how much information to acquire. An agent acquires information
by increasing the accuracy of the signal he receives. Both the accuracy and the realization of
his signal are an agent’s private information, and the signals are independent across agents.
An agent must incur a higher cost to receive a more accurate signal. We assume that the
accuracy of the signals is supermodular ordered. This notion of information order was first
introduced into the literature by Ganuza and Penalva (2010) and later used by Shi (2012)
when studying revenue-maximizing mechanisms in the independent private value setting
with endogenous information.

In most parts of the paper, we focus on symmetric mechanisms and symmetric equilib-
ria in which all agents acquire the same amount of information before participating in a
mechanism. There are three main results.

Consistent with Bergemann and Véliméki (2002) and Bergemann et al. (2009), it is never
socially optimal to encourage agents acquire more information than they would when they
face the ex post efficient mechanism. To discourage agents from acquiring excessive informa-
tion, the social planner can either withhold the object with some probability, or introduce
pooling or randomization into the allocation rule. The first main result of the paper is to
show that the object is never withheld in an ex ante efficient mechanism. Intuitively, when-
ever the social planner withholds the object, she can also allocate it randomly. By doing so,
the allocative efficiency increases while an agent’s ex ante incentive to acquire information
remains unaffected. In fact, this property holds more generally even if we consider asym-
metric mechanisms and asymmetric equilibria in which agents acquire different amounts of
information. Though intuitive, the proof of this result is non-trivial because of the presence
of the non-standard information acquisition constraint. This result is also important tech-
nically as it facilitates the analysis by allowing us to work with the interim allocation rule
directly.

Second, for any given information choice, we fully characterize all mechanisms that im-
plement this choice and maximize the expected social surplus. Remember that an ex ante
efficient mechanism discourages agents from excessive information acquisition by introduc-
ing pooling or randomization into the allocation rule. Specifically, the optimal pooling areas
are those in which the accuracy of an agent’s posterior mean increases most rapidly if an
additional piece of information is acquired. If this marginal effect of an additional piece
of information is the same for all possible posterior means, we say that the information

structures are uniformly supermodular ordered. In this special case, there exists an ex ante



efficient mechanism that has a simple and appealing implementation: standard auctions with
discrete bids.

In the model’s environment, standard auctions such as first-price or second-price auc-
tions are ex post efficient. By restricting bids to discrete levels, we bunch nearby posterior
means together, which clearly reduces agents’ marginal benefits from acquiring information.
Restricting bids to discrete levels is not uncommon in auctions in practice. For example,
eBay auctions require that the next bid must exceed the current price plus a bid increment
and FCC spectrum auctions adopt a minimum clock price increment. Most existing auction
theories predict that discrete bids lead to inefficiency and they are mainly used in practice
to simplify communication processes and speed auctions (see Ausubel and Cramton (2004)).
Our results suggest an alternative justification for the prevalence of discrete bids. That is,
when agents have positively interdependent values and can covertly acquire information at
some cost, the use of discrete bids can improve ex ante efficiency.

Despite the simple implementation in special cases, ex ante efficient mechanisms gener-
ally consist of complex pooling areas. Therefore, it is worthwhile to understand when the
relatively simple ex post efficient mechanism is also ex ante efficient. As the third main result
of the paper, we show that this is likely to be the case when the level of interdependence is
low or the number of agents is large. Intuitively, when the level of interdependence is low,
the discrepancy between individual and social incentives to acquire information is small and
therefore the ex post efficient mechanism is likely to be ex ante efficient. When the number of
agents is large, an individual’s marginal benefit from acquiring information is already small
because of the fierce competition. Hence, the social planner need not further discourage
them from acquiring information by distorting the ex post efficient allocation rule.

Finally, we briefly discuss general ex ante efficient mechanisms without restricting atten-
tion to symmetric mechanisms or symmetric equilibria. First, as mentioned above, a robust
property of ex ante efficient mechanisms is that the object is never withhold. To obtain some
further results, we restrict attention to the special case in which the information structures
are uniformly supermodular ordered. In this special case, we provide conditions under which
the socially optimal information choices are the same for all agents and a symmetric ex ante
efficient mechanism exists. These conditions are likely to be satisfied when the level of inter-
dependence is high or the number of agents is small. When these conditions are not satisfied,
we provide an example in which an asymmetric mechanism generates higher expected social
surplus than the optimal symmetric mechanism does. The intuition behind this result is
as follows. As in Bergemann et al. (2009), the agents’ information acquisition decisions are
strategic substitutes. Therefore, it could be socially optimal to discourage other agents from

acquiring information by encouraging one agent to do so.



Technically, the problem considered in this paper is challenging for two reasons. First, we
want to work directly with interim rather than ex post allocation rules, which has been proved
to be a very useful method in the literature.? However, when valuations are interdependent,
it is hard to write the social planner’s objective function in terms of interim allocation rules.
We overcome this difficulty by proving that the object is never withhold in an ex ante efficient
mechanism. The second challenge arise because of the non-standard information acquisition
constraint. To overcome this difficulty, we use an approach first proposed by Reid (1968)
and later introduced into the mechanism design literature by Mierendorff (2009). The proof,
however, is not a straightforward modification of Mierendorff (2009). In Mierendorff (2009),
the interim allocation rule is discontinuous at one known point. In this paper, the interim

allocation rule could be discontinuous at most countably many times, at unknown points.

1.1 Related literature

This paper is related to the literature studying agents’ incentives to acquire information in
some commonly used mechanisms. Earlier papers focus on the comparison between first-price
and second-price auctions. For example, Matthews (1984a) considers a first-price auction
with pure common values, and examines how an increase in the number of agents affects
information acquisition. Stegeman (1996) finds that both auctions lead to identical and,
more importantly, efficient incentives for information acquisition when agents’ values are
private and independent. In contrast, Persico (2000) finds that a first-price auction provides
stronger incentives for agents to acquire information than a second-price auction does when
their values are affiliated. The two most closely related papers are Bergemann and Valiméaki
(2002) and Bergemann et al. (2009). Both study the efficiency of information acquisition
by agents when ex post efficient mechanisms is used. Instead of focusing on a particular
mechanism, this paper studies the design of ex ante efficient mechanisms.

This paper is also related to papers that study the revenue-maximizing mechanisms with
endogenous information acquisition. The two most closely related papers are Shi (2012)
and Crémer et al. (2009). Shi (2012) considers the sale of a single asset when buyers have
independent private values and who, before the auction, can simultaneously and indepen-
dently decide how much information to acquire. He finds that the optimal reserve price is
always below the standard monopoly price to encourage information acquisition. The focus
of this paper is on efficiency in environments where valuations are interdependent. In Crémer
et al. (2009), the revenue-maximizing mechanism also achieves ex ante efficiency. However,

in Crémer et al. (2009), agents face binary information decisions and the seller can control

2See, for example, Maskin and Riley (1984), Matthews (1983), Mierendorff (2011), Pai and Vohra (2014)
and Li (2017).



the access to information. The latter assumption assumes away the problem considered in
this paper, which is how to design a mechanism to discourage agents from acquiring exces-
sive information. Several other papers model the information cost as an entry cost (see, for
example, Levin and Smith (1994), Ye (2004) and Lu and Ye (2014)). As a result, agents’
information decisions are observable. But in this paper agents’ information choices are also
his private information.

The rest of the paper is organized as follows. Section 2 presents the model. Section 3 con-
tains the main results. Specifically, Section 3.2 characterizes optimal symmetric mechanisms
for each given information choice and Section 3.3 studies the socially optimal information
choice. Section 4 examines ex ante efficient mechanisms without imposing symmetry restric-

tions. Section 5 concludes. All omitted proofs are relegated to appendix.

2 Model

There are n agents, indexed by i € {1,--- ,n}, who compete for a single object. Each
agent ¢ has a payoff-relevant type 6;, which is unknown to the agent or to the social planner ex
ante. Agent i’s valuation depend not only on his own type but on others’ as well. Specifically,

the true value of the object to agent ¢ is

UZ(O) = 92 + vZé’j,

J#

where 0 := (0y,...,0,) is the type profile and v > 0 is a measure of interdependence.
We assume that v < 1, which asserts that a marginal change in agent i’s type affects his
valuation at least as much as it does that of any other agent. This single crossing condition
is necessary and efficient for the implementablility of the ex post efficient allocation in the
current setting. If v = 0, the model is one of private values; and if v = 1, the model is of
pure common values. Each agent has a quasi-linear utility. Specifically, agent i’s payoft is
q;v;(0) — t; if he receives the object with probability ¢; € [0, 1] and pays ¢; € R.

Initially, agents know only that {;} are independently distributed with a common cu-

mulative distribution F' with support [0,0] C R,. The distribution F' has a positive and

continuous density function f and a mean valuation
0
. / 0£(6)do.
0

Each agent ¢ can covertly acquire a signal x; € R about his type 6; by selecting a joint

distribution of (z;,6;) from a family of joint distributions {G(x;,0;|a;)}, indexed by their

6



accuracy «; € [a, @] C R. For each « € [, @], we also refer the joint distribution G(-, -|«) as
an information structure. Let g denote the density function associated with G. For all a €
la, @, G(-,-|a) admits the same marginal distribution of 6 as the prior (i.e. [, g(x,0|a)dz =
f(0) for all § € [,60]), and the posterior mean E[f|z,a] is strictly increasing in x, which
asserts that a higher signal leads to a higher conditional expectation.® A signal with a
higher « is more accurate (in a sense defined below). Let C'(«) denote the cost of acquiring
a signal with accuracy «. As is standard in the literature, we assume that the cost function
C is non-negative, strictly increasing, twice continuously differentiable and strictly convex,

and satisfies C(a) = C'(a) = 0 and C"(a) > 0.

2.1 Information order

Let G(x|a) denote the marginal distribution of signal x for a given accuracy a. We
can define a new signal by applying the probability integral transformation on the original
signal. Specifically, let s := G(z|a). The transformed signal s is uniformly distributed on
[0,1].* Clearly, the transformed signal has the same informational content as the original one.
Furthermore, because any two transformed signals have the same marginal distribution, their
realizations are directly comparable. Therefore, we will henceforth work with the transformed
signal directly. Let w(s, ) := E[f|s, a] denote the conditional expectation or posterior mean
of 0 given signal s and accuracy «. By assumption, w(s, a) is strictly increasing in s. For
each a € [a,al, let H(w|a) := P(w(s,a) < w) denote the cumulative distribution function
of w(s,a) and h(w|a) its corresponding density function. We assume that both H(w|«) and
h(w|«) are twice continuously differentiable in w and «. Throughout the paper, we assume

that the information structures are supermodular ordered:

Definition 1 The information structures are supermodular ordered if for all o € |a, @],

H,(w|a)

~h(wla) is strictly increasing in w on [w(0, a), w(1, o).

This notion of “supermodular precision” was first introduced into the literature by
Ganuza and Penalva (2010). More recently, Shi (2012) also assumes that the information

structures are supermodular ordered for some of his results. To understand the definition,

3For each «a € [, @], let G(A|z,a) denote the conditional distribution of 6 given x. Then one sufficient
condition for this is to assume that G(6|z, ) satisfies the monotone likelihood ratio property.

45 is uniform on [0, 1] only if G(-|@) is continuous and strictly increasing. This can be assumed without
loss of generality. If G(-|a)) has a discontinuity at z, where P(Z = z|a) = p, then x can be transformed
into x*, which has a continuous and strictly increasing distribution function using the following construction
proposed in Lehmann (1988): x* = z for x < z, * = x + pU if x = 2, where U is uniform on (0, 1), and
¥ =x+pforx >z



observe that w, (s, a) = —Hy(w(s, a)|a)/h(w(s, a)|a), which is strictly increasing in s. We

prove in Appendix A that this implies that w(s, ) is strictly supermodular:®

Lemma 1 Suppose that the information structures are supermodular ordered. Then w(-,-)

is strictly supermodular: for all s,s' € (0,1), s > &' and o > o/
w(s,a) —w(s',a) > w(s, o) —w(s,a). (1)

Intuitively, if the signal s contains little information about 6, the posterior mean w(s, )
does not vary much as s changes and its distribution concentrates around pu. As s becomes
more informative about 6, w(s, ) varies more as s changes (see (1)) and its distribution
becomes more dispersed.®

For some results of this paper, we further require that the information structures are
uniformly supermodular ordered. Recall that if an information structure is more informa-
tive, w(s, ) changes more dramatically as s changes. Hence, we can interpret the change
rate ws(s, ) as a local measure of the information structure’s accuracy around s. Then
Ws o (S, ) /ws(s, a) is the percentage change of the information structure’s accuracy around

s as « increases. We say that the information structures are uniformly supermodular ordered
if
Ws o (S, %) 0 H,(w(s, a*)|a*)

ws(s, a*) T ow h(w(s, a*)|a*)

is independent of s (or equivalently w). In other words, when « increases, the information
structure becomes more informative “uniformly” over [0,1]. The formal definition is given

as follows:

Definition 2 The information structures are uniformly supermodular ordered if there exists

a positive function b : [a, @] — Ry such that, for all « € [a, @] and w € [w(0, o), w(1, )],

H,(w|a) _w—p
h(wla) — bla) -

®Lemma 1 is not an equivalent definition of supermoduler ordered information structures. If w(-,-) is
strictly supermodular (i.e. satisfies inequality (1)), —Hy(-|a)/h(-]cr) is non-decreasing but not necessarily
strictly increasing. I conjecture that all the results still hold if we require only that —H,(-|a)/h(-|a) is
non-decreasing, but the stronger assumption simplifies the analysis.

6(See Ganuza and Penalva (2010)) Formally, if o > o, w(s, ) is strictly larger than w(s,a’) in the
dispersive order. Let Y and Z be two real-valued random variables with distributions F' and G, respectively.
We say Y is greater than Z in the dispersive order if for all ¢,p € (0,1) and ¢ > p,

F~Yq) — F~Y(p) > G~ (q) — G~ }(p).



When the information structures are uniformly supermodular ordered, we can obtain
a sharper and simpler characterization of the ex ante efficient mechanisms. The following
two commonly used information technologies in the literature are uniformly supermodular

ordered:”

Example 1 (Linear experiments) Consider the following information structures, which
are called “truth-or-noise” in Lewis and Sappington (1994), Johnson and Myatt (2006) and
Shi (2012). x; is equal to agent i’s true type 0; with probability «; € [0,1] and is an inde-
pendent draw from F with probability 1 — «;. Because the marginal distribution of x; is F,
the transformed signal is s; = F(x;). The posterior mean of an agent who chooses «; and

receives s; 1s w(s;, ;) = o F1(s;) + (1 — o). It is easy to verify that

Ho, (wilog) — w; — p

h(wz|oz,) - a;
Hence, the information structures are uniformly supermodular ordered.

Example 2 (Normal experiments) Let {0;} be independently distributed with a normal
distribution: 0; “ N(u,1/8) and 8 > 0. Agent i can obtain a costly signal x; = 0; + &;,
where &; u N(0,1/;) and o; > 0. Because the marginal distribution of x; is also normal
with x; ~ N(u, (8 + a;)/Ba;), the transformed signal is s; = ® (v Bai(z; — p) /B + ),
where @ is the distribution function of the standard normal distribution. The posterior mean
of an agent who chooses «; and receives s; is

Vi@ (s;)

w(si, o) = p+ ~——ors

\/5(0@4‘5)'

It is easy to verify that
Ho, (wila;) _ Bw; — p)
h(wiloy) 2ai(a; + )

Hence, the information structures are uniformly supermodular ordered.

2.2 Timing

The game proceeds in the following way: The social planner announces a mechanism. Af-
ter observing the mechanism, the agents simultaneously choose their information structures

{a;} and observe the realized signals {s;}. Both «; and s; are agent i’s private information.

See, for example, Ganuza and Penalva (2010) and Shi (2012).



The agents then simultaneously decide whether to participate in the mechanism. All partic-
ipating agent report their private information to the mechanism. Based on their reports, an
allocation and payments are implemented according to the announced mechanism.

We assume that the payoff structure, the timing of the game, the prior distribution and
the family of information structures are common knowledge. As is standard in the literature,

the solution concept is Bayesian Nash equilibrium.

2.3 Mechanisms

The private information of agent 7 is two-dimensional including his choice of information
structure o; and the realized signal s;. However, similar to Biais et al. (2000), Szalay (2009)
and Shi (2012), the usual difficulties inherent in multi-dimensional mechanism design problem
do not arise here. This is because the posterior mean, w(s;, «;), summarizes all the private

information needed to compute agent ¢’s expected valuation of the object:

Eo[vs(0)]ai, 5] = w(si, i) +7 ) E[f].
J#

Furthermore, the social planner cannot screen agents with the same posterior mean but
different choices of information structures. Hence, we can appeal to the revelation principle
and focus on direct mechanisms in which agents report their posterior means directly. For
ease of notation, we use w; to denote w;(s;, ;) and w = (wy,...,w,) to denote a vector
of posterior means. A direct mechanism is a pair (q,t), where ¢ := (¢1,...,¢,) and t :=
(ti,...,tn). Foreach i = 1,...,n, ¢ : [0,0]" — [0,1] maps a vector of reported posterior
means w to agent i’s probability of receiving the object and t; : [0, 0]" — R maps w to his
payment. We note here that the message space for each agent in a direct mechanism is the
support of the prior distribution [#, §] because any w; € [#, 6] can arise in the game without
further knowledge on agents’ choices of information structures.

Given a mechanism (g, t), let a* := (af,...,a) denote the equilibrium vector of infor-

mation structures. Define agent i’s interim probability of receiving the object as

Ql(wl) = Ew—i[%’(wivw—i)laii]’ vwi € [Qv ]7 (2)

where o ; are his opponents’ information structures. Then the interim utility of agent ¢ who

*

has a posterior mean w; and reports wj is

v (Z wj) qi(wi, w—;) — ti(w, w—;)

J#i

Ui(w;, w)) := w;Qi(w;) + E,_,

10



Note that Q;(w;) and U;(w;, w}) also depend on a*,. Here we suppress the dependence for
ease of notation.
We require the mechanism chosen by the social planner to satisfy the following con-

straints. First, the mechanism must be (interim) individually rational (IR):

so that the agents are willing to participate in the mechanism. Because the social planner’s
goal is to maximize the social surplus, and transfers between the agents and the social planner
do not affect the social surplus, we can guarantee that (IR) is satisfied by making sufficiently
large lump sum transfers to the agents. Furthermore, as demonstrated later, under some
regularity condition the lump sum transfers can be chosen so that (IR) is satisfied and the
social planner’s revenue is non-negative. Hence, unless noted otherwise, we will ignore (IR) in

the remainder of the paper. Second, the mechanism must be Bayesian incentive compatible
(IC):

Ui(w;) > Us(wy, w)), Yws, w) € 16, 6], (IC)
so that truth-telling is a Bayesian Nash equilibrium. Lastly, because the information struc-
ture chosen by an agent is unobservable, the mechanism must also satisfy the information
acquisition constraint (IA). That is, no agent stands to gain by deviating from his equilibrium

choice: for each agent i,

gi(w) (wi +VZE[93']> — ti(w)

J#i

*
a; € argmax [E,,

g

i, a5 = a; Vi # z] —C(ay). (IA)

The social planner’s problem, denoted by (P), is to choose a mechanism (q,t) and a
vector of recommendations of information structures a* to maximize the expected social

surplus:

max [E,,
a*,(q;t)

D (w7 ) wy)a(w)

i i
subject to (IC), (IA) and the feasibility constraint (F):

o =g W] —ZC(OJ), (P)

0< g(w) <1, Zqi(w) < 1,Vw. (F)

We say that a mechanism (q,t) is ex ante efficient or optimal if there exists a* such
that a* and (g, t) solve the social planner’s problem. We say that a mechanism is ex post

efficient or optimal if the allocation is efficient given acquired information: for all 7, ¢;(w) = 1

11



if w; > max; w; and ¢;(w) = 0 if w; < max; w;.

3 Efficient mechanisms

In this section, we restrict attention to mechanisms that treat all agents symmetrically®
as well as symmetric equilibria in which all agents choose the same information structure
(i.e. of = a* for all 7). This restriction significantly simplifies the analysis but it may result
in a loss of generality. We will relax the symmetric restriction in Section 4.

When the ex post allocation rule q is symmetric and all agents choose the same informa-
tion structure, the corresponding interim allocation rule @); is independent of i. From here
on, we drop the subscript ¢ from @), w and a whenever the meaning is clear. By the standard

argument,” (IC) holds if and only if
Q(w) is non-decreasing in w, (MON)

and U;(w) is absolutely continuous and satisfies the following envelope condition
Uitw) = Ui) + [ Qua)da, vu e 0.3 3)
0

Consider next the agent’s incentives to acquire information. Supposing that agent i

chooses «;, his (ex ante) expected payoff is given by

w(1l,04)
/ Ui(w)dH (w|a;) — Clay)
’LU(O,O(Z')
w(1,0;)

w(0,04;)

(The derivation of equality (4) can be found in Appendix A.) Hence, (IA) becomes

w(1l,04)

o € argmax U;(w(0, o)) + / 1 — H(w;|a)] Q(w;)dw; — C(ay).
Q; w(0,a;)

This condition is hard to work with directly. We follow the standard first-order approach, and

replace (TA) by a one-sided first-order necessary condition. In an earlier paper, Bergemann

and Valiméaki (2002) show that if the social planner adopts the ex post efficient mechanism,

the agents tend to acquire more information than the socially desired level. This result

8The formal definition of symmetric mechanisms can be found at the beginning of Appendix A.
9See, for example, Myerson (1981).

12



suggests that an ex ante efficient mechanism would distort the allocation of the object to
discourage agents from acquiring excessive information. Hence, we hypothesize that to ensure
that (IA) holds in an ex ante efficient mechanism, it suffices to ensure that no agent has

incentives to acquire more accurate signalsq than recommended: for all o; > a*,

w(l,a*)
w00 + [ Bl Qudv — (@)
| w(l,04)
> U (w(0, a5)) + /(0 | 1 — H(w|oy)] Q(w)dw — C(«y).

This implies the following one-sided first-order condition:'’

5. [~alule)

h(wlo) Qw)|a; = a*] < C'(a¥). (TAY)

The left-hand side of the above inequality is agent 7’s marginal benefit from choosing a*, and
the right-hand side is the marginal information cost. We show that, for any non-decreasing
interim allocation rule (), an agent’s marginal benefit from acquiring information is non-

negative:
Lemma 2 Suppose that Q : [0,0] — R is non-decreasing on [w(0, a;), w(1, a;)], then

Ha.(wi|ozz~)
Eu, | oDl Q(w;

az} >0, (5)

where the equality holds if Q) is constant.

An important implication of Lemma 2 is that if an interim allocation rule @) is “steeper”
than another one )’ in the sense that their difference ) — @' is non-decreasing, agent i’s
marginal benefit from acquiring information is higher under @). Intuitively, a steeper interim
allocation rule implies that the mechanism’s outcome is more sensitive to an agent’s private
information and gives him stronger incentives to acquire information. (In fact, an agent’s
marginal benefit from acquiring information is higher under @) if there exists a partition of
[0,0] such that @ — Q' is non-decreasing in each interval; we omit the details here.) This
property is important for understanding the structure of the ex ante efficient mechanisms

later.

10The main technical reason why we consider a one-sided first-order condition here is to sign the La-
grangian multiplier associated with (IA’). Admittedly, this relaxation also simplifies the proof of Theorem
1. But my conjecture is that Theorem 1 can be proved even if we require the first-order condition holds with
equality.
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Subsequently, we first consider the social planner’s relaxed problem by replacing (IA) by
(IA"), and then show that (IA’) holds with equality when a* is chosen optimally. Finally,
the first-order approach is valid if the second-order condition of the agents’ optimization
problem is satisfied. Appendix A.3 provides sufficient conditions that ensure the first-order
approach to be valid.

Although (IA’) is easier to work with than (IA), it is still nonstandard and prevents us
from solving the social planner’s problem directly as in Myerson (1981). To overcome this
difficulty, we focus on reduced form auctions. Formally, a reduced form allocation rule is

defined as follows:

Definition 3 An allocation rule q implements Q : [0,0] — [0,1] and Q is the reduced form
of q if q satisfies (2) and (F) for allw € [0,0]. Q is implementable if q exists implementing
Q.

One important prior result we use in this paper is the necessary and sufficient condi-
tion of Maskin and Riley (1984), Matthews (1984b) and Border (1991), which characterizes
the interim allocation rules implementable by symmetric mechanisms. By Theorem 1 in

Matthews (1984b), any non-decreasing function @ : [0,6] — [0, 1] is implementable if and

only if it satisfies

Y(w) = /9 [H(z|a*)"" = Q(2)] h(z|a*)dz > 0, Yw € [0, 6. (F")
The above condition says that the probability of assigning the object to an agent whose
posterior mean is above w, n fo(z)h(zm*)dz, must not exceed the probability with which
an agent whose posterior mean is above w exists, 1 — H(w|a*)" =n ffH(z\a*)”_lh(da*)dz.
Clearly, this is a necessary condition for ) to be implementable. If @) is non-decreasing,
Theorem 1 in Matthews (1984b) proves that this condition is also sufficient. Hence, given
(MON), we can replace (I') by (F’). Note that in equilibrium the support of the posterior
means is give by W := [w(0, a*),w(1,a*)] C [0, 0]. Therefore, (F’) imposes no restriction on
Q) outside W.
To summarize, the social planner’s relaxed problem, denoted by (P’), becomes:

a; =" Vi| —nC(a”),

max B | ) (wi +7) w;)g(w)

a*,(q.t) - por

subject to (MON), (IA’) and (F'). Note that all three constraints ((IC), (IA) and (F)) in
the original problem (P) are replaced by constraints ((MON), (IA’) and (F’)) that are ex-

pressed as functionals of the interim allocation rule @). In order to work with reduced form
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auctions, we must also express the social planner’s objective function or the expected social
surplus as a functional of (). This exercise is trivial when agents have private values (7 = 0),
because in this case an agent’s expected valuation of the object and his winning probability
are independent conditional on his private information. In general, this is impossible when
agents’ values are interdependent (v > 0), because in this case both an agent’s expected
valuation of the object and his winning probability depend on other agents’ private infor-
mation. Nonetheless, we can still write the expected social surplus as a functional of @) if )
is the reduced form of an ex ante efficient allocation rule, which never withholds the object.
This is the result of Theorem 1.

Theorem 1 Suppose that the information structures are supermodular ordered, and o* and

(g, t) solve the social planner’s relaxed problem (P'). Then

Zqi(w) =1 for almost all w € W". (6)

The proof of Theorem 1 can be found in Section 3.1. Using Theorem 1 and the law of

iterated expectations, the social planner’s objective function can be rewritten as a functional

of Q:

Eq Z(wz +7 Z w;)g;(w)

i i

o, =a’ ‘v’i] = ZEW [(1 =) w;Q(w;)| ; = ] + nyp.

Because the second term, nyu, is a constant, we ignore it from here on. Hence, the social

planner’s relaxed problem (P’) can be rewritten as follows:

mis B, [(1 - 7)uwQ(w)] ] - (o). )
subject to
v - [ [H(laty — Qh(:lat)dz > 0, Vo € 0,7, )
Q(w) is non-decreasing in w, (MON)
. |-l g | < @) (14

In addition to being instrumental in solving the social planner’s problem, Theorem 1 also
has some inherent economic interest. Obviously, when information is exogenous, the efficient

mechanism never withholds the object. This is not obvious when information is endogenous,
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because, by withholding the object occasionally, the social planner can discourage agents
from acquiring excessive information, which may improve efficiency ex ante. However, intu-
itively, whenever the social planner withholds the object, she can also allocate it randomly.
By doing so, the ex post allocative efficiency improves while the agents’ ex ante incentives
to acquire information are unaffected.

Though intuitive, the proof of Theorem 1 is non-trivial. This is because the resulting
mechanism, by simply randomizing the object whenever it is withheld, is likely to violate
(MON) or (IA"). To illustrate this difficulty, let A be a set of types such that ), ¢;(w) < 1
whenever w € A". Suppose that A has a “hole” in the sense that there exists an interval
(w,w) such that (w,w) N A=0and inf A < w < W < sup A.

If we simply redefine q such that it remains unchanged outside A" and ), ¢;(w) = 1 for
all w € A", the resulting () remains unchanged for all w € (w,w) but increases for all w € A.
If we allocate the object too often to agents whose types are in [, w] N A, the resulting @
will no longer be non-decreasing and violate (MON). If we allocate the object too often to
agents whose types are in [w, 0] N A, the resulting Q is becomes steeper. Because a steeper
interim allocation rule gives an agent a higher marginal benefit from acquiring information,
this change will lead to a violation of (IA’). Hence, to ensure that the new g generates a
higher social surplus while respects all the constraints, we must adjust q not only inside A",
but also outside A™.

Finally, Theorem 1 implies that under some regularity condition the lump sum transfers
can be chosen so that (IR) is satisfied and the social planner’s revenue is non-negative. This

result is summarized in the following corollary.

Corollary 1 Suppose that the information structures are supermodular ordered, and o and
(g,t) solve the social planner’s relazed problem (P’). Suppose, in addition, that (1 — ~v)w —
[1 — H(w|a*)] /h(w|a*) is non-decreasing in w. Then there exists t such that o* and (q,t)
solve (P'), and (IR) is satisfied and the social planner’s revenue is non-negative under this

new mechanism.

3.1 Proof of Theorem 1

This section contains the proof of Theorem 1. The readers who are not interested in the
proof may skip this section and proceed directly to Section 3.2 without loss of continuity.

We prove Theorem 1 by proving lemmas 3 and 4. Observe first that if «; = o* for all
i, Y(w(0,a*)) is equal to 1 minus the probability of assigning the object to some agent.

Clearly, (6) is violated if and only if Y (w(0,*)) > 0. Then we have the following lemma:
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Figure 1: Proof idea of Lemma 3

Lemma 3 Suppose that the information structures are supermodular ordered and o; = o for
alli. Let Q be any interim allocation rule satisfying (F'), (MON), (IA”) and Y (w(0,a*)) > 0.
Then there exists Q satisfying (F'), (MON) and (IA') such that

~

Q(w) = Q(w), Yw € W, (7)

and the strict inequality holds for a set of w with positive measure.

The intuition behind the proof of Lemma 3 can be illustrated by Figure 1. Supposing
that () satisfies the assumptions in Lemma 3, one can construct another interim allocation
rule Q by increasing () at the lower end of its domain as in Figure 1. Clearly, the resulting Q
is non-decreasing and implementable if the change is sufficiently small. It remains to verify
that Q also satisfies (IA’). Intuitively, agents have weaker incentives to acquire information
if outcomes are less sensitive to changes in their private information. Formally, recall that
Lemma 2 implies that if Q is less steep than ) in the sense that it differs from @ by a
non-increasing function (as in Figure 1), for any amount of information acquired (or any «),
Q gives agents a smaller marginal benefit from acquiring information that () does. Hence,
Q satisfies (TA') as Q does.

The gap between Lemma 3 and Theorem 1 is that, when ~ > 0, the expected social
surplus

Eu | 3w+ 7Y w))a(w)

7 J#

o = a Vi]

does not directly depend on (). To prove Theorem 1, we need to show that, for any ex-post
allocation rule q implementing (), we can find an ex post allocation rule g that implements

Q and yields higher expected social surplus. This is the result of Lemma 4.
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Lemma 4 Suppose that the information structures are supermodular ordered and o; = o
for all i. Let Q and Q be two implementable allocation rules satisfying (7). Let q be an

ex-post allocation rule that implements (). Then there exists an ex-post allocation rule q that

=a* Vi] )

The proof of Lemma 4 relies on the following technical lemma. We slightly abuse notation

implements Q and satisfies

E. Z wz—l-vzw] gi(w

J#i

o; = o™ Vi

Z wi+7 Y w;)gi(w

J#i

a bit and let h denote the probability measure on W corresponding to H (w;|a*).

Lemma 5 Let Q : W — [0,1] be an interim allocation rule and p : W" — [0,1] be a
symmetric measurable function. Then there exists a symmetric ex post allocation rule q that
implements Q) and satisfies Y, ¢;(w) > p(w) for almost all w € W™ if and only if, for all
measurable sets A C W, the following inequality holds

/ plaw)dh"(w) < n /A Q(w:)dh(w;) < / i (w) (8)

To see that inequality (8) is necessary, suppose that there exists an ex post allocation
rule g that implements () and satisfies >, ¢;(w) > p(w) for almost all w € W™. For any
measurable set A C W, the probability with which some agent whose type is in A receives
the object is given by n [, Q 1 Q(w;)dh(w;). On the one hand, this probability must exceed
the probability with which some agent receives the object when all agents’ types are in A,
Jan 2 @i(w)dh™(w), which is bounded below by [, p(w)dh"(w) by assumption. This gives
rise to the first inequality. On the other hand, it cannot exceed the probability with which
an agent whose type is in A exists, [ o AR (w). This gives rise to the second inequality. In
Appendix A.1, we show that (8) is also sufficient.!!

With Lemma 5 in hand, it is easy to prove Lemma 4.

Proof of Lemma 4. Consider two implementable allocation rules ¢) and Q satisfying (7).
Let g be a symmetric ex-post allocation rule that implements @). Define p : W™ — [0, 1] by
p(w) :=>", ¢;(w) for all w € W". Then p is symmetric. By Lemma 5

/ i (w) > n /A O(w:)dh(w;) > n /A Q(w:)dh(w;) > / plaw)an” (w).

By Lemma 5, there exists an allocation rule ¢ that implements Q and satisfies > Gi(w) >

UNote also that if A = [w, 8], then the second inequality in (8) becomes (F’).
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p(w) =", ¢i(w) for almost all w € W™. Hence,

i i
= ZEw [(1 - V)U)z@(wi) o = Oé*} +E (’YZW) (Z (ji(’w)> o =a Vi]
> ZEW [(1 = Y)w;Q(w;)| a; = @] + By (7210) (Z qz(w)> a; = a Vi]

z(wmz%) o

J#i

=a* Vi] ,

where the strict inequality holds because @ and @ satisfies (7) and 37, Gi(w) > 37, ¢;(w) for
almost all w € W". This completes the proof. m

3.2 Optimal mechanisms for fixed o*

We solve the principal’s relaxed problem (P’) in two steps. In this subsection, we solve

the following sub-problem for each a* € [a, @], denoted by (P’-a):
Via®) = max E, [wQ(w)|a*], (P'-a*)

subject to (F'), (MON) and (IA’). In Section 3.3, we solve max,cjqa) (1 —7)V () — C(a).
Fix o*. If the principal adopts the ex post efficient mechanism, the interim allocation
rule is given by Q(w) = H(w|a*)"! for all w. Clearly, if o* is such that
H, *
Ew . (wla )H(w|a*)n—1

h(w|a*)

a*} < C'(a), 9)

the ex post efficient mechanism solves (P’-a*). In the rest of this subsection, we assume
that o* is such that (9) is violated. In what follows, we consider two cases in turn. In
Section 3.2.1, we consider the special case in which the information structures are uniformly
supermodular ordered. In this case, we first solve a relaxed problem of (P’-a*) by ignoring
the monotonicity constraint (MON), and then show that if the information structures are
uniformly supermodular ordered, the solutions of this relaxed problem automatically satisfy
(MON). In Section 3.2.2, we consider the general case when the information structures are
supermodular ordered. In this case, the solutions of the relaxed problem violates (MON) in

general. In the main text, we present an informal arugument to derive the optimal solutions
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of (P’-a*) using Myerson (1981)’s ironing procedure. The formal analysis can be found in
Appendix A.2.

3.2.1 Optimal mechanisms in the regular case

If we ignore the monotonicity constraint (MON), the following Lagrangian relaxation can

be used to get an intuition of the optimal solution:

w(l,a*)
& = N (H(w|a), a*) Q(w)h(w|a®)dw + AxC' (o), (10)

w(0,a*)

where Ax > 0 is the Lagrangian multiplier associated with (IA’) and @*X (-, a*) is defined
by12

Ho(H™(t]a")]o)
h(H=(t]o)]a*)

O (t ) = H  (t|a®) + Ax vt € [0, 1].

O™ (H(wl|a*), a*) can be viewed as the “virtual value” associated with posterior mean w:

Ho(wla”)

Ax * *\
O (H(wla®), o) w+)\X—h(w|a*)

. Yw e WL

The first term in the virtual value, w, is the posterior mean of an agent’s type. In the case
of private values (7 = 0), this is equal to his expected valuation of the object. In the ex post
efficient mechanism, an agent is rewarded based on his posterior mean. When the agents
can choose how much information to acquire, we must subtract, from an agent’s posterior
mean, Ax multiplied by the marginal change of his posterior mean if he acquires more precise
information: " i}

where s is such that w(s,a*) = w. In an ex ante efficient mechanism, an agent is rewarded
based on his virtual value. When the information structures are supermodular ordered,
—H,(w|a*)/h(w|a*) is strictly increasing in w. Hence, the virtual value (as a function of the
posterior mean) is less steeper than the posterior mean. In other words, an agent’s virtual
value is less sensitive to his private information than his posterior mean. This difference
discourages agents from acquiring excessive information as they do under the ex post efficient

mechanism. 3

12We define (-, a*) as a function of percentiles rather than posterior means simply to make it easier
to define “ironed virtual values” later when the pointwise virtual surplus maximizer violates (MON).

13The standard virtual value in a revenue maximization problem is defined as the difference between
a type’s true value and the information rents necessary to induce truthtelling. Here, because the social
planner’s goal is to maximize the social surplus rather than her revenue, the inverse hazard rate associated
with the information rents does not appear.
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If the virtual values are non-decreasing in w when Ay is chosen optimally, the optimal
solution to (P’-a*) can be obtained by maximizing the virtual surplus pointwise because there
exists a pointwise virtual surplus maximizer that is non-decreasing and satisfies (MON).

This method works in the simple case in which the information structures are uniformly
supermodular ordered. Recall that in this case we have

H,(wla*)  w—p

“hwlar)  ban)

Hence, the virtual values are given by

M (H(wla®), o) = w — )\Xw v,

We argue that the optimal Ax is equal to b(a*). Suppose that Ax < b(a*). In this case,
the virtual value is strictly increasing and the pointwise virtual surplus maximizer is the ex
post efficient allocation rule: Q(w) = H(w|a*)""! for all w. However, by assumption, o*
is such that (9) is violated. This implies that (IA’) is violated, which is a contradiction.
Hence, Ax > b(a*). Suppose that Ax > b(a*). In this case, the virtual value is strictly
decreasing and the interim allocation rule ¢) that maximizes the expected virtual surplus
and satisfies (MON) is constant. However, this implies that (IA”) holds with strict inequality
and therefore Ax = 0, which contradicts to the hypothesis that A\x > b(a*) > 0. Hence, the
optimal Ax is equal to b(a®).

When Ay = b(a*), the virtual value is constant: X (w,a*) = p for all w. Hence, any
feasible non-decreasing allocation rule @) satisfying condition (6) maximizes the expected
virtual surplus. If @ also satisfies (IA’) with equality, it solves (P’-a*). These arguments

prove the following proposition.

Proposition 1 Suppose that the first-order approach is valid and the information structures
are uniformly supermodular ordered. Suppose, in addition, that o* is such that (9) is violated.
Then @ solves (P'-a) if and only if Q) is non-decreasing and Q) satisfies (6) and (IA") with
equality.

Note that there are typically multiple interim allocation rules that solve (P’-a*). Corol-
lary 2 below describes one of them whose corresponding direct mechanism has a simple and

appealing implementation: standard auctions with discrete bids.

Corollary 2 Suppose that the first-order approach is valid and the information structures
are uniformly supermodular ordered. Suppose, in addition, that o* is such that (9) is vio-

lated. There exists a sequence of {w*}74! such that w(0,0*) = v’ < w! < -+ < W™ <
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w™ = w(l,a*) such that the following interim allocation rule solves (P'-a*): for each

k=0,1,...,m

% [H(wk+1|0z*)” — H(wﬂa*)”}
H(wF o) — H(wF|a")

Qw) := if wh < w < Wt
The corresponding optimal direct mechanism can be implemented by a standard auction with

m discrete bids.

In a standard auction with m discrete bids, an agent can choose a bid from a set pre-
determined bids: b* < --- < b™. The agent with the highest bid wins and pays his or the
second highest bid depending on the auction rule. Ties are broken uniformly at random. By
restricting bids to discrete levels, we bunch nearby posterior means together, which clearly
reduces agents’ marginal benefits from gathering information. We further illustrate this idea

in the following example in which agents can perform linear experiments.

Example 3 (Linear experiments) Consider the information structures in Ezxample 1.

Assume that F(0) = 6 with support [0,1] and the cost function is given by

3 1\? 1
C’(oz):§ (a—é) , Va € {5,1} ,
Then, as we demonstrate in Appendiz A.3, the first-order approach is valid. Assume that
there are n = 2 agents. Finally, let v = 7/8.

As a benchmark, consider first the case in which the social planner runs a second-price
auction with no restriction on bids. Suppose that both agents choose the same information
structure before partipating in the auction. By Krishna (2009), in this auction there ezists
a symmetric equilibrium in which an agent’s bid is strictly increasing in his posterior mean.
Therefore, the allocation is ex post efficient. We argue that in this case it is an equilibrium
for both agents to choose & = 11/18. Supposing that agent 2 chooses & = 11/18, agent 1’s
marginal benefit from acquiring information is 1/12. Clearly, it is optimal for agent 1 to
choose & = 11/18 as well.

However, this second-price auction is not socially optimal. As we demonstrate later in
Ezxample 4, the socially optimal information choice in this example is o = 7/12, which is
strictly less than & = 11/18. It can be verified that the following interim allocation rule
solves (P'-a*):

Q) = { o<
if w >

INJ[SURTNTE
N N
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Furthermore, the corresponding ex ante efficient mechanism can be implemented by the fol-

lowing second-price auction with two allowable bids:

1 at ’}/Oé* ’706*2
b= ——+ &
- 2_'_ 2 2 + 4 7
7 5 3a* N Sra* 3ya*?
2 2 2 4

Ties are broken uniformly at random. We argue that, if both agents chooses a* = 7/12 ex
ante, it is an equilibrium in which an agent bids b if w < 1/2 and bids b otherwise. Supposing

that agent 2 follows this strateqgy, the payoff of agent 1 whose posterior mean is w and bids

1,0 8% _
U(b;w)z{ i 8

b is given by

It is easy to see that it is optimal for agent 1 to bid b if w < 1/2 and bid b otherwise. (In fact,
this is true regardless of agent 1’s information choice.) Next, consider agent 1’s incentives
to acquire information. Supposing that agent 2 chooses o* = 7/12, agent 1’s marginal benefit
from acquiring information is 1/16. Clearly, it is optimal for agent 1 to choose o = 7/12

as well.

Restricting bids to discrete levels is not uncommon in auctions in practice. For example,
eBay auctions require that the next bid must exceed the current price plus a bid increment
and FCC spectrum auctions adopt a minimum clock price increment. Most existing auction
theories predict that discrete bids lead to inefficiency and they are mainly used in practice
to simplify communication processes and speed auctions (see Ausubel and Cramton (2004)).
Our results suggest an alternative justification for the prevalence of discrete bids. That is,
when agents have interdependent values and can covertly acquire information at some cost,

the use of discrete bids can improve ex ante efficiency.

3.2.2 Optimal mechanisms in the general case

If the information structures are not uniformly supermodular ordered, typically a point-
wise virtual surplus maximizer is not non-decreasing (or violates (MON)) and ironing is
necessary. In particular, an optimal solution can be obtained by ironing ©*x (-, a*) in the

following procedure first introduced by Myerson (1981). For each t € [0, 1], define

¢
JM(t, %) :—/ O (1, a)dT.
0
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Figure 2: Ironing

Let 7% denote the convex hull of JAx , defined by

Tt a") == min {BJ(t, @) + (1 — B)J(ta, a*)[tr, ts € [0, 1], Bty + (1 — B)ta = L}, V¢ € [0, 1].
This is illustrated by Figure 2. Because 7/\X(-,oz*) is convex, it is continuously differen-
tiable virtually everywhere. Define the ironed virtual value X (-, a*) as follows. First, for
each t € (0,1) such that 67Ax(t,a*)/8t exists, let P (t,a*) = o7 (t,a*)/0t. Second,
extend P** (-, a*) to [0,1] by right continuity. Because 7/\X(-,0z*) is convex, PN (-, a*) is
non-decreasing.

Let Ax be chosen optimally. By the standard argument, we can show that the expected

social surplus is bounded above by the maximum ironed virtual surplus plus a constant:

w(l,a®) w(l,a")
/ 2Q(2)h(z]a™)dz < / X (H(z]a"), a*)H(z\a*)"’ldH(z]a*) + AxC' (o).
w(0,a*) w(0,a%)
(11)

Furthermore, an interim allocation rule @) achieves this upper-bound (or solves (P’-a*)) if
and only if (i) @ satisfies (IA") with equality; (ii) Y (w(0,a*)) = 0 (i.e. @ allocates the object
with probability one); and (iii) @ satisfies the following two pooling properties:

L If J2*(H(w|a*), a*) > 7/\X(H(w]a*),a*) for all w € (w,w) and let (w,w) be chosen

maximally, @) is constant on (w, ).

2. If Y(w) > 0 for all w € (w,w) and let (w,w) be chosen maximally, P** (H(:|a*), a*)

is constant on (w,w).

(The derivation of inequality (11) can be found in Appendix A.) The first pooling property
says that if JAX (H(w|a*), a*) > 7/\X(H(w|a*), a*) for allw € (w,w) and let (w,w) be chosen
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maximally, all posterior means in (w,w) are pooled together. The second pooling property
says that if posterior means in (w,w) are pooled together, ** (H(-|a*), a*) is constant on
(w,w). By construction, JX(-,a*) > 7AX(-,04*). If JA(t, %) > 7/\X(t,a*) for some t,

J

Therefore, the first pooling property characterizes the minimum pooling area in an optimal

(-, ") is linear and therefore p*x (-, *) is constant in a neighborhood of ¢ (see Figure 2).

allocation rule and the second pooling property characterizes the maximum pooling area in
an optimal allocation rule. Intuitively, more pooling leads to less steep allocation rules and
weaker incentives to acquire information. The optimal amount of pooling is chosen so that
@ satisfies (IA") with equality.

The main difficulty is to determine the optimal multiplier Ax. In order to do so, we first
define the “steepest” allocation rule Q" and the “least steep” allocation rule )~ satisfying
conditions (ii) and (iii) given above. Define Q* (-, \x) as follows. If J**(H (w|a*),a*) >

7AX(H(w|a*), a*) for w € (w,w) and let (w,w) be chosen maximally, then let

o [H (@|a*)" — H(w|a”)"]
H(wla*) — H(wla®)

QJr(w? )\X) = ’ Vw € (waw)
Otherwise, let Q*(w, \¥) := H(w|a*)""L. Define Q= (-, A\x) as follows. If P*X(H(-|a*), a*)
is constant on (w,w) with w < w and let (w,w) be chosen maximally, then let

o H (@a")" — H(w|a”)"]

Q (w,Ax) = H(wlar) — Hwla®) Vw € (W, w).

Otherwise, let Q™ (w,\x) := H(w|a*)""!. Clearly, both QT and @~ are non-decreasing
and implementable and satisfy conditions (ii) and (iii). As we have argued above, among
all non-decreasing implementable @’s satisfying conditions (ii) and (iii), @* contains the
minimum pooling area and ()~ contains the maximum pooling area. We prove in Lemma 23
in Appendix A.2.3 that, for all non-decreasing implementable @’s satisfying conditions (ii)

and (iii), QT gives the agents’ highest marginal benefit from acquiring information and ¢~

.

Hence, there exists a non-decreasing implementable @) satisfying conditions (i)-(iii) if and

gives them the lowest:

g [ Ealole)

h(wlar) @7 (w, Ax)

SRR e

only if A\x is such that

 H,(wlo”)
. [ h(w]o)

Ho(wla”)

QJr(w,)\)d h(w\a*)

Q (w, Ax)

04*1 >C'(a*) > E {—

a*} . (12)
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The following Lemma 6 proves that such a Ax exists and is unique, and its proof can be
found in Appendix A.2.4.

Lemma 6 Suppose that the first-order approach is valid and the information structures are
supermodular ordered. Suppose, in addition, that o* is such that (9) is violated. There ezists

a unique A\x > 0 such that inequality (12) holds.

The main result of this section is the following Theorem 2, which demonstrates that the
unique Ax given in Lemma 6 is indeed optimal and the allocation rules we have derived

above solve (P'-a*):

Theorem 2 Suppose that the first-order approach is valid and the information structures are
supermodular ordered. Suppose, in addition, that o* is such that (9) is violated. Let Ax > 0
be such that inequality (12) holds and Q be a non-decreasing implementable allocation rule.
Then @ solves (P'-a*) if and only if Y (w(0,a*)) = 0, and Q satisfies (IA") with equality

and the two pooling properties.

Theorem 2 describes optimal mechanisms in terms of the reduced form but not how to
implement them. Similar to the regular case, there exists an ex ante efficient interim alloca-
tion rule such that the corresponding direct mechanism can be implemented by restricting
the set of allowable bids in standard auctions. But the optimal set of allowable bids can be
very complex due to the complex pooling areas. We omit the details here.

We interpret the optimal pooling areas as follows: Optimally, pooling occurs where
O™ (H(-]a*),a*) is not strictly increasing, i.e.,

Ws (S, o) 0 H,(w(s,a*)|a*)

ws(s, a*) T ow | h(w(s, a*)|a*) z

1
Ax

Recall that if an information structure is more informative, then w(s, @) changes more dra-
matically as s changes, i.e., wy(s,«) is larger. Hence, one can interpret ws(s,«) as a lo-
cal measure of the information structures’ accuracy around s. Then, w; (s, a)/ws(s, a)
is the percentage change of the information structures’ accuracy around s as « increases.
Intuitively, the most effective way to discourage agents from acquiring too much informa-
tion is to introduce randomization to areas where the information structures’ accuracy in-
creases most rapidly. If the information structures are uniformly supermodular ordered,
Ws.o(S, ) /ws(s, ) is a constant. In other words, when « increases, the information struc-
ture becomes more informative uniformly over [0, 1]. As a result, the choice of pooling areas

is not important (as it is the case in Proposition 1).'

4When the information structures are uniformly supermodular ordered, the minimum pooling area is
empty and the maximum pooling area is the support of the posterior means W in equilibrium.
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Though the result is intuitive, the proof of Theorem 2 is difficult because of the presence
of both the non-standard constraint (IA’) and the monotonicity constraint (MON). In this
paper, we use the following approach first proposed by Reid (1968) and later introduced
into the mechanism design literature by Mierendorff (2009). We first solve (P’-a*) under an

additional restriction, that ) is Lipschitz continuous with global Lipschitz constant K:
1Q(w) — Q(w")] < Klw —w'|, Vw,w € W.

Denote the modified maximization problem by (P*-a*). We show that the optimal solutions
of (PX-a*) converge to that of (P’-a*) as K — oco. Then we can obtain a characterization of
the optimal solutions of (P’-a*) in the limit. The formal analysis can be found in Appendix
A2

The proof is not a straightforward modification of Mierendorff (2009). Let @ and Q¥
denote the optimal solutions to (P*-a*) and (P’-a*), respectively. In Mierendorff (2009),
() is discontinuous at exactly one known point, and, for K sufficiently large, the slope of
Q¥ is equal to K only in a neighborhood around the discontinuity point. In this paper,
however, () could be discontinuous at most countably many times, at unknown points.
If @ is discontinuous at w, it is possible that every neighborhood of w contains another
discontinuity point. Hence, it is non-trivial to characterize @ as the limit of Q¥.

We conclude this subsection by briefly discussing why we cannot apply control theoy
directly. In the published version of Mierendorff (2009), Mierendorff (2016) does not use
the approach described above, and directly appeals to Theorems 7 and 8 in Seierstad and
Sydseeter (1987). However, the problem considered here, (P’-a*), is more complex for the
following two reasons. First, as discussed above, in Mierendorff (2016), state variable @
is discontinuous at exactly one point, while in (P’-a*), @ could be discontinuous at most
countably many points. Second, the problem in Mierendorff (2016) can be written as a
control problem without restrictions on the state variables, while (P’-a*) contains pure state
constraints (constraints in which control variables do not appear). To the best of my knowl-
edge, no existing theorem can be applied to provide necessary and sufficient conditions for

the optimal solutions of (P’-a*).

3.3 Optimal o

Given the optimal solutions of (P’-a*), we can now study the socially optimal information
choice. For each «, let m*(a) := (1 —v)V () — C () denote the maximum average expected

social surplus. Let o € argmax, |, 7° (@) denote a socially optimal information structure.

ey

We begin the analysis by showing that it is not optimal for the social planner to encourage
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the agents to acquire more accurate information than they would when facing the ex post

efficient mechanism. Then we provide a sharper characterization of the socially optimal o*

in the special case when the information structures are uniformly supermodular ordered.
Recall that the ex post efficient mechanism solves (P’-a*) if o* is such that the following

inequality holds:

CHawle) ] ]
|- ity o] < o) )
Let

& :=inf {a € [a,@]|(9) holds for a}, (13)

which is independent of v, and satisfies @ > «a. First, we argue that the socially optimal o* is
bounded above by @&. Lemma 27 in Appendix A.3 proves that if the second-order condition

of the agents’ optimization problem is satisfied,

w(l,a)

/ —H,(w]a)H(w|a)" 'dw — C'(«) is strictly decreasing in a. (14)
w(0,c)

This implies that inequality (9) holds strictly for all « > &. Hence, for all @ > &, the optimal

solution to (P’-a*) is the ex post efficient allocation rule: Q(w) = H(w|a)™! for all w. In

this case, the average expected social surplus is

w(l,a)

r(a) = (1 — 7)/ wH (wla)™h(w|a)dw — C(a).

w(0,a)
Taking derivative with respect to a gives

() = (1 —7) /W(LQ) —H,(w]a)H(w|a)" dw — C'(a).
w(0,a)
Because of (14) and the fact that C’(«) is strictly increasing, 7% («) is strictly decreasing.
By construction, 7%(&) = —yC'(&) < 0. Hence, 7%(c) < 0 for all @ > & and a socially
optimal information choice must satisfy a* < &. Note that, by construction, if the ex post
efficient mechanism is used, all agents choose & is the unique symmetric equilibrium. In
other words, it is not optimal for the social planner to encourage the agents to acquire more
information than they would under the ex post efficient mechanism. This result is consistent
with Bergemann and Véliméki (2002) and Bergemann et al. (2009). The fact that o* < &

also implies that (TA’) always holds with equality when o* is chosen optimally.'® Hence, it

I51f o* = @, the ex post efficient mechanism is optimal and (IA’) holds with equality by the definition of
&. Suppose that a* < &. Suppose, to the contrary, that (IA’) holds with strict inequality. Then the ex post
efficient mechanism is optimal. However, because inequality (9) is violated when o* < &, (IA') is violated,
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is sufficient to consider the one-sided first-order condition.

Second, the upper-bound & converges to « as the number of agents n increases because
the agents’ incentives to acquire information diminish as n increases. To see this, consider
the ex post efficient allocation rule: Q(w) = H(w|a)" ! for all w. In this case, the agents’
marginal benefit from acquiring information (measured by the first term in (14)) is of order
1/n.1% Tt is nature to conjecture that & is decreasing in n. For example, this is the case when
the agents can perform linear experiments (see Example 4). But we remark that in general
the agents’ marginal benefits from acquiring information may not be monotonic in n. This
is because when n increases, the interim allocation rule becomes less steep for low posterior
means but steeper for high posterior means. Therefore, the aggregate effect is ambiguous.

Finally, we argue that when the agents have private values (v = 0), the ex post efficient
mechanism is also ex ante efficient. To see this, note that the average expected social surplus

is bounded above:

(o) < /W(La) wH (w|a)"  h(w|a)dw — C(a),
w(0,a)

where the right-hand side is maximized at &. If v = 0, this upper-bound is also achieved by
the left-hand side at &. In the special case when agents can perform linear experiments, we
show a even stronger result holds: the ex post efficient mechanism is also ex ante efficient
when the positive dependence is weak (i.e. v is small) (see Example 4). This result is also
consistent with Bergemann and Véliméki (2002) and Bergemann et al. (2009). Specifically,
the latter shows that, in the ex post efficient mechanism, the difference between the equilib-
rium level of information and socially optimal level of information diminishes as the positive
dependence weakens.

These results are summarized in the following proposition:

Proposition 2 Suppose that the second-order condition of the agents’ optimization problem
is satisfied and the information structures are supermodular ordered. The socially optimal
information choice o* is bounded above by &, where & is such that (9) holds with equality

and lim,,_, &(n) = a. Furthermore, if y =0, o* = a.

For a < &, the analysis in Section 3.2 shows that the maximum average expected social

which is a contradiction. Hence, (IA’) holds with equality.
16The first term in (14) is of order 1/n:

v Hy(wla) oy @) 1 Ha(Ela)
/w(o,a) h(w|a) H{wla)™ h(w]a)d </w(o,a) h(0)c) H(wlo)™h{wla)dw = n( h(0|a) >
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surplus is given by

w(l,a)

(o) = (1 —7) / PN (H (w]a), ) H (w|e)"  h(w|a)dw + (1 = 1)AxC'(a) — C(a),
w(0,a)

where the optimal Ay depends on « in a complex way. Therefore, it is hard to characterize

the optimal a* in the general case. To obtain a sharper characterization of the socially

optimal information structure o, we assume in the rest of this section that the information

structures are uniformly supermodular ordered. In this case, the average expected social

surplus can be written as
(o) = (1—7) g +b(a)C'(a)| — C(a), YVa € [, 4. (15)

Assume that max,cpaa [(1 —7)b(e)C' (o) — C(a)] has a unique solution and denote it by

[e)

a°. Clearly, «

o

is independent of n. The socially optimal information choice is given by

a*(n,y) = min{a°(y), &(n)}. Taking derivatives of 7*(a) with respect to « gives
7 (a) = [(1 =)t () = 1] C'(@) + (1 = 7)b(a)C"(a), Va € [a,d].

If agents have pure common values (7 = 1), 7¥(a) = —C’(a) < 0 and the inequality holds
strictly for all & > a. Hence, it is socially optimal for the agents not to acquire information:
a* = o° = a. This is intuitive because information has no social value in the case of pure
common values. If v < 1, 7% () = (1 — v)b(a@)C" () > 0. Therefore, a® > a. Recall that
& > « and lim,_,,, & = a. Hence, when n is sufficiently large, a*(y,n) = &(n) and the ex
post efficient mechanism is also ex ante efficient. Intuitively, when there is a large number of
agents, an individual agent’s incentive to acquire information is already small because of the
fierce competition, and the social planner need not further discourage them from acquiring
information by distorting the allocation rule. These results are summarized by the following

proposition:

Proposition 3 Suppose that the second-order condition of the agents’ optimization problem
18 satisfied and the information structures are uniformly supermodular ordered. The socially
optimal information structure is given by a*(n,v) = min{a°(y), &(n)}, where lim,_,; a° = a

and lim,_,., & = a.

We conclude this section by illustrating the results in Propositions 2 and 3 in the following

example in which agents can perform linear experiments.
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Example 4 (Linear experiments) Consider the information structures in Ezxample 1.
Assume that F(0) = 0 with support [0,1] and the cost function (used in Persico (2000))
1s of the form

o) = K (o — a)?, Yo € [a,1],

where 0 < a < 1 and K > 1/8a. Then, as we demonstrate in Appendiz A.3, the first-order

approach is valid. In this case & is such that

n—1
2K(&h —a) = ————.
(@ -a) 2n(n +1)

The left-hand side of the above equation is the marginal cost of information, which is strictly
increasing in &. The right-hand side is the agents’ marginal benefit from acquiring informa-
tion, which is strictly decreasing in n for n > 2 and converges to 0 as n goes to infinity.

Hence, & is strictly decreasing in n and goes to a as n goes to infinity. Finally,
() = 2K [ya — (27 — 1)q].
If v < 5, 7¥(a) > 0 for all a and therefore o = é&. If v > 1, w(«) is strictly decreasing in

27
* . e
a* = min Q.
2y — 1’

a and therefore
Thus, if v is sufficiently small or n is sufficiently large, o = &, and the ex post efficient

mechanism is also ex ante efficient. If v is sufficiently large or n is sufficiently small, the

optimal o* 1s strictly decreasing in vy, and goes to a as 7y increases to 1.

4 Efficient asymmetric mechanisms

In this section, we relax the restriction that mechanisms treat all agents symmetrically
and all agents choose the same information structure in equilibrium. First, we show that the
result in Theorem 1 can be generalized (i.e. an ex ante efficient mechanism never withholds
the object). Second, when the information structures are uniformly supermodular ordered,
we provide conditions under which the socially optimal information choices are the same
for all agents and therefore a symmetric ex ante efficient mechanism exists. When these
conditions are not satisfied, we provide an example in which an asymmetric mechanism
generates higher expected social surplus than the optimal symmetric mechanism does.

We follow the same method used in Section 3 to solve the social planner’s problem. First,
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by the standard argument, (IC) holds if and only if
Qi(w) is non-decreasing in w, (MON)

and U;(w) is absolutely continuous and satisfies the envelope condition. Next we consider the

relaxed problem of the social planner by replacing (IA) by the one-sided first-order conditions

Ho, (wlay)

E, |-
h(wle7)

Qi(w)

a; = af} < C'(af), Vi. (IA)

and focus on reduced form auctions. Later on, we show in the appendix that if a* is chosen
optimally, (IA’) holds with equality for all i. Let Q := (Q1,...,Qy), where Q; : [6,0] — [0, 1]
is non-decreasing for all i. Let W; := [w(0, o), w(1, )] denote the support of w; for all i.

By Theorem 3 in Mierendorff (2011), @ is implementable if and only if it satisfies
n w(l,af) n n
Z/ Qi(z)dH (z]a}) <1 [[ H(wiley), vw € [[ Wi (F')
i=1 Jwi i=1 =1
Thus, given (MON), we can replace (F) by (F). Finally, as in the symmetric case, an ex

ante efficient mechanism never withholds the object:

Theorem 3 Suppose that the information structures are supermodular ordered and o and

(g,t) solve the relaxed problem of the social planner. Then
Zqi(w) =1 for almost all w € H[w(O,af),w(l,af)]. (16)
i i=1

Using Theorem 3 and the law of iterated expectations, the social planner’s objective

function can be rewritten as a functional of Q:

> (w7 w))gi(w)

) J#i

Eqp

a; = oy W] = B, [(1 = YwiQi(w)| i = a]] + nyp.

Because the second term, nvypu, is a constant, we ignore it from here on. To summarize, the

social planner’s relaxed problem, denoted by (P’), becomes:

Z(l — Y)wiQi(w;)

()

o =al \ﬁ] — Z Cla), (P
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subject to

n ) n
Z/ Qi(z)dH (z|af) <1 — HH w;lal), Yw € HW,-, (F)

i—1 i=1 i=1
Q;(w;) is non-decreasing in w;, Vi, (MON)
Ha, (wi|of) : .
E | —— "1 O.(w: = aF < * . 1A/
wj |: h<wl|0é;k) Qz(w1> Q az:| — C (az)7 VZ ( )

In general, it is hard to solve (P’) because both (F) and (IA’) are much more complex
here than they are under the symmetric restriction. In the rest of this section, we focus on
the special case in which the information structures are uniformly supermodular ordered.

Analogous to Proposition 2, Proposition 4 below proves that it is not optimal for the
principal to encourage all the agents to acquire more information than they would under
the ex post efficient mechanism. In particular, if all agents choose the same information

structure (i.e. of =--- = «ag), (17) implies that o < &, where & is defined by (13).

Proposition 4 Suppose that the second-order condition of the agents’ optimization problem
18 satisfied and the information structures are uniformly supermodular ordered. Let o be a
socially optimal information choices. Then o satisfies the following condition: there exists

agent © such that

*

(8

a’ (wilay) HH wl|oz

wz|oz JFi

E., > C'(af). (17)

Furthermore, for any o that satisfies the above condition, the expected social surplus is given

by
() =

M+Zb(a —ZC(a;). (18)

Proposition 4 also gives an expression of the expected social surplus. Compare (18) with
(15). It follows immediately that if a® < &, where a° is the unique solution to maxqefaa(1—
7)b(a)C' () — C(a) and & is defined by (13), the socially optimal information choices are

the same for all agents and a symmetric ex ante efficient mechanism exists:

Proposition 5 Suppose that the second-order condition of the agents’ optimization problem
15 satisfied and the information structures are uniformly supermodular ordered. Suppose, in
addition, that a° < &. Then the socially optimal information choices are the same for all

agents and a symmetric ex ante efficient mechanism exists.

The analysis in Section 3 suggests that the condition a® < & is more likely to be satisfied

when the number of agents is small or the level of interdependence is high. If a® > &, we
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give an example in which an asymmetric mechanism generates higher expected social surplus

that the optimal symmetric mechanism does.

Example 5 (Linear experiments) Consider Example /. Letn =2, o = 1/2 and K =
3/8 > 1/8a. Then, as we demonstrate in Appendiz A.3, the first-order approach is valid.

By Proposition /, a socially optimal information choice o must be such that

90(2 9(11

< 0% <Y 19
M=180,—2 T =184, — 2 (19)

When o satisfies (19), the expected social surplus is given by

= oot e ] F o) -2y

In this case, & is such that

Furthermore, (1—a)b( )C' () —C(a) = (1—7)%@(&—%)—%(@——) has a unique maximaizer
on [5,1. If y < 1, a°=1; and if v > 1, a° = v/(4y — 2). By Proposition 5, if a® < & or
v > 11/13, the socially optimal information choices are the same for all agents.

Assume that v < 11/13. In this case, the optimal symmetric mechanism is ex ante
efficient, and induces the following symmetric equilibrium: oy = as = &. In this case, the

expected social surplus is given by

192 — 195+

(&, &) = 391

~ 0.59 — 0.607.
Consider the following asymmetric mechanism

0 if max {5, w} <w

Y

q1(wr,wy) = {

1 af min{wl,g—g} > Wy

and ga(wy, we) = 1—qy (wy, wy) for all (wy,ws) € [0,1]%. Given this mechanism, the following
information choices constitute an equilibrium: of = 9/16 and o = 1. Given o = 1, the

interim allocation rule of agent 1 is given by

5w €05

Qi(w1) = wy if wy € [55, 2]
2w e (5]
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It is easy to verify that

w(l,a1) S0 3
/ —Ho (w1, 01)Q1(wy)dw; — C'(ay) = L2
(0,01) 12 8

w

Hence, it is optimal for agent 1 to choose of = 9/16. Similarly, given o = 9/16, the interim

allocation rule of agent 2 is given by

16 7
Qa(w2) = o W2~ 1—8,Vw2 € [0, 1].

It is easy to verify that

w(lo2) 65as 3 1
/ —Ha(wg,a1>Q2<w2)dw2 — Cl<042) = — 1082 + g > 0, VOéQ < |:§, 1:| .

w(0,02)

Hence, it is optimal for agent 2 to choose oy = 1. In this case, the expected social surplus is

given by

728 — 923

Clearly, if v < 0.4, this asymmetric mechanism generates strictly higher expected social

surplus that the optimal symmetric mechanism does.

To obtain some intuition behind this result, fix a* and consider the ex post efficient

mechanism. If agent j acquires more information, the change of agent i’s marginal benefit

.

a*] < 0.

from acquiring information is negative:

[ H, (w;]ad)
E., —l—*’Haj(onﬁ) H(w;|ag)
| M(wilag) ! kl;[] .

=E.,, | —(w; — p?*h(wilaj) [] H(wilaq)
L k#i,j

This result suggests that the agents’ information acquisition decisions are strategic substi-
tutes. Hence, an asymmetric mechanism could possibly outperform the optimal symmetric
mechanism because, by encouraging one agent to acquire information, it reduces other agents’
incentives to do so. This is exactly the case in Example 5. This finding is also consistent
with Bergemann et al. (2009), who model information acquisition as a binary decision and

show that an agent’s value of being informed is decreasing in the number of informed agents.
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5 Conclusion

Consider the sale of a single object when agents have positively interdependent values and
can covertly acquire information at some cost before participating in a mechanism. Maskin
(1992), Bergemann and Valiméki (2002) and Bergemann et al. (2009), among others, have
shown that using the ex post efficient mechanism will give agents too strong incentives to
acquire information. In other words, there is a conflict between the provision of ex ante
efficient incentives to acquire information and the ex post efficient use of information. In
this paper, we show how to design ex ante efficient mechanisms to balance the two trade-offs.
We conclude by discussing potential directions for future work.

In this paper, we assume that all agents simultaneously acquire information before par-
ticipating in the mechanism. One important direction for future research is to allow for the
possibility of sequential information acquisitions. It is likely that the efficiency can be im-
proved if agents are asked to acquire information in turn, and one’s information acquisition
decision can depend on the signals received by those who take actions earlier. It is also
interesting to consider the impact of initial private information. In this paper we have only
considered static mechanisms in which agents only report their private information once.
In general, one can consider a dynamic mechanism in which agents report their private
information both before and after acquiring information.

One standard assumption in the auction literature we maintain here is that the payment
by an agent depends only on his report and not on his realized valuation. Although it is
true that in some cases the value of the auctioned asset is subjective and cannot be verified,
in many important applications such as the oil and gas lease auctions and the sales of a
financial or business asset, the benefits to the agents are contractible. For example, in U.S.
auctions for offshore oil and gas leases, the winner’s payment to the government is a bonus
plus a fraction of revenues from any oil and/or gas extracted. When selling a company
to an acquirer or soliciting venture capital, equity and other securities are commonly used.
Another important direction for future research is to consider mechanisms with contingent

payments.

A Omitted proofs in sections 2 and 3

Before proceeding to the proofs, we first define symmetric mechanisms formally. Let

oi; : W" — W™ denote the function that interchanges the ith and the jth coordinates, i.e.,

O'i’j<w17 Ce 7’(1]”) = (’U)l, e ,wi_l,wj7wz-+1, . ,wj_l,wi,wjﬂ, e ,wn), ‘v’(wl, e ,U}n).
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We say that an allocation rule q is symmetric if ¢; is such that ¢;(w) = ¢;(0; j(w)) for all
i,j # 1 and all w, ¢;(w) = q1(01,;(w)) for all ¢ all w and >, ¢;(w) < 1 for all w. We say
that a mechanism (q,t) is symmetric if its allocation rule q is symmetric.

Proof of Lemma 1. By construction, H(w(s,a)|a) = s for all s € [0,1] and a € [a,@].

Taking derivative of both sides of the equation with respect to « yields
h(w(s, a)|a)wa(s, a) + Ha(w(s, a)la) = 0,

or equivalently, (w(s. @)l
H, (w(s,a)la w50
T hul ol 20

Because the information structures are supermodular ordered, —H, (w|a) /h(w|a) is strictly
increasing in w. Furthermore, w(s, «) is strictly increasing in s. Hence, w, (s, a) is strictly

increasing in s. Thus, for all 5,5 € (0,1), s’ > s and &/ > o we have

That is, w(-,-) is strictly supermodular. m

Derivation of equality (4). Supposing that agent ¢ chooses «;, his expected payoff is

w(l,a;)
/ U;(w)dH (w]a;) — C(a;)

w(0,a;)

_ /(({ v [ aw | dtt(ula) - Cla)

w(1l,a;) w(l,a;)
—U(0) + / Quw)duw / H (w]a) Q(w)dw — Clay)

(0,03)

w(1l,04)
O Oéz + / U)Z’Oéz)] Q(wl)dwz — C(Oéi),
w(0,a;)
where the first and the last equalities hold by the envelope condition (3) and the second
equality holds by integration by parts. m
We say a function J(w) is quasi-monotone if w' > w and J(w) > 0 imply J(w') > 0.'7 In

other words, a quasi-monotone function J(w) crosses the line y = 0 at most once and from

17See Karamardian and Schaible (1990).
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below, as w increases. The following result of Persico (2000) is useful for later proofs.

Lemma 7 (Lemma 1 in Persico (2000)) Let (¢,d) be an interval of the real line, J be a
quasi-monotone function and () be a non-decreasing function. Assume that for some measure
h on R we have fcd J(w)dh(w) = 0. Then fcd J(w)Q(w)dh(w) > 0.

Proof of Lemma 2. Observe that a non-decreasing function is quasi-monotone. Because

both @ and ——H"‘ (wilos)

e Are non-decreasing on [w(0, a;), w(1, a;)], it suffices to show that

(1,0)
/ Haz(w2|a2)dw2 = 0. (21)
(

w(0,0)

On the one hand, by integration by parts,

(1,0) w(1l,0)
/ H (wilo)dw; = wiH (wiloy) |25 — / w;dH (w;]ov)
w(0,07) ’ (0.0:1)
= U)(l’ ai) - -
Taking derivative with respect to «; yields
O [ o = (1,09 @)
H(w;|o;)dw; = w,, (1, oy). 22
day; w(0,01)
On the other hand, by the chain rule, we have
o w(1l,04) w(1l,04)
/ H(w;|ag)dw; = wg, (1, a4) + / H,, (w;|a;)dw;. (23)
aOéi w(0,0;) w(0,0;)

Comparing (22) and (23) proves (21). By Lemma 7, inequality (5) holds. If ) is constant,
the equality holds by (21). m
Proof of Lemma 3. Define v’ := sup {w; |Y (w}) > 0, Yw(0,a*) < w; < w;}. By the
continuity of Y, we have Y (w”) = 0 and w” > w(0, *). The proof is by construction. There
are four cases to consider.
Case I: Suppose that there exists w] € (w(0, a*),w’) such that @Q is discontinuous at w,.
Let Q(w,") denote the right-hand limit of Q at w! and Q( .7) the corresponding left-
hand limit. Let 0 < ¢ < min {minw(07a*)<wl<w HY(““) Q(w,*) — Q(w;_)}. Define Q as

/‘a )

follows. If w; < w(0,a*), let Q(w;) := Q(w;); and if w; > w(0, a*), let

Q(w;) = Q(w;) + EX{w;<ul}s
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Figure 3: Proof of Lemma 3

where X (w, <} is an indicator function. (See Figure 3a for an illustration.) By construction,

Q(w) > Q(w) for all w € W and the inequality holds strictly on a positive measure set. It
is also clear that Q satisfies (MON). We now verify that Q satisfies (IA’) and (F'). Because

X{w;<w!} 18 non-increasing on [w(0, a*),w(1, a*)], by Lemma 2, we have

H,, (w;|a*) A .
E |ty 20|
| Hai(wilo) . H, (w;|a*) )
=K [_ h(wz|oz*) Q(wz) o = & :| + cE l_WX{wKwi} (67} « :| ,

<C'(a*) 40 = C'(a*).

Hence, () satisfies (IA’). Finally, let

Y (w;) == ’ H(z|o")" 1t = Q(2)| hiz|a*)dz.
/

Wy

If w; < wl, Y(w) =Y (w;) — e[H(w|o*) — H(w|a*)] > Y (w;) — eH(w!]a*) > 0. If w; > wl,
Y (w;) =Y (w;) > 0. Hence, Q satisfies (F').

Case II: Suppose that @ is continuous on [w(0, a*), w’].

We first show that there exists w] € (w(0, a*),w) such that Q(w}) < Q(w’). Suppose, to
the contrary, that Q(w;) = Q(w’) for all w; € (w(0,a*),w”). If Q(w’) > H(w’|a*)",
Y (w(0,a*)) = fuqf(bO’a*)[H(doz*)”_l — Q(2)]h(z|a*)dz < 0, a contradiction. If Q(w’) <
H(w’|a*)"~1, by the continuity of @ and H, there exists § > 0 such that Q(w;) < H (w;|a*)"
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for all w; € [w’, w’ + 6]. Hence,

w’+§
0=Yw’) = / [H(z|a")" ' = Q(2)]h(z]a*)dz + YV (w’ 4 6) > YV (uw® +0),
wP
a contradiction. Thus, there exists w] € (w(0, a*),w’) such that Q( ’) < Qw b)
By the continuity of @, there exists w/ € (w},w’) such that Q(w}) = 1 (Q(w}) (w”)).

2
Let 0 < ¢ < min {mlnw(o o) <w; <w!” HY ;L,”‘Za ,Q(w!) — Q(wz)} Let

max{Q(w;) + &, Q(w;)} if w; > wj,
Q(wz) =4 Qw;) +e¢ if w(0, ) < w; < w,
Q(w;) if w; < w(0,a*).

(See Figure 3b for an illustration.) Note that if w; > w!, Q(w;) > Q(w!) > Q(w)) + ¢
Hence, Q(w;) = Q(w;) for w; > w!. By construction, Q(w) > Q(w) for all w € W and
the inequality holds strictly on a positive measure set. Clearly, Q satisfies (MON). We
now verify that Q satisfies (IA’) and (F'). It is easy to verify that Q — @ is non-increasing
n [w(0,a*),w(1,a*)] and therefore ) satisfies (IA’) by Lemma 2. Finally, if w; > w/,
Y(w) =Y (w;). If w; < w,

V()= [ [fEla = Q)] hlela')a,

Wy

v - [ [0 - )] hzlat)a
[ ]

>Y (wi) — e [H(w]'|a") = H(w;la")],
>Y (w;) — eH(w'|a*) > 0.

Hence, ( satisfies (F).
Case III: Suppose that @ is continuous on [w(0, a*),w’) and Q(w’~) < H(w’|a*)" L.
Define R(w;) := Y (w;)/(H(w’|a*) — H(w;|a*)) for w; < w’. Then by L’Hopital’s rule,

limb R(w;) = H(w|o*)" ™t — Q(w"™) > 0.
w;—w’
Let 0 < & < min {inf,, o)< <ur B(w;), Q") — Q(w’™)}. Define Q as follows. If w; <
w(0,a*), let Q(wl) = Q(w;); and if w; > w(0,a"), let Q(wl) = Q(wi) + eXfw<ur}. BY
construction, Q(w) > Q(w) for all w € W and the inequality holds strictly on a positive
measure set. Clearly, Q satisfies (MON). We can verify that Q satisfies (IA) following
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the arguments in Case I. Finally, if w; < w’ Y(wz) = Y (w;) — e[H(w’|a*) — H(w;|a*)] >
Y (w;) — R(w;)[H(w|o*) — H(w;|o*)] = 0. I w; > w’, Y (w;) = Y (w;) > 0. Hence, Q satisfies
(F").
Case I'V: Suppose that Q is continuous on [w(0, a*),w”) and Q(w’~) > H"'(w’|a*).
We first show that Q(w’~) = H" '(w’|a*). Suppose to the contrary that Q(w’~) >
H"'(w’|a*). Then by the continuity of @ and H on [w(0,a*),w’), there exists § > 0 such
that Q(w;) > H" *(w;|a*) for all w; € (w” — §,w’). Then

b

Y — 6) = / U H o) — Q)h(s|at)dz + Y () < 0,

w’—§

a contradiction. Hence, Q(w’~) = H" !(u’|a*). Second, we show that there exists w] €
(w(0, a*),w”) such that Q(w]) < Q(w’~). Suppose to the contrary that Q(w;) = Q(w’~) for
b
all w; € (w(0,a*),w’), then Y (w(0,a*)) = f;uu(o a*)[H”_l( zla*)—Q(2)]h(z ]&*)dz+Y(wb) <0,
a contradiction. Hence, there exists w] € (w(0, a*),w’) such that Q(w]) < Q(w’~). The rest

of the proof follows from that of Case II. m
ZEw [ti(w)] = ZEwi (1 = VwiQi(w;) + (Z w]) (wi, w—;)
i=1 =1 L

=ZE (- %ﬁ;';”) Quws)| +mn - 2 Ui(6),

Proof of Corollary 1. The social planner’s revenue is

where the last equality follows from Theorem 1 and the envelope condition (3). Let #;(w) :=
ti(w)+U;(@) for all i and w. Clearly, (IR) is satisfied. The social planner’s revenue becomes

ZZ:;Ew [ti(w ZEM K (1 —~)w; — %) Qi(wi)} + nyp

_ZEW K Y)w; + yp — %) Qi(wi)]

>0,
where the last inequality follows from Lemma 7 because (1 — vy)w; + yu — % is non-
decreasing in w;, E,, [(1 —~)w; +ypu — %} = (0 and @); is non-decreasing. m

Proof of Corollary 2. We prove the corollary by construction. For m = 0,1, ..., define
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Q™M as follows

% [H(wk|a*)” — H(wk*1|a*)”}
H(wk|a*) — H(wk=1a*)

if w1 <w < wh,

Q" (w) =

where w* := w(0, a*) + k[w(1, a*) — w(0,a*)]/2™ for k =0,1,...,2™. For k=0,1,...,2™,

define Q™" as follows

Q" (w) otherwise

Q*(w) = { Qi(w) ifw < wt

Then Q™% = Q™ and Q™?*" = Q™*!. It is easy to verify that, for all k = 0,1,...,2™,

Qmr+l — QmF is quasi-monotone and

w(1,a*) m,k+1 m,k i Vdw — 1 1 B
/ @ (w) — Q™" (w)] (w|oz)w_ﬁ_;_o.

w(0,a*)

Furthermore, —H,(w|a*)/h(w|a*) is non-decreasing. By Lemma 7,

[ Halule) ey — @rt(u] nulayaw = 0

w(0,a*) h(w\a*)

By induction,

w(l,a*) wla®
[ Rl fgmei ) - )] hwlat)dw > 0.

w(0,a*) h('LUlOé*)

If there exists m such that Q™ satisfies (IA’) with equality, we are done. Otherwise, because
fw(l’a*) —H,(w|a*)Q%(w)dw = 0 < C'(a*) and

w(0,a*)
w(l,a*) w(l,a*)
lim —H,(w]a")Q™(w)dw = / —H,(w|a*)H (w]a*)" dw > C'(a*),
m=00 Ju(0,a*) w(0,a*)
there exists m such that
w(l,a*) w(l,a*)
/ —H,(w|a")Q™(w)dw < C'(a*) < / —H,(w|a®)Q™ (w)dw.
w(0,a*) w(0,0%)

If there exists k such that Q™* satisfies (IA’) with equality, we are done. Otherwise, there
exists k such that
w(l,a*)

w(l,a*)
/ L (w]a)Q (w)dw < C'(a”) < / — Ho(w]a”) QM (w)duw.

w(0,a*) w(0,0%)
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For each r € [w*, w*t1], define Q™*" as follows

p

Qm+1<w) if w< wk
Lty —HOH ]
QMR (w) = H(rla")—H(wFa") if wh <w<r
= %[H(wk-"l‘a*)n—H(T‘a*)"] . .
H(wk+T|a*)—H (r|a*) ifr<w<w
[ @"(w) if w > wht!

. ka:’,wk+1
By construction, @)

= Q™! and vak’“’k = Q™*. By continuity, there exists r €
[w, Wkt such that Q™" satisfies (IA’) with equality. By Proposition 1, Q™"*" solves
(P-a*). =

Derivation of Inequality (11). The proof is based on Toikka (2011). For the ease of
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notation, we suppress the dependence of *x, x| J M and 7Y on A x- Then we have

w(l,a*)
/ 2Q(2)h(z]a”)dz

w(0,a*)

vt Ha(z]0")

< Lalfi® ) ) o

R /wm,a*) {Z M TErD } Q(2)h(zla7)dz + AxC(a) (24)
w(l,0*)

P (H (2]a")Q(2)dH (2]a”) + AxC' (")

w(0,a*)
w(l,a*)
= Lo [ (H(z]a") = ™ (H(2|a"))] Q(2)dH (z]a")
7w(l,oz*) \
+ P (H(z[0")Q(2)dH (z]a”) + AxC'(a”)
w(0,a*)
w(l,a*) \ i} . i}
—- P (H(zla") = T (H(zla")] dQ(2)
w(0,a*)
w(l,a*) \
[ P H G ) + AxC ) (25)
w(0,a*)
w(l,a*) \ )
< | P (H (2]0")Q(2)dH (z]a”) + Ax C'() (26)
w(0,a*
w(l,a* w(l,a*)
= PN (H (2]a") H (z]o")"~ dH (2]a”) + / P (H(2]a"))Y(2)dz + AxC' (o)
w(0,a*) w(0,a*)
(27)
w(l,a*) \ L w(l,a®) "
< o) @ (H(z|a"))H (z]a”)" dH (z]a") — o) Y (2)dg™ (H(z|a")) + AxC'(a")
w(0,a* w(0,a*
(28)
w(l,a*)
< P (H (2)a)H (z|a")" ' dH (2]a*) + AxC' (o). (29)
w(0,a*)

Here, inequality (24) holds because Ax > 0 and @ satisfies (IA") and the equality holds if
and only if @) satisfies (IA’) with equality. Equality (25) follows from integration by parts.
Inequality (26) holds because JAx > 7 and the equality holds if and only if () satisfies the
first pooling property. Equality (27) follows from the definition of Y. Inequality (28) follows
from integration by parts and the fact that Y ((w(0,a*))) > 0 and the equality holds if and
only if Y (w(0,a*)) = 0. Finally, inequality (29) holds because Y > 0 and the equality holds
if and only if () satisfies the second pooling property. m
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A.1 Proof of Lemma 5

The proof uses a network-flow approach (see Che et al. (2013) for detailed discussions of
this approach). For simplicity, we prove here the result for the case of finite . By a similar
argument to the proof of Theorem 5 in Che et al. (2013), the result generalizes to the case
of continuum W. A direct and more involved proof for the continuum case based on Border
(1991) is available upon request.

We abuse notation a bit and let f denote the probability mass function in the case of
finite W. In this case, (8) becomes:

> [ rwew) <n)” fw)Qw) < Y T fw), vAcw. (30)

weAn i=1 weA wEAN i=1
The proof is similar to that of Theorem 3 in Che et al. (2013). Before proceeding to the
proof, we first introduce some notations and definitions. Let D; := {(w;,i)|w; € W} and
D := U |D;, where the latter is known as the disjoint union of the individual posterior
mean spaces. To simplify notation, we write typical elements of D as w; instead of (w;,?).
Given an interim allocation rule @, define a circulation network (N, E, k,d) as follows. The
node set is N := D U W™ U {o} consisting of demand nodes D, supply nodes W", and a
circulation node o. Directed edges £ C N x N specify the pairs of nodes that can carry

flows. There are three different kinds of edges:
e Edges from supply nodes to demand nodes: (w,w;) € E if w; = w;.
e Edges from demand nodes to the circulation node o: (w;, o) € E for all w; € D.
e Edges from the circulation node o to supply nodes: (o,w) € E for all w € W™.

Let d(v, N') and k(v, N') denote a lower and upper bound for the total flow from node v to
subset N C N\{v}. There are three different kinds of flow capacities:

e Flow capacities from supply nodes: For each supply node w € W™, let d(w, N') =
[T, flw)p(w) if N D {wy,...,w,} or else d(w,N’) = 0; and let k(w,N') =
[T, f(w) if NN {wy,...,w,} #0 or else k(w, N') = 0.

e Flow capacities from demand nodes: For each demand node w; € D, let k(w;, N') =

d(w;, N') = f(w;)Q(w;) if o € N or else k(w;, N') = d(w;, N') = 0.

e Flow capacities from o: Let d(o, N') = 0 and k(o, N') = K for some K > 0 sufficiently

large.
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A feasible circulation flow on (N, E, k,d) is a function ¢ : E — R, that satisfies the capacity

constraints

div,NY< > (V) <k, N'), Vv € NYN' C N\{v},

V'eN':(vV')eE

and the flow conservation law

S o)=Y (W), WweN.
":(v,v')EE

V(v v)EE

By Theorem 1 in Che et al. (2013), an interim allocation rule @ is implementable by an ex
post allocation rule g satisfying " | ¢;(w) > p(w) for all w if and only if there exists a
feasible circulation flow for the network (N, E, k,d) defined above. It is easy to verify that

for every v € N, k(v,-) and d(v, ) are paramodular:

1. k(v,-) is submodular: For any N',N" C N, k(v,N') + k(v,N") > k(v,N' U N") +
k(v, N' (1 N").

2. d(v,-) is supermodular: For any N', N” C N, d(v,N') + d(v, N") < d(v, N' U N") +
d(v, N' 0 N").

3. k(v,-)and d(v, -) are compliant: For any N', N" C N, k(v, N')—d(v, N") > k(v, N'\N")—
d(v, N"\N").

Hence, by Theorem 1 in Hassin (1982), a feasible circulation flow ¢ : E — R, exists if and
only if
> dw,N') <> k(v,N\N'), VN’ C N, (31)
VEN\N veN’
which requires that the sum of lower bounds on the flows entering N’ does not exceed the
sum of upper bounds on the flows exiting N'.
Necessity: Suppose that the interim allocation rule ) is the reduced form of an ex post
allocation rule g satisfying Y, ¢;(w) > p(w) for all w. Then, by Theorem 1 in Che et al.
(2013) and Theorem 1 in Hassin (1982), (31) holds. Let N’ = U™, {(w;,q)|lw; € A} C D,
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where A C W is a measurable set. The right-hand side of (31) becomes

D>k, N\N') = Y k(w;,o0)

veN' w; EN'

= > flw)Q(w)

w; EN'

=n)  f(w)Qw)

weA

and the left-hand side of (31) becomes

Y dw,N)= Y dw,N

vEN\N' w:{w; }CN’

= > [ fwp(w),

weA" =1

which proves the first inequality in (30). Let N' = N\ U, {(w;,7)|w; € A}. The right-hand
side of (31) becomes

>k, N\N) = > [ fw)

veN’ weA™ =1

and the left-hand side of (31) becomes

> dw,N) =) d(w;,0)

veN\N’ i=1 w;€A

—n' Y Flw)Qw).

weA

which proves the second inequality in (30).

Sufficiency: Because p is symmetric, by a similar argument to that in the proof of
Theorem 7 in Che et al. (2013), (30) holds if and only if

ST T rwaetw) <373 fw)Quy < > T faw), v]]Aicwm.

we[]; A; i=1 i=1 w;EA; weU; (A; xWn—1) i=1 i=1

(32)

For completeness, we include a proof of this claim in Lemma 8 below. In what follows, we

show that (32) implies (31). Hence, (30) implies (31). Then sufficiency follows from Theorem
1 in Hassin (1982) and Theorem 1 in Che et al. (2013).
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Fix N’ C N. Suppose first that o ¢ N’. Let A; = N' N D; for all 7. In this case,

> dw,N')=d(e,N'nW") + > d(w,N'nD)
veN' weWn\N’
= Y dw,N'nD)
weWn\N'
< Y dw,N'nD)
wewn
= Y dw,N'ND)
wel[i, Ai

= Z H f(wi)p(w

wel[iL, Ai 1=1

<> fw)Qw

i=1 w;EA;

Z k(w;, o)

w; EDNN'
= k(v N\N').
veN’
Suppose next o € N'. Then if W" & N’, we have >, _n, k(v, N\N') > k(o, N\N') = K >
> ven\n d(v; N') for K sufficiently large. Otherwise, if W" C N’, then let A4; = D;\N' for

all 7 and

> kv, N\N') = > k(w, D\N")

veN’ 'wEUi(AiXanl)

= > 1w

weA; xWn—1i=1

>> Y fw)Qw

i=1 w;€A;

> d(v,N')

vED\N'

Lemma 8 Suppose that all the condition in Lemma 5 are satisfied. (30) holds if and only
if (32) holds.

Proof. Clearly, if (32) holds, (30) holds. Suppose that (30) holds. We prove here only the
first inequality in (30). Virtually the same argument can be applied to prove the second
inequality in (32).

48



Suppose, to the contrary, that there exists [[;_; A; C W™ such that the first inequality
in (32) is violated. Suppose that [];_; A; is minimal in the sense that for all proper subsets
[T, A € TT7-, As, the first inequality in (32) holds. Let A := U;A;. We want to show that
the first inequality in (30) is violated for A, which is a contradiction.

To show this, we show that starting from []}_, A; , we can construct a finite sequence of
sets [[1, Ai = S € .72 C - C M = A" such that the first inequality in (32) is violated
for all ™. The sequence is constructed inductively:

Step 1. Let 1 =], A..

Step m. If 7™ 1 = A", we are done. Otherwise, there exist j, k € {1,...,n} such that
Bj = AN\IT T £ D or Byi= A\ # 0. Let S = (ST UB) x (S UB) x
[Tisin Sk

Because there are a finite number of agents, the construction stops after a finite number
of steps. Next we show that if the first inequality in (32) is violated for ™, it is also
violated for .1 Recall that the first inequality in (32) is violated for [}, A;:

DY Fw)Qw) < > ] fwi)p(w) (33)

=1 w;€EA; weHzT'l:l A; i=1

Because [, 4; is chosen minimally, we have

SN Fw)Qwy) — Y fw)Qwy) — > Fw)Q(wy)

i=1 w;€A; w; EB; w€By,

> ) [T fwi)p(w).

wE(A;\B;) X (A\Br) X[ 1,25 1 Ai =1

Hence,

Z f(wi)Q(w;) + Z f(wr)Q(wy)

’ijB]' kaBk
< > ] fw)pw) - > I f(wo(w).
wEH;L:l Aji=1 ’UJE(Aj\Bj)X(Ak\Bk)XHi#j’k A; =1
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For /™ = ()" U By) x (" U Bj) X [[,;, /7", we have

DD Fw)Qw) + D flw)Qws)+ Y fwr)Qwy)

=1 wieyim ’LU]'EBk wkEBj

=Y > Jw)Qw)+ Y fw)Qwy) + Y flw)Q(wy)
i=1 wieyim w;EB; wi € By,

< Z H f(wi)p(w) + Z H f(wi)p(w) — Z H f(wi)p(w)
weS™ i=1 ’IDEA]' X A XHL#J,IC A; =1 ’UJG(AJ\B])X(A]C\B]C)XHL#J’]C A; =1

= Z H flwy)p(w) + Z H f(wi)p(w) — H fw)p(w)
weym =1 ’IDGAk XAJ' XHi;éj,k: Az =1 we(Ak\Bk)X(A]\BJ)XHL#J,k A,L =1

< Z Hf(wl-)p('w) + Z Hf(wl-)p(’w)
wesS™ i=1 wE(ITMUBR) X (FUBG ) X[ 12 S =1

- 3 [T /(w)p(w)

WES XL X [y 1 S =1

= Y ] f(w)p(w),

we.ym+l =1

where the fourth line holds because p is symmetric, and the fifth line holds because

S I wetw)

wel[iL, A; i=1

is supermodular over [, A;. m

A.2 Solving (P-a*)

Throughout Appendix A.2 we assume that all the conditions in Theorem 2 are satisfied.
Recall that the sub-problem (P’-a*) is

Via*) = mSLXE [wQ(w)| a™],

50



subject to

Y (w) = / [H(2]0%)™" — Q(2)]h(z|a")dz > 0, Yo € [0, ). (")
Q(w) is non-decreasing in w, (MON)

Hawla) ) | ] ,

E[ ) ot ] < C'(0”). (1)

For brevity, denote w(0, a*) by w, w(1, o*) by w, h(w|a*) by h(w), H(w|a*) by H(w) and
Hy(wla*) by Ho(w). Let X(w) := [;" Ha(2)Q(z)dz for all w € [w,w]. Then this is a control
problem with state variables X, Y and (), and a control variable a > 0. The evolution of

the state variables is governed by

X'(w) = Ho(w)Q(w), (34)
Y'(w) = —[H(w)"" — Q(w)]h(w), (35)
Q' (w) = a(w), (36)

where the last equality holds if Q(w) is differentiable at w. The non-negativity constraint
for a guarantees that () is non-decreasing. This implies some regularity on ), but still leaves
some problems to apply control theory directly. First, we have to allow for (upward) jumps in
the state variable (). Second, () is not guaranteed to be piecewise continuous and piecewise
continuously differentiable.

These problems can be circumvented by solving the maximization problem under the

additional restriction that @) is Lipschitz continuous with global Lipschitz constant K:
Qe L ={Q:W = [0,1|Q(2) - Q)| < K|z — 2'| Vz,2" € [0,1]}.

We define the maximization problem (P¥-a*) as (P’-a*) subject to the additional constraint
Qe LK.

We say that @ is a feasible solution of (P’-a*) if it satisfies (MON), (F’) and (IA’), and
an optimal solution of (P'-a*) if it maximizes E [wQ(w)| a*] subject to (MON), (F’) and
(TA’). Similarly, we say that Q € LK is a feasible solution of (PX-a*) if it satisfies (MON),
(F’) and (TA’), and an optimal solution of (P¥-a*) if it maximizes E [wQ(w)| o] subject to
(MON), (F") and (IA").

Lemma 9 in Appendix A.2.1 shows that an optimal solution of (P’-a*) exists, and for
every K > 0, an optimal solution of (P¥-a*) exists. Lemma 10 in Appendix A.2.1 shows

that there exists an optimal solution of (P’-a*), which is the pointwise limit of the optimal
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solutions of (PX-a*) as K goes to infinity.

The rest of Appendix A.2 is organized as follows. Appendix A.2.1 introduces and proves
Lemmas 9 and 10. Appendix A.2.2 gives the necessary conditions that an optimal solution
of (PX-a*) must satisfy. Appendix A.2.3 proves Theorem 2. Appendix A.2.4 proves Lemma
6.

A.2.1 Existence of optimal solutions

Before introducing and proving Lemmas 9 and 10, we first introduce some notations. We
abuse notation a bit and let h denote the probability measure on W corresponding to H (w).
In what follows, let Ly(h) denote the set of measurable functions whose absolute value raised
to the 2nd power has finite integral. For brevity, denote Ly(h) by Ls. Because Lo is the
dual of Ly under the duality (f,g) = E,, [f(w)g(w)|a = o*], topologize Ly with its weak*, or
o(Ls, L), topology.

Lemma 9 The following two statements are true.

1. An optimal solution of (P'-a*) exists.

2. For every K > 0, an optimal solution of (P*-a*) emists.

Proof. The proof is based on Mierendorff (2009).

1. Let {Q"} be a sequence of feasible solutions of (P’-a*) such that

/w 2Q"(2)h(z)dz — V(a®).
By Helly’s selection theorem, there exists a subsequence {Q)"*} and a non-decreasing
function @ such that Q"= converges pointwise to Q. Let Z collect all @ : W — [0, 1]
that satisfies (F’), (MON) and (IA’). Consider Z as a subset of L,. Recall that h is
the probability measure on W corresponding to H(z). Then Z is o(Ls, Ly) compact
by a proof similar to that of Lemma 5.4 in Border (1991) and Lemma 8 in Mierendorff
(2011). Therefore, after taking subsequences again, Q"= converges to @) in o(Ls, Lo)
topology and @ € 2. Because z € Ly and h € Ly, the weak convergence of {Q"~}
implies that

/w 2Q(2)h(2)dz = V(™).

w
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2. Let {Q"} be a sequence of feasible solutions of (PX-a*) such that

/w 2Q¥ (2)h(2)dz — VE(a®).

After taking subsequences, we can assume that Q¥ converges to () pointwise and in
o (Lo, Ly) topology, and Q € Z as in part 1. Because Q” € LK, for all z,2' € W,

Q=) - Q)| = lim [Q"(2) — Q“(<)] < Kz — 7.

Hence, Q € LK.

Lemma 10 Let {Q¥} be a sequence of optimal solutions of (P%-a*) where K — oo. Then
there erxists a feasible solution Q of (P'-a*) and a subsequence QX* such that Q% converges

to Q for almost every w € W. Furthermore, Q) is optimal, i.e.,

Proof. The proof is based on Reid (1968) and Mierendorff (2009). After taking a subse-
quence, we can assume that Q converges pointwise to a feasible solution Q of (P'-a*) (see
the proof of Lemma 9). To show the optimality of Q, let Q be an optimal solution of (P'-a).
We can extend @ to R by setting Q(z) := 0 for z < w and Q(z) := 1 for z > w. Define

Qq4:R —[0,1] as
1 z
Qa(z) = [ Q(O)dC, vz €R.
z—d
By the Lebesgue differentiation theorem (see, e.g., Theorem 3.21 in Folland (1999)), Qq4(2) —
Q(z) for almost every z € W as d — 0. Because @) is non-decreasing and Q(z) € [0, 1] for

all z, Q4 is non-decreasing, Q4 < @, and Qq(z) € [0, 1] for all z. Furthermore, @, € La: For
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all z > 2/,

0< Qule) - Qule') =3 ( | e[ Q<<>d<)
1 z z—d
3 ([ aac- [ awo)
<3 |
1 /
<5 (z—7)

Finally, Q4 satisfies (F') because Qg < @ and @ satisfies (F').
Define Qg := Qg if — ff H, (2)Qq4(2)dz < C'(a*) and otherwise Qg = B4Qa+ (1—54)/n,

where

_ _ C'(a*) '
- f; H,, (2)Qa(2)dz

Then by Lemma 2, — ff H, (2)Qq(2)dz < C'(a*). Thus, Q4 is a feasible solution of (P*-a*),
where K = 1/d. Because 85 — 0, Q4 — Q almost everywhere as d — 0. By the dominated

Ba

convergence theorem,
/ 2Qq(2)h(z)dz — / 2Q(2)h(z)dz, asd — 0

and

/w EzQK(z)h(z)dz — / EZQ(Z)h(Z)dz, as K — oo.

Let d = 1/K. Then, for all K, Q is a feasible solution of (P*-a*) and therefore

/wz@d(z)h(z)dz < /wZQK(z)h(z)dz_

w w

Hence, B .
/w 2Q(2)h(2)dz = /w Y O

This completes the proof. m
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A.2.2 Solving (PX-a*)

In this subsection, we derive the necessary conditions that an optimal solution of (P*-a*)

must satisfy. The problem (P*-a*) can be summarized as follows:

Xr,rxlf%fa/w 2Q(z)h(z)dz, (PE-a*)
subject to
X'(z) = Ha(2)Q(2), (34)
Y'(2) = —[H(2)"™" = Q(2)]h(2), (35)
Q'(z) = a(2), (36)
X(w) =0, X(w) > =C"(a"), (37)
Y(w)=0, Y(w) =0, (38)
Q(w) >0, Q(w) <1, (39)
0<a(z) <K, (40)
Y(z) >0 (41)

We say that some property holds virtually everywhere if the property is fulfilled at all z except
for a countable number of z’s. We use the following abbreviation for “virtually everywhere”:
v.e. By Theorem 6.7.15 in Seierstad and Sydsaeter (1987), we have

Lemma 11 Let (X,Y,Q,a) be an admissible pair that solves (PX-a*). Then there exist a

number \g, vector functions (Ax, \y, Ag) and (Qa,ﬁa), and a non-decreasing function ny, all
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having one-sided limits everywhere, such that the following condition holds:

A =0o0rX=1, (42)

(Mo, Ax (2), Ay (2), Aq(2), ny (@) — 1y (w)) # 0, Vz, (43)
Ao(z)a(z) > Ag(2)a, Ya € (0,K),v.e (44)

No(z) =T, (2) + Qa(z) =0,v.e. (45)

Ny 1is constant on any interval where Y > 0. (46)

Ax and Ao are continuous. (47)

Ny (2) =0, ve. (48)

Ao (2) Aoz + Ax( )];T;ES) + Ay (2)| Mz) + v (2)h(2), v.e. (49)
My (2) + ny(2) is continuous, (50)

N (2) + 1y (2) =0, wvee. (51)

Ax (@) = 0(= 0 if X(w) > =C"(a")), (52)

Ao(w) < 0(=0if Q(w) < 1), (53)

Ao(w) <0(= 0 if Qw) > 0). (54)

n,(2) = (: Zf a(z) > 0), (55)

Ta(2) 2 0(= 0 if a(z) < K). (56)

In what follows, we assume that (X,Y,Q,a) is an admissible pair that solves (PX-a*) and
(X,Y,Q,a, o, A\x, Ay, A0, U ny ) satisfy the conditions in Lemma 11. We begin the anal-
ysis by simplifying the conditions in Lemma 11.

Because Ax is continuous and Ny (z) = 0 virtually everywhere, Ax(z) is constant on

[w, w]. We abuse notation a bit and denote this constant by Ax. Then (52) is equivalent to
Ax > 0(=0if X(w) > —C"(a¥)).

Similarly, because Ay +7y is continuous and Ny () +n4-(2) = 0 virtually everywhere, Ay (z)+
ny (2) is constant on [w, @]. We can assume without loss of generality that Ay (2)+ny(2) =0

for all z € [w,w]. Let A\y := 2\y. Then ny = —\y /2 and condition (46) is equivalent to

Ay (2) is constant on any interval where Y (z) > 0, (57)
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and (49) is equivalent to

Haz(z>
h(z)

Furthermore, 7y is non-decreasing if and only if Ay is non-increasing. Because Ay has one-

Ao(2) = = [doz + Ax(2)

+ Ay (2)| h(2), v.e.

sided limits everywhere, we can assume without loss of generality that Ay (w) = lim,_,, Ay (2)
and Ay (W) = lim, 5 Ay (2). Finally, (44), (45), (55) and (56) can be simplified to for virtually
all z € (w,w): If 0 < a(z) < K, A\g(2) = 7,(2) =1 (2) = 0. If a(2) = 0,7,(z) = 0 and
—1n,(2) =Ag(z) <0. Ifa(z) = K, n_(2) = 0 and 7,(2) = Aq(z) > 0.

Then the conditions in Lemma 11 can be simplified as follows:

Corollary 3 Let (X,Y,Q,a) be an admissible pair that solves (P*-a*). If (X,Y,Q,a) is
optimal, there exist a constant \x, a continuous and piecewise continuously differentiable

function \g, and a non-increasing function Ay such that the following holds:

Ax >0 (=0 if X(w) > —C'(a)). (58)
Ao(z) = = |2+ Ax ]i:)(i)z) + Ay (2)] h(2), v.e. (59)
Ay is constant on any interval where Y > 0. (60)
Ao(w) = 0. (61)
Ao(w) = 0. (62)

—0 if Ao(2) <0,
a(z) =19 €0,K] if \g(z) =0, wv.e. (63)

Proof. We prove Corrollary 3 by proving the following two lemmas.
Lemma 12 A\g(w) = A\g(w) = 0.

Proof. By the transversality condition (54), Ag(w) < 0 and the equality holds if Q(w) > 0.
Suppose, to the contrary, that Ag(w) < 0. Then Q(w) = 0. By continuity there exists 6 > 0
such that A\g(z) < 0 for all z € (w,w + ). Hence, by (44), a(z) = 0 for all z € (w,w + 9).
This implies that Q(z) = 0 for all z € (w,w+ ). Let z € (w,w + J), then

0=Y(w) = / H(Q)" h(2)dz + Y (2) > Y(2),

w

a contradiction. Hence, A\g(w) = 0. A similar argument proves that A\g(w) =0. =
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Lemma 13 (Non-triviality) \g = 1.
Proof. Suppose, to the contrary, that A\g = 0. Then

Ha(2)

Ap(z) = [AX ox

+ v (2 )} h(z), v.e.

Hence,

Because A\g(w) = A\g(w) = 0, we have

/ U (2)h(2)dz = 0.
Because Ay is non-increasing, it must be that Ay (w) > 0 and Ay (w) < 0.

We argue that Ax = 0. Suppose, to the contrary, that Ax > 0. Then because H,,(z)/h(z)
is strictly decreasing and Ay(z) is non-increasing, A\o(H'(-)) is strictly convex. Hence,
Ag(z) < 0 for all z € (w,w), and therefore a(z) = 0 for all z € (w,w). That is, @ is
constant. However, if @) is constant, X (w) = 0 > —C’(a*), a contradiction to that Ax > 0.

Hence, Ax = 0 and therefore

Nol2) = — / I (OR(Q)AC

w

Suppose that Ay (w) = Ay (w) = 0, then Ay (z) = 0 for all z € (w,w). Hence, Ag(z) =0
for all z € (w, W) and ny (W) — Ny (w) = —Ay (W) /2 + Ay (w)/2 = 0. Then

(Ao, Ax(2), Ay (2), Ag(2), ny (W) — ny (w)) =0, Vz,

which is a contradiction to (43). Hence, Ay (w) > 0 and Ay (w) < 0. Thus, Ag(z) < 0 for
all z € (w,w) and therefore @) is constant. Hence, Y (z) > 0 for all z € [w,w]. This, by
(57), implies that Ay is constant on (w,w), which is a contradiction to the fact that that
Ay (w) > 0 and Ay (w) < 0. Hence, A\g =1. =

This completes the proof of Corollary 3. m

Before proceeding, we first introduce some notations and proves two technical lemmas

(Lemmas 14 and 16) that will be useful for later proof. For the ease of notation, we suppress
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the dependence of p*x, J*X, p*x and 7 on o*. For each w € W, define

w

my (w) 1= —/ Ay (2)h(z)dz.

w

It follows from (59) that for any z,Z € W and z < Z, we have

)\Q(?) :)\Q<§) — /ZZ |:Z + )\X %{é)z) + )\Y(Z) h(Z)dZ,

“xa2) ~ [ [P () + A ()] ie)a
Ao () = Ao(w) — JM¥(H(Z)) + my(2). (64)
Hence, (63) can be rewritten as, for virtually all z € (w, W),
=0 if Ag(w) +my(2) < JA*(H(2)),

a(z) =4 €[0,K] if Ag(w) +my(z) = JAX(
=K if \g(w) + my () > J(

T X
—~~
ISIRN
- =

Lemma 14 For all t € [0,1],
Ao(w) + my (H™X () > T (t).

Proof. The proof of Lemma 14 uses the following lemma.

Lemma 15 (Reid) Suppose that \g(w) +my (H™1(t)) = J*X(t) fort € {t,t}. Leta,b € R
and I(t) = a + bt. If JM(t) > 1(t) for all t € [t, 1],

Ao(w) +my (H (1) > I(t), Vt € [t.1].

Proof. Suppose, to the contrary, that A\g(w) + my (H(t)) < I(t) for some t € (£,). Then
by continuity there exist ¢ > 0 and t1,¢, € (¢,f) such that ¢ < t; < ta < ¢, Ag(w) +
my (H (7)) <I(1) — ¢ for T € (t1,12), and

On the one hand, this implies that Ay ((H!(+)) = —m{,(H~!(-)) cannot be constant on
(t1,t2).
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On the other hand, Ag(w) + my (H'(7)) < I(7) — e < J*X(7) for 7 € (t1,12). Hence,
a(H™'(1)) = 0 for 7 € (t,13), which implies that Y/(H (7)) > 0 on the interval (¢;,t3). To
see this, note that Y'(z) = Q(z) — H"!(2) is strictly decreasing if ) is constant. Hence, Y is
strictly concave on (H~!(t;), H '(t3)). For any 7 € (t1,t3) there exists A € (0,1) such that
H=Y(7) = XNH(t;)+ (1 —X)H *(t2). By strict concavity, Y (H (7)) > \Y(H ! (t;)) + (1 —
NY (H ' (ty)) > 0. By (60), Y(H*(-)) > 0 on (t1,t2) implies that Ay (H~*(-)) is constant
on (t1,ts), a contradiction. m

By (64) and Lemma 12, A\g(w) +my (H1(0)) = 0 = J**(0) and A\g(w) +my (H (1)) =
JAx(1). Hence, by Lemma 15, Lemma 14 holds. m

Lemma 16 If K > K := max.cyy(n — 1)H(2)"2h(2),

A <Ay = {mmﬁ [_HQ@H_I.

zeW 0z

Proof. The proof of Lemma 16 uses Lemmas 17 and 18.

Lemma 17 (interior solution) Suppose that a(z) € (0,K) for z € (2,Z), then A\y(z) =
— X (H(2)) for virtually every z € (2,%).

Proof. If a(z) € (0,K) for z € (z,2), Ao(w) + my(z) = J(H(z)) for virtually every
z € (z,%). Differentiating this equality with respect to z yields for virtually every z € (z,%):

=y (2)h(z) = ¢ (H(2))h(2),

Because h > 0, —Ay(z) = X (H(2)) for virtually every z € (z,Z). =

Lemma 18 (a(z)=K) Suppose that a(z) = K on (z,%Z) with z < Z and let (z,%Z) be chosen

mazximally. Then

Ao(w) +my (2) = J¥(H(2)),
forz=zifz>w, and z =Z if Z < w. Furthermore,

PM(H(2) + Av(27) <0, if z>w,
PM(HZ) + My (Z) >0, ifz <.

2

Q|

Proof. Because a(z) = K on (z,%),
Ao (w) +my (2) > J*(H(z)), ve. z € (2,%).
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Suppose that z > w and let S_ := {z < z|a(z) < K}. Because (z,Z%) is chosen maximally
and @ is absolutely continuous, there exists a sequence {z;} € S_ converging to z with
Ao(w) + my(zx) < JM(H(z)) for all k. By continuity, if 2 > w, A\g(w) + my(z) =
JM(H(z)), and therefore A\g(z) = A\g(w) + my(z) — J**(H(z)) = 0. A similar argument
proves that A\g(z) = 0 and Ag(w) +my (z) = J**(H(2)) if 7 < w.

If z > w, for virtually all z € S_|

0= X(2)
~ols) — / [ HQ) + M (O] h(C)dC
< / TP (HE) + M (O] AL

Thus, there exists a sequence {z;} € S_ converging to z such that
[ [0 + 2 (0] 1O <0, vk

Hence,
PN(H(2) + M (27) <0, if 2>

=

A similar argument proves that

O (H(Z)) + Ay (1) >0, if 7 < w.

Suppose, to the contrary, that Ax > Ax. Then p*x(H(z)) is strictly decreasing. Suppose
that there exists an interval (z,%) such that a(z) € (0, K) for z € (2,%Z). Then, by Lemma
17, A&y(2) = —p**(H(2)) for virtually every 2z € (z,Z). Thus, Ay is strictly increasing on
(z,%), which is a contradiction to the fact that Ay is non-increasing. Because a is piecewise
continuous by assumption, a(z) € {0, K} for almost every z € W.

Suppose that there exists an interval (z,Z) such that a(z) = K on (z,%) and let (z,%2)
be chosen maximally. Then Y'(z) = Q(z) — H(z)"! which is strictly increasing because
K > max,cw(n—1)H(2)"2h(2), and therefore Y'(z2) is strictly convex on [z,%]. This implies
that Y (z) > 0 on [z, Z] except at most one point. Suppose that Y (z) > 0 for all z € (2,%).
Then Ay is constant on (z,%), and A\o(H ' (t)) = A\g(z) — f;(é) [ (1) + A&y (H M (7))] dr
is strictly convex on (H(z), H(Z)). By Lemma 18 and the fact that A\g(w) = Ag(w) = 0,
Ao(z) = Ag(Z) = 0. Then the strict convexity of A\g(H *()) implies that Ag(z) < 0 for all
z € (2,%Z). However, a(z) = K on (z,%) implies that Ay(z) > 0 for virtually every z € (z,%),
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a contradiction. Hence, there exists a unique zy € (z,%) such that Y (z5) = 0, and therefore
Y(z) > 0and Y(Z) > 0. Because Y (w) = Y(w) = 0, we have w < z < Z < w. Note that this
also implies that Ay is constant in a neighborhood of and therefore continuous at z € {z,Zz}.

By Lemma 18, we have

Hence,
My (2) < =™ (H(2)) < =™ (H(2)) < W (2),

where the second inequality holds because @*X is strictly decreasing and H is strictly in-
creasing. However, this is a contradiction to that Ay is non-increasing. Hence, a(z) = 0 for
almost all z € W.

Because () is absolutely continuous, this implies that () is constant on W. However, by
Lemma 2, X(w) = 0 > —C’(a*) when @ is constant on W, which implies that A\x = 0, a
contradiction to the supposition that Ax > Ax > 0. Hence, Ay < Ax. m

A.2.3 Proof of Theorem 2

Let {Q"} be a sequence of optimal solutions of (P*-a*) where K = K, > K for each v,
K is defined in Lemma 16, and K, — oo as v — oo. After taking a subsequence, we can
assume that {Q"} converges pointwise. Let Q> denote the pointwise limit of this sequence.
By Lemma 10, Q* is an optimal solution of P’-a*. Denote the corresponding joint variables
associated with Q¥ by AY. By Lemma 16, {\%} is bounded for v sufficiently large. After
taking a subsequence, we can assume that {\%} converges, and let A\ := lim, o, A%

For brevity, let ¢” (or ¢*>) denote p*x (or ¢*X), J” (or J*) denote J*x (or J*X), @”
(or ) denote % (or %), and J~ (or J~ ) denote 7% (or 7)&0).

Because Q¥ satisfies (IA") with equality for all v and Q> is the pointwise limit of {Q"},
Q> satisfies (IA") with equality. By a similar argument, Y*°(w) = 0. Lemmas 20 and 21
below show that (Q°° satisfies the two pooling properties when Ax = A¥. Finally, Lemma 22
below proves that that AY = A%, where A% > 0 is such that inequality (12) holds. By the
arguments in Section 3.2, this completes the proof Theorem 2.

Before introducing and proving Lemmas 20, 21 and 22, we first prove the following

technical lemma, which is used in the proofs of Lemmas 20 and 21.
Lemma 19 The following four statments are true.

1. The sequence {¢"} is uniformly convergent with limit p>.
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2. The sequence {J"} is uniformly convergent with limit J>°.
3. The sequence {¢"'} is uniformly convergent with limit ©>.

4. The sequence {7”} is uniformly convergent with limit J .
Proof. Let 71 := max.cw |Ha,(2)/h(2)] > 0,

5 := max
K zeW

and 73 := max,ew 1/h(z) > 0. Here 71, 72 and 73 are well define because H and h are twice

continuously differentiable and W is compact.

L.
Ho, (H7(1))

h(H=(1))

as v — oo. Hence, the sequence {¢"} is uniformly convergent with limit ©>.

|07(t) = @™ ()] = [N = AX]

]s%u&—wmo,

(1) — J(1)] = / P (7) — ()] dr
<ty [N — AX

§71|A§(_A§(O|_>07

as v — oo. Hence, the sequence {J"} is uniformly convergent with limit J>°.

[@"(t) — o™ ()] = [Nk = AX]

0 [Ha(B() o
0z [ h(H-1(t)) } h(H—l(t))' < 7273 A% — AR = 0,

as v — oo. Hence, the sequence {¢"'} is uniformly convergent with limit ¢>.

4. Because the sequence {J"} is uniformly convergent with limit J>°, for any € > 0, there
exists 7 > 0 such that for all v > 7, [J>°(t) — J*(t)| < e for all t € [0,1]. Fix t € [0,1].
Let t1,ty, 8 € [0,1] be such that ft; + (1 — §)te = t. Then for any v > 7

JE(t) <BI™(t) + (1= B)J>(t2)
<BJY(t1) + (1 = B)J"(t2) + B]J7(t1) — J(t1)| + (1 = B)|[J™(t2) — J"(t2)]
<BJ(t) + (1= B)J"(t2) + ¢
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Hence,
7oo(t) <min{BJ"(t;) + (1 = B)J"(to)|6t1 + (1 — B)ta =t} + e = 7”(25) +e.

Similarly, we can show that J' (t) < J° (t) 4+ . Hence, [J (t) — J (t)] < e. Because
1

)
this inequality holds for any ¢ € [0, 1], the sequence {J} is uniformly convergent with

limit J .
[ |

Lemma 20 (the first pooling property) Suppose that J®(H(z)) > J (H(2)) for z €

(2,Z) with z < Z and let (z,Z) be chosen mazimally. Then Q> is constant on (z,Z%).

Proof. For each 0 < § < (Z—2)/2, let £(9) := min.cz15z-6{J(H(2)) —J7(H(2))}. Then
£(d) is non-increasing in ¢ and converges to zero as ¢ converges to zero. Fix 0 < §y < (Z—2z)/2.
Let g := 1£(dp) > 0. There exist 0 < d; < d < &g such that £(d1) = o and €(d,) = 2g9. We

claim that there exists 7 such that for all v > 7,

JY(H(2)) = J*(H(2)) > % if 2 € [z 4 00,7 — ), (65)
JU(H(2)) — T (H(2)) > % if 2 € [z 46,7 — 4], (66)
JHE) = J(H() < 220 i J=(H () ~ T (H(2) < 220 (67)

We begin by prove (66). Because the sequence {J”} is uniformly convergent with limit
J*, there exists 7 such that for all v > 7, |J¥(t) — J®(t)| < &0/8 for all t € [0,1]. Let
t € [H(z+ 01), H(Z — 6,)]. Then, by construction, J*(t) — .J (t) > &,. Hence, there exists
B,t1,ty € [0,1] such that St; + (1 — )ty =t and SI®(t1) + (1 — ) J®(t2) < J>®(t) — 3e0/4.
Then

JV(t) <BJY(t) + (1 — B)J"(t2)
<BJ>(t1) + Bl (t1) — ()| + (1 = B)J™(t2) + (1 = B)[J"(t2) — J=(t2)]
<BI®(t) + (1= B)J¥(ty) + 2

8
<TU(t) + () = T2 ()] — %
5
-

—J(t) — 0
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Hence, J"(H(z)) — JY(H(z)) > /2 for all z € [z + 61,7 — &;]. A similar argument proves
(65). To prove (67), let z be such that J*(H(z))—J  (H(z)) < 2eo. For any §,t,,t, € [0, 1]
such that 5t; + (1 — 5)ty = t, where t = H(z), we have

BT (1) + (1= B)J(12)
2B0%(12) = BT (0) = T¥(0)] + (1= BT (1) = (1= ) J*(t2) = T=(t2)]
AT+ U= ) - =

T

) —
=J(t) - [ (1) - T (] - 3
> (1) — 20 — %0
> J(E) = |J(8) = I 0] = 220 - 2,
ij(t) — % — 260 — %),
> (1) — %
Hence,
J7(t) == min{BJ"(t1) + (1 — B)J*(t2)|8, t1. t2 € [0,1] and Bt; + (1 — Bty =t} > J¥(t) — %

We abuse notation a bit and let A denote the probability measure on W corresponding

to H(w). Because €(d1) = € and £(d3) = 29, by continuity,

hs :=min {h({z € [2+ 01,2+ &][J(H(2)) — T (H(2)) < 2&0}),
h({z € [F— 62,7 — 61| J®(H(2)) — T (H(2)) < 250})} > 0.

Fix v > 7 such that K, > 1/hs. Suppose that there exists (b, b2) C (z+ o, Z— dp) such that
a’(z) > 0 for z € (by,by). Then A\g(b1), Ag(b2) > 0. Because Ay is non-increasing, we have
A (by) < Ao (by). By (66), J is linear and therefore 7" is constant on [z 4 6, % — 0;]. Hence,
we have either —\Yy (b)) > @(H(2)) for all z € [z + 1,2 — 1], or =AY (by) < P¥(H (%)) for
all z € [z + 01,Z — d1]. Assume without loss of generality that —\} (b2) > @”(H(z)) for all
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o o]

2 €[z+01,Z—01). Forany z € [Z — 65, Z — 6;] with J®(H(2)) — J (H(z)) < 220, we have

5(:) = Nglta) — [ DO+ O AC)AC

> / P HOMOAC — [ o (HO)R(C)AC

b2 b2
= J'(H(2)) = J (H(b)) — J'(H(2)) + J"(H(b2))
= JU(H(ba)) = T (H(b)) = [J*(H(2)) = T (H(2))]

0o Do

> 150 9%
=9 9 €o > 07
where the first inequality holds because A\{)(by) > 0 and —AY(¢) > =AY (b2) > P"(H(()) for
all by < ¢ < z. That is, a”(z) = K, for almost every z € [Z — dy,Z — 6] with J*(H(2)) —
JY(H(z)) < 2g0. However, this is a contradiction to that K, > 1/hs because 0 < Q < 1.

Hence, a”(z) = 0 for almost every z € [z + dp,Z — &) for v sufficiently large. Let v
goes to infinity and we have Q> is constant on [z + &y, Z — dy]. Because this is true for any
0 < dp < (Z — 2)/2, we have that Q> is constant on (z,Z). ®

Lemma 21 (the second pooling property) Suppose that Y°(z) > 0 for all z € (z,2)
with z < Z and let (z,Z) be chosen mazimally. Then P> is constant on (H(Z), H(z)).

Proof. Suppose, to the contrary, that >*(H(Z)") > $>°(H(z)). Because > is non-
decreasing and right-continuous, there exists § > 0 such that g>°(H(Z —6)) > °(H(z+46))
for all 6 € (0,9). Fix § € (0,min{6/2, (Z — z)/4}). Because J  is convex and $> is not

constant on (z + 0,z — J), we have

=00 00

J (H(Ez=90))—J (H(z+9))

T (H ) < T H( ) HH )~ H (et~ ge—s e

, Vz € (246,Z2—0).

Let
- | - TJHEZ=0)—T (H(z+9) -
I L e AL
f20= ze[zn;lggftﬂ Y= >0,
and

M, =2 maz(] 0™ (H(z))| > 0.

2€(z,Z

Because the sequence {7”} is uniformly convergent with limit J~, the sequence {Y"} is

uniformly convergent with limit Y*°, and the sequence {¢"} is uniformly convergent with
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limit >, there exists ¥ such that for v > 7, |[Y¥(2) — Y®(2)| < e9/2 for all z € W,
|T7(t) = T (t)| < ey/8 for all t € [0,1], and | (t) — ¢>®| < M;/2 for all t € [0,1]. Then for
all v > 7 and z € [z + 2§,Z — 26| we have

T(H(z+6)) + [H(z) — H(z + )"

>J (H(z+0)) — [T (H(z+6)) — J (H(z +6))
H(z) — H(z +9)
H(z—-06)— H(z+)9)
—J 7 (H(z+0)) — [T (H(z+6)) = J (H(z+9))|]
JU(HE=06) =T (H(z+0) - €1
H(Zz—-0)—H(z+90)

€1
>—. 68
> (68)

[T (H(z = 8)) = [T7(H (- 5) - T'(H(z ~ 3)

>J"(H(z+96)) + [H(z) — H(z + 0)]

For all v > 7 and z € [z + J,Z — d], we have

YV(2) > Yo(2) — V¥ (2) — Y2)| > % > 0.

Because Y”(z) > 0 on [z + §,Z — 4], Ay is constant and therefore m% (H~'(+)) is affine on
[H(z + 0),H(Z — §)]. By Lemmas 12 and 14, we have m¥(z) > J (H(z)) for all z € W.
In particular, m%(z + 6) > J (H(z +6)) and m¥(z — 6) > J (H(Z — §)). Hence, for all
z€[z+06,Z—14],

T(H(E=0) - T (z+9)

mi(2) 2 T (H(z+0) + [H(z) — Hz + 0 e

For all v > 7 and z € [z + §,Z — §], we have

G (H(2)) < ¢ (H(2)) + ¢ (H(2) ~ ¢*(H()] < 5+ - = My,

Finally, let M3 := min.c, 5 h(2) > 0 and

_|J(HE=6) = J(H(z+9))
sl a9 |

Fix v > 7 such that K, > 1/ min{z+26+¢e, /8M; Mj, z+20+¢c,/8M;Msz,Z—0}. Suppose that
J¥(H(2)) = J (H(z)) for some zy € [z+28,Z—26]. Then K, > 1/ min{zy+e1/8M; Ms, 2o+
e1/8MyM;3,Z — 0}. For all z € (29,Z — §) such that H(z) — H(z) < min{e;/8My,ey/8M>}
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we have

JY(H(2) N

=i”<H<zO>> [ e

<T'(H(z)) + Mi(H(2) — H(z))

<J(H(z+6) +[H(z) — H(z+6) — H(z) + H (ZO)]T(};%__&()S; - Z&i? e % * %
<mi(2) + [H(z) = H(z0)Ma = 5+ 3

<mi(2)+ 5 - S+ S =mi(s) -

where the second inequality holds by (68). Hence, J"(H(z)) < m¥%(z) and therefore a”(z) =
K, for all z € (29,2 — 0). Because H(z) — H(zy) < Ms(z — 2p), we have a”(z) = K, for
all z € (29, min{zg + &1/8M1 M3, 29 + £1/8MsM;3,Z — 0}), a contradiction to the fact that
K, > 1/ min{zy + €1 /8M M3, zg + &1 /8MyM3,Z — 6} because 0 < Q < 1.

Hence, JY(H(z)) > J (H(z)) for all z € [z +28,Z — 26]. This implies that %" is constant
on [H(z—20),H(Z+20)]. Clearly, {$¢"} converges uniformly on [H(z — 26), H(Z + 2J)] and
lim, e " is constant on [H(z — 20), H(Z + 26)]. Because, on [H(z — 26), H(Z + 20)], {J"}
converges uniformly to J , each J is differentiable with derivative 3", and {@"} converges
uniformly, we have J - is differentiable on [H(z — 20), H(Z + 26)] and its derivative 3>°(t) =
lim, o @”(t) for all t € [H(z2—20), H(Z+29)]. Thus, $* is constant on [H(z—20), H(Z+26)]
and 20 < §, a contradiction to the supposition. Hence, > is constant on (H(z), H(Z)). =

The following corollary of Lemma 21 is used in the proof of Lemma 22.

Corollary 4 Suppose that °(H (z)) is constant on (z,Z) with z < Z and let (z,Z) be chosen
mazximally. Then Y°(z) = Y*(Z) =0, i.e.,

/ HOM — Q¥ (O] h(Q)dC = 0,

Proof. This is an immediate corollary of Lemma 21. Suppose, to the contrary, that Y>°(z) >
0. Then by Lemma 21, $*°(H(+)) is constant in a neighborhood of Z, a contradiction to the
fact that (z,%) is chosen maximally. Hence, Y>°(Z) = 0. Similarly, Y*°(2) =0. =

Lemma 22 \¥ = A\, where X > 0 is such that inequality (12) holds .

Proof. For any Ax > 0, recall that Q" (-,\x) and Q (-, \x) are defined as follows: If

JA(H(w|a®), a*) > 7/\X(H(w|a*),a*) for w € (w,w) and let (w,w) be chosen maximally,
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let

o [H (@la*)" — H(w|a™)"]
+ by . n —

@A) = )~ H(wlo)

Otherwise, let Qt(w, \*) := H(w|a*)"" L. If P (H(-|a*),a*) is constant on (w,w) with

w < w and let (w,w) be chosen maximally, let

, Yw € (w, ).

Q (w,\x) == E[Z(gg‘*))n__;ﬁg?n], Vw € (w,w).

Otherwise, let Q7 (2, A\x) := H(z|a*)""!. For the ease of notation, denote QT (w,\¥) (or
Q™ (w,A2)) by QT (w) (or @ (w)). Note that Q*, @~ and Q> are implementable and non-
decreasing, allocate the object with probability one, and satisfy the two pooling properties.
Hence, by the arguments in the derivation of inequality (11), for @ € {QT,Q~,Q>},

/wu,a*) {z +AF Hai(z)} Q(2)h(2)dz + A2 ()

w(0,a*) * h(Z)
w(l,a*)
-/ o FEHEHE T HE) R0 @) (69)
w(0,a*
Next we show that YT < Y < Y~. Let ST := {2z € W|YT(2) > 0}, S~ = {z €

WY~ (z) >0} and S := {z € W|Y*°(z) > 0}. By construction,
St =U{(z.2)|JX(H(2)) > T (H(2)) V2 € (z.2)},

and
ST =U{(z,2)|@¢>°(H(-)) is constant on (z,%)}.

It follows from Lemma 20 and Lemma 21 that ST C SC S™. If 2 ¢ S, Y (2) =Y>(2) =
Y7 (2)=0.If 2z€ S7\S,YT(2) =Y*°(2) =0 < Y (2). Consider z € S C S™. There exists
an interval (z,Z) with z < z < Z such that > (H (-)) is constant on (z,%z). Let (z,Z) be chosen
maximally, then by construction Y~ (Z) = Y~ (z) = 0. By Corollary 4, Y>°(Z) = Y*(z) = 0.

For any z € (z,%),

V(o) - Yo = [ [0 - @ (O] dH(C)

Then for any t € (H(2), H(Z)),
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which is non-increasing on (H(z), H(Z)) because Q> is non-decreasing and ()~ is constant
on (z,%Z) by construction. Hence, Y~ (H1(t)) — Y°(H~(t)) is concave on (H(z), H(Z)).
Because Y (z2) = Y*>®(z) = 0 and Y (2) — Y*(Z) = 0, we have Y (2) — Y*(2) > 0 for
all z € (2,Z). Thus, Y (2) = Y>®(z) > 0forall z € S. If z € S\ST, Y (2) > Y>(2) >

0 = Y (z). Finally, consider z € ST C S. It suffices to show that Y*(z) < Y*°(z). By
construction, there exists an interval (z,%Z) with z < z < Z such that J  (H(2)) < J®(H(z))
(

Z)=Y*(2) = 0.

I
~ A

for all z € (z,%). Let (z,%Z) be chosen maximally, then by construction Y *

For any z € (z,%)
Ve - v = [ [0 - QO] dHQ) - V<@
Then for any t € (H(2), H(Z)),

[YFHT() = Y(H ()] = QT (H (1) — Q™ (H (1)),

which is constant on (H(z), H(Z)) because Q* is constant on (z,Z) by Lemma 20 and
Q7T is constant on (z,%Z) by construction. Hence, Y (H~1(t)) — Y>(H~1(t)) is affine on
(H(z),H(z)). Because YT(z) =0 < Y>®(z) and Y*(Z) = 0 < Y*(Z), we have Y (z) —
Y(z) <0 forall z € (z,z). Thus, Y (2) —Y*>(z) <0 for all z € S*.

Furthermore, for any implementable allocation rule ), we have

w(l,a*)
/( 2Q(z)dH (z)

w(0,a*)

w(l,a*) w(l,a*)
:/ zY’(z)dz—l—/ zH(2)" 'dH(2)
(

w(0,a*) w(0,a*)

(1,0%) w(l,a*)
[ emrmane) - [ v (70)
(

w(0,a*) w(0,a*)

where the second line holds by the definition of Y and the third line holds by integration by

parts. Hence,

w(l,a*) w(l,a*) w(l,a*)
2Q7(2)dH (2) > z2Q>(z)dH (z) > 2Q (2)dH(z).
/ (2)4H (2 /( @G 2 [ Q)

w(0,a*) w(0,a*) w(0,a*)

Because \¥ > 0 and — fw(O o) (2)Q*>(z)dz = C'(a*), combining this and (69) yields
w(l,a*) w(l,0)
/ H,(2)Q%(2)dz < —C'(a) < / H.(2)Q (z)dz. (12)
w(0,a*) w(0,0%)

70



By Lemma 6, there exists an unique Ax > 0 such that (12) holds. Hence, A = \%. m

The arguments in Lemma 22 also proves the following lemma:

Lemma 23 Let Ax > 0. For any non-decreasing implementable () that allocates the object

with probability one and satisfies the two pooling properties, the following inequality holds:

w(l,0*)

w(l,0*) w(l,a*)
/ 2Q7 (2, \x)dH () 2/ 2Q(2)dH (z) 2/ 2Q7 (2, \x)dH(z).

w(0,a*) w(0,a*) w(0,a*)
A.2.4 Proof of Lemma 6

I break the proof into several lemmas. For each Ay, recall that QT (-, Ax) is the “steepest”
allocation rule associated with Ax, and Q~ (-, Ax) is the “least steep” allocation rule associ-
ated with Ax. By Lemma 23, @~ (-, \x) gives agents’ lower marginal benefit from acquiring

information than Q7 (-, \x) does:

w(l,a*) H (Z) w(l,a*) H (Z)
——222Q (2, A\x)h(2)dz §/ ——=2Q" (2, \x)dz.
/w(O,a*) h(z) w(0,a%) h(2)

Let My > Ax. Lemma 24 below proves that if ** is constant on (£,#) with ¢ < £ and let
(t,7) be chosen maximally, Jx (t) > T (t) for all t € (t — 0,¢+ 0) for some § > 0. Let

S = {t € [0,1] )JXX (1) > X (@) } . (71)

It follows from Lemma 24 and the construction of QT and @~ that, if t ¢ S, QT (w, Ny) =
Q (w, \x) = H(w)" !, where w = H(t). Let

I:= {(L 1) (t) > T (t) on (t,¢) with ¢t <t and let (¢, ) be chosen maximally} :

Clearly, different intervals in [ are disjoint. Then we have

S= 1] .

(t,t)el

because Q1 (-, \.) is constant on [H(t), H(¢)], and f:(g) Q™ (w, Ax) — QT (w, \})] h(w)dw =
0. Furthermore, by Lemma 24, the set {w € [H(t), H(?)] |QT(w, Ny) # Q™ (w,Ax) } has a
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positive measure. We prove in Lemma 26 below that these condition implies that

/Hu)  Ha(w) [Q (w, Ax) — QT (w, )] h(w)dw > 0.
H(t) h(w)

Hence, Q (-, Ax) gives agents’ higher marginal benefit from acquiring information than
Q1 (-, Ny) does:

[Q (2, Ax) — QT (2, Xy)] h(z)dz

:/ _ () [Q (2, Ax) — Q" (2, Xy)] h(z)dz
w=H(t),tesS

+Z/

Q (2, Ax) — Q% (2, Ny)] h(z)dz > 0

(el
Furthermore, if Ax is sufficienly large, Q1 (-, Ax) is constant and [ 1[;((01:4*) Q+(z Ax)h(
0 < C'(a*); if Ax = 0, Q (- Ax) = H™(-) and [“!! W) — 8807 (2, >\X ( )dz > C'(a)
by assumption. Hence, there exists a unique Ax > 0 such that inequality (12) holds.

Lemma 24 Let \y > \x. Suppose that X is constant on (t, t) with t <t and let (t,t) be
chosen mazimally. Then there exists 6 > 0 such that J¥x (t) > 7 X(t) for allt € (t—0,t+0).

The proof of Lemma 24 uses the following technical lemma.

Lemma 25 Lett € (0,1). If J**(t) = ™ (1), T s continuously differentiable at t with
derivative P (t) = **(t) and ©*X'(t) > 0. Furthermore, J**(t) = 7 (t) if and only if

JM(1) > (1 — )™ () + J*(t), Vr € [0, 1]. (72)

Proof. For ease of notation, we suppress the dependence of J,.J,¢ and % on Ax. Let

€ (0,1). Suppose that J(t) = J(t). Suppose, to the contrary, that .J is not continuously
differentiable at ¢, then @(¢t7) < P(¢t"). Then either p(t) > P(t7) or ¢(t) < P(¢tT). Assume
without loss of generality that p(t) < B(tT). Because ¢ is continuous and P is non-decreasing,
there exists § > 0 such that o(7) < B(tT) < p(7) for all 7 € (t,¢t + J). Then

J(t+08) = J(t) + /:M o(r)dr < J(t) + /tt+6 B(r)dr = J(t +6),

18The weak inequality holds by Lemma 7, but we need the strict inequality for this proof to work.
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a contradiction. Hence, J is continuously differentiable at ¢. It follows from a similar

argument that (t) = p(t) with ¢'(¢t) > 0. Furthermore, for all 7 € [0, 1],
J(r) =2 J(1) = (1 = 1)@(t) + J(t) = (T — t)o(t) + J (1),

where the second inequality holds because J is convex.
Suppose that (72) holds. Then 7 :— (7 — t)p(t) + J(t) is a convex function below J.

Because J is the greatest convex function below .J, we have
J(1) > (1 —t)p(t) + J(t) VT €]0,1].

If 7 =t¢, then J(t) > J(t). Hence, J(t) = J(t). m
Proof of Lemma 24. First, we claim that J (t) = J**(t) and T () = JM (). To
see that 7~ (t) = J**(t), suppose to the contrary that Wi (t) < J(t). Then Px(t) is
constant in a neighborhood of £. A contradiction to that (¢, ) is chosen maximally. A similar
argument proves that J X (£) = Jx (7).

Consider ¢ € (t,t). Let 8 € (0,1) be such that St + (1 — 8)t = t. To show that
JNx(t) > T (t), it suffices to show that

T() > BTN (D) + (1= 5)I (B).
Because @ is constant on (¢, 1), T (t) = J**(t) and 7 *(t) = J** (1), we have

(1) > T (1)

Hence,

0 ST () — BTN (2) — (1= B)J*(T)

:/tH dT—B/H T)dr — 1—ﬁ)/tH1(T)dT
[ o [ Hehar—a [ ]

+ Ax
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Because H~'(+) is strictly increasing, fot H~Y(7)dr is strictly convex in ¢ and therefore

/ dT—ﬂ/H T)dr — (1= /H T)dr < 0.

Hence,

/H d—,B/H d—1— /H T)d>0

Then
Ye(t) = B (E) — (1= B)T (1) )

/H dT—ﬁ/H r)dr — (1 — )/tH—l(T)dT
x| [ [P g, g [ ) ]
/H Hdr — 8 LH r)dr — (1 — B) H*l(r)df
+>\X/H d—B/H d—1— /H T)]
—Jx(1) ﬁJ*X()—( — B)J (D)
>0.

Consider t. Since P** is constant on (£,%) with J**(t) = T (t) and JA*(f) = T (1),

by Lemma 25, we have

T (@) = (7)

>(F— 1) () + M (2)
—(F— 0P () + T () = T (D).

Hence, J** () = (t — t)p*x(t) + JX(¢) or equivalently

" Ha(H_l(ﬁ)) EHOA(H_I(T))
/H O O I h(Hl(ﬂ)]'

Since H~!(t) is strictly increasing, the left-hand side of the above equality is strictly positive.

74



Hence for Ny > Ax > 0 we have

[ = -0 < X |- 05

N T (F) < (T— )X () + J¥ ().

By Lemma 25, J¥x(t) > T (1).

A similar argument proves that J*x (1) > T (). By continuity, there exists 6 > 0 such
that J¥x(t) > JX(t) for all t € (t — 6, +0). m
Lemma 26 Let [z,Z] C W with z < Z, and 2° € (2,%). Suppose that Q : [0,0] — [0,1] and

A —_

Q :[0,6] — [0,1] satisfy the following two conditions:

[ @ene: = [ Qe (73)
and
Q(2) = Q2) if 2> 2°, and Q(2) < Q(z2) if z < 2°. (74)
Then : g
| -0 - a2 o (75)

where the inequality holds strictly if the set {z € [z,%]|Q(2) # Q(2)} has a positive measure.

Proof. Because _}ff(g) is strictly increasing in w, and Q and Q satisfy (74), we have
z H,,(2) Ha,(zo) A
T Z — Q(2)]h(2)dz >0
/Z { h(z) T h(=0) [Q(2) — Q(z)]h(z)dz > 0,

where the inequality holds strictly if the set {z € [2,Z]|Q(2) # Q(z)} has a positive measure.
This implies inequality (75) by (73). =

A.3 Sufficient conditions for the first-order approach

In this section we provide sufficient conditions for the first-order approach to be valid.
Let m(cy;) denote an agent i’s payoff from choosing «; given mechanism (q,t) and o; = o*
for all j # ¢. Then

w(1l,a;)

m(ay) == U(w(0, o)) + / 1 — H(w;|a;)] Q(w;)dw; — C(ay),

w(0,0)
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where () is defined by (2) for a;; = o* for all j # i. Then

' (aq) =U"(w(0, 0))wa, (0, ) + [1 — H(w(1, as)]e)] Q(w(1, o) wa(1, o)
w(l,a;)

—[1 = H(w(0, a;)] ;)] Q(w(0, ;) )wa, (0, ;) +/ —H,, (wiloy)Q(wi)dw; — C' (o)

w(0,0;)

_ / (o) @) dws — (),
w(0,011)

where the second line holds because H (w(1, o;)|ci;) = 1, H(w(0, o;)|;) = 0, and U’ (w(0, o)) =

Q(w(0, «;)) by the envelope condition. A sufficient condition for the first-order approach to

be valid is that 7'(q;) is strictly decreasing for all non-decreasing implementable allocation

rule Q.

If the support of the conditional expectation [w(0,;), w(1, ;)] is invariant, 7'(c;) is
strictly decreasing if —H,, (w;|c;) has the single-crossing property in (oy;w;) and C'(«y) is
strictly decreasing.

In many important applications (e.g. the two leading examples in this paper), the support

of the conditional expectation [w(0, o;), w(1, ;)] is not invariant. In this case, we have

w(1,0;) 2 wsl o
w(a) = | CTHO) 6w, — Ho (w1, o) ) (1, 0) Qa0 (1, )

w(0,04) 8afL2
+ Hai (U}(07 ai)|ai)wai (07 az)Q(w(Oa az)) - C”(O‘”L)’
< /w(l’ai) _0?H (wila)

(0,0;) 8@2 Q(wl)dw’ - Hai(w(la ai)’ai>wai(1, Oéz)Q(U}(l, Odz)) — C”(ai)’

where the inequality holds because H,, (w(0, a;)|a;) > 0 and w,,(0, ;) < 0 when the in-
formation structures are supermodular ordered. The following proposition from Shi (2012)

gives sufficient conditions for 7”(c;) < 0 for the two leading examples.

Proposition 6 (Shi (2012)) The following conditions are sufficient for first order ap-

proach:

e In the linear experiments, if o;C" () > f (0) (0 — p)? for all o, then 7" (cy) < 0 when
either F'(0) is convex, or F(0) = 6° (b > 0) with support [0, 1].

e In the normal experiments, ™ (cy) < 0 if \/B3/ [a3(a; + B)%] < 2v/27C"(cy;) for all ;.

We conclude this section by proving the following lemma which is used in the proof of

Proposition 2.
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Lemma 27 If7"(«a;) < 0 for all a; and all non-decreasing implementable allocation rule Q,

(1,003)
/ —H,, (wilag) H(wi|oy)" tdw; — C' () is strictly decreasing in . (14)
(

1
w(0,a4)

Proof. In particular, 7"(co;) < 0 if Q(w;) = H(w;|a;)" ! for all w;. Then

(0,00i)

w(1,04)
[/ —H,, (w;|oy) H (wi] )" dw; — C'(ey)

(1,a4) 2
/w » _0°H w?z|ozz)Q(wi)dwi — Hy, (w(1, a;)|a)we, (1, a)Q(w(1, o))

w(1,04)

+ Ho, (w(0, o) i )wa, (0, ;) Q(w(0, o)) — C"(a;) + /(0 ) —(n—1)H,, (wi|ai)2H(wi|ai)n_2dwia

(1,004)
=" (c;) + / —(n — 1) Hy, (wilay)? H (wilag) "2 dw;
w(0,04)

<0,

where Q(w;) = H(w;|a;)"! for all w;. m

B Efficient asymmetric mechanisms

B.1 Proof of Theorem 3

As in the proof of Theorem 1, we prove Theorem 3 by proving the following two lemmas.
Define

n n

w(l,af) n
Viw) = 1-[[Hwla) =Y [ @aa(alal). vw e [Tl 1), wlt. o)l

i=1 i=1 v Wi i=1
Recall that 1 — [}, H(w;|a;) is the probability with which there exists an agent ¢ whose
type is above w;; and Y, flf(l’a:) Qi(z)dH (z;|c) is the probability with which an agent
whose type is above w; receives the object. Let w := (w(0,a7),...,w(0,a})). Then Y (w)
is the difference between 1 and the probability with which some agent receives the object.

Clearly, (16) is violated if and only if Y (w) > 0.

Lemma 28 Suppose that the information structures are supermodular ordered and c; = o
for alli. Let Q be any interim allocation rule satisfying (F') (MON), (IA’) and Y (w) > 0.
Then, for any i, there exists Q satisfying (F'), (MON) and (IA') such that Q; = Q; for
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Jj #1i and
Qi(w;) > Qi(w;), Yw; € W, (76)

and the strict inequality holds for a set of w; with positive measure.

Proof. Fix i. Define Y;(w;) := inf,, , Y (w) for all w; € [w(0, o), w(1,a})]. By Theorem 3
in Milgrom and Segal (2002), Y; is differentiable and Y/ (w;) = —h(w;|af) [ [, H(w}|aj) +

Qi (w;)h(w;| ), where w* ;(w;) is such that Y (w;, w* ;(w;)) = Y;(w;) for all w; € (w(0, o), w(1, of)).

Note that

w(l,of)
Y(w(0,a]),w_;) =1— Qi(z)dH (zi|af)

w(0,a7)

/w " ) )aH (o),

*M

which is strictly increasing in w; for all j # i. Hence, Y;(w(0,a))) = Y(w) > 0. Define
w” := sup {w; |Y;(w)) > 0 Vw(0, ) < w, < w;}. By the continuity of Y;, we have Y;(w’) = 0
and w’ > w(0, ). There are four cases to consider.

Case I: Suppose that there exists w] € (w(0,a}),w’) such that Q; is discontinuous at
w;.

Let Q;(w, ) denote the right-hand limit of Q; at w; and Q (w; "7) the corresponding left-
hand limit. Let 0 < ¢ < min {mmw(()a )< <w! H ,‘a ,Qz( ) — Qi(w;_)}. Define Q as

follows. If w; < w(0, a*), let Q;(w;) := Q;(w;); otherwise let

N

Qi(wi) = Qi(wi) + EX{w;<w!}s

where X{w,<uw;} 18 the indicator function. Let Qj = Q; for all j # i. By construction,
Qz(w) > Q;(w) for all w; € W; and the inequality holds strictly on a positive measure set.
By a similar argument to that in the proof of Lemma 3, Q; satisfies (MON) and (IA’). We now
verify that Q satisfies (F'). If w; < w!, Y (w;, w_;) = Y (w;, w_;) — e[H (w]|o*) — H(w;|a*)] >
Y (wi, w_;) — eH(wl|or,) > 0 for all w_;. If w; > wl, Y(wi,w_;) = Y (w;,w_;) > 0 for all
w_;. That is, Q satisfies (F”).

Case II: Suppose that Q; is continuous on [w(0, o), w’].

We first show that there exists w] € (w(0, a}),w”) such that Q;(w}) < Q;(w”). Suppose,
to the contrary, that Q;(w;) = Q;(w’) for all w; € (w(0,a’),w’). Let w*, be such that
Y<wb7w*—i) = Yi(wb) =0. It Qz’(wb> > Hj;éi H(wﬂozj),

Y (w(0,0), w*,) = Y (w’,w*,) / [HH Qi(2)| h(z|a))dz < 0,

J#i
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a contradiction. Hence, Q;(w”) < [, H(wjlaj). Then, by the continuity of ); and H,
there exists 0 > 0 such that Q;(w;) < [[,; H(wj|ej) for all w; € [w”, w’ + 6]. Moreover,

w’+0
0= Y(wb,wii) = / . [H H(w;-‘|oz;-‘) — Q(z)] h(z|oz;-k)dz+Y(wb+5, w*,) > Y(wb—l—é7 w*,),

b
v J#i

a contradiction. Hence, there exists w} € (w(0, a}),w’) such that Q;(w}) < Qi(w’).
By the continuity of Q;, there exists w” € (w},w") such that Q;(w 2(Qi(w)) + Qi(w)).

(w
i) =
Let 0 < & < min § minyo,af)<w; <w’ ,, ,Q@w — Q;(w! .LetQ. Q; for 7 # i and
(0,07)<w; < H \a i J J

max{Q;(w;) + &, Q;(w;)}  if w; > wj,
Qi(w) =13 Qs(w;) +¢ if w(0,a;) < w; < wj,
Qi(w;) if w; < w(0,al).

Note that if w; > w!, Q;(w;) > Qs(w!) > Qi(w]) + . Hence, Q;(w;) = Q;(w;) for w; > w}'.
By construction, Qz(wz) > Q(w;) for all w; € W; and the inequality holds strictly on a positive
measure set. By a similar argument to that in the proof of Lemma 3, Q; satisfies (MON)
and (IA’). We now verify that Q satisfies (F). If w; > wY, Y(wz, i) =Y (w;,w_;) >0 for
all w_;. If w; < W, for all w_y,

/l

P ) =Y wws) = [ Q) ~ Q)] itelands

>Y (wi, w-;) — & [H(wi'|a) — H(wi|a)],
>Y;(w;) — eH(w]'|a*) > 0.

Hence, Q satisfies (F”).
Case III: Let w*; be such that Y (w’, w*,) = Yi(w") = 0. Suppose that Q; is continuous

n [w(0, ), w’) and Q;(w’~) < [ H(wjlag).
Define R(w;) := Yi(w;)/(Hw’|a}) — H(w;la})) for w; < w’. Then, by Theorem 3 in
Milgrom and Segal (2002) and L’Hopital’s rule,
lim  R(w;) = | [ Hj(w; Qi(w’™) > 0.

b—
wi;—w
J#i

Let 0 < ¢ < min {infw(oya{«)gwi<wb R(w;), Qs(w’*) — Qi(w"_)}. Let Q; := Q, for all j #i. If
w; < w(0,07), let Qi(w;) := Qi(w;); otherwise let Q;(w;) := Q;(w;) + EX{w;<ut}-
By construction, Ql(wl) > Q;(w;) for all w; € W; and the inequality holds strictly on
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a positive measure set. One can verify that Q; satisfies (MON) and (IA’) by an argument
similar to that in the proof of Lemma 3. Finally, if w; < w”, ?(wi,w_i) = Y(w;,w_;) —
e[H(w|a) — H(w;|a)] > Yi(w;) — R(w;)[H(w’|a*) — H(w;|a*)] = 0 for all w_;. If w; > w’,
Y (wi, w_;) = Y (w;, w_;) > 0 for all w_;. Hence, Q satisfies (F').

Case IV: Let w*, be such that Y (w’, w*;) = Yi(w”) = 0. Suppose that Q; is continuous

n [w(0, ), w’) and Q;(w’~) > 1. H(w}|ag).

We first show that Q;(w’~) = [1;.; H(wj|aj). Suppose, to the contrary, that Qi(w™) >
[1;. H(w}|aj). Then, by the continuity of Q; and H on [w(0, a*), w”), there exists § > 0
such that Q;(w;) > [, H(wj|aj) for all w; € (w” — §,w”). Then

h(z|af)dz < 0,

Y — 6,w.) / [HH 0i(2)

J#i

a contradiction. Hence, Q;(w’~) = [1; H(w}|a}). Second, we show that there exists w; €
(w(0, ), w”) such that Q;(w]) < Qs(w’~). Suppose, to the contrary, that Q;(w;) = Q;(w’™)
for all w; € (w(0,a*),w’). Then

Y (w(0,a*), w*,) = /( [HH Qi(z )] h(z]af)dz < 0,
J#i

a contradiction. Hence, there exists w; € (w(0,a}),w”) such that Q;(w}) < Q;(w’~). The

1

rest of the proof follows from that of Case II. =

Lemma 29 Suppose that the information structures are supermodular ordered and c; = o
for all i. Let Q and Q be two implementable allocation rules satisfying (7). Let q be an

ex-post allocation rule that implements Q. Then there exists an ex-post allocation rule q that

= Vz’] .

The proof of Lemma 29 relies on the following technical lemma. For each 7, let h; denote

implements Q and satisfies

E., Z wﬁ—’yzwj ¢i(w

J#i

a; =af Vi| > E,

Z wz‘l”yzw] Qz

J#i

the probability measure on [w(0, o)), w(1, ;)] corresponding to H(w;|a}), then

Lemma 30 Let Q : [[,W; — [0,1]" be an interim allocation rule and p : [[, W; — [0,1]
be a measurable function. Then there exists an ex post allocation rule q that implements Q
and satisfies Y, ¢;(w) > p(w) for almost all w € [[,[w(0,af), w(1,a))] if and only if for
each measurable set A = (A, ..., Ay), where A; C [w(0,a7),w(0,al)] for all i, the following
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inequality holds:
/Ap(w)dhl(wl) codhy(wy,) < Z/A Q(w;)dh;(w;) < /Adhl(wl) o dhg (wy). (77)

The proof of Lemma 5 can be readily extended to prove Lemma 30 and is neglected here.
With Lemma 30 in hand, the proof of Lemma 4 can be readily extended to prove Lemma

29 and is also neglected here. Theorem 3 follows immediately from Lemmas 28 and 29.

B.2 Other omitted proofs

Proof of Proposition 4. As in Section 3, we solve (P’) in two steps. First, for each

a* € [a, @™, we solve the following sub-problem, denoted by (P’-a*):

> wo

Second, we solve maxacjaan () == (1 —7)V(a) = >, C(a).

Fix a*. If the principal adopts the ex post efficient mechanism, the interim allocation

Vi) = maXIE subject to (F'), (MON) and (IA") ,

rule is given by Q;(w;) = [[;; H(wi|a]) for all w; and all i. Clearly, if o is such that

*

O" (wila;) HH wilog)| o
(2

Bu, Ch(wilar)
‘ JF#i

< C'(aj), i, (78)

the ex post efficient mechanism solves (P’-a*). Furthermore, Lemma 31 below proves that
if a* is chosen optimally, (78) (or equivalently (IA’) in this case) holds with equality for all
1 and the expected social surplus is given by

™ (a*) = ,u—i—Zb(a

- ZC(a;f). (18)

Suppose that a* is such that

*

Eu, O” wz|a HH wilaj)| o | > C'(af) for some i. (79)

Assume, without loss of generality, that (IA’) binds for the first £ (0 < k < n) agents.
Then we can ignore (IA’) for the last n — k agents. Let \; denote the Lagrangian multiplier
associated with (IA’) for agent ¢ (i < k). By a similar argument to that in Section 3.2, the
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optimal Lagrangian multipliers satisfy A; = b(«y) for all ¢ < k. Then the Lagrangian of

(P'-a*) can be written as

w(laf) H(w;|a
L =) /w ( [wi + Aﬁ} Qi (wy) h(w;|a)dw;

i<h 0,a7) h(wi|0z;‘)

w(l,0)
Y / wQs(w)h(wia})dw; + 3 MC(a])

i>k Y w(0.07) i<k
w(l,ar) w(l,0f)
- Z/ pQi(w;)h(w;|a)dw; + Z/ w; Qi (w;) h(w;| o )dw; + Z b(af)C'(af)
i<k w(0,af w(0,af i<k
w(l,al) (1,03) n
:/ / Z pg;(w) + Z w;g;(w) H h(w;|a)dw; . .. dw, + Z b(af)C' (o).
w(0,07) w(0,a5, i>k i=1 i<k

Suppose that k < n, then a pointwise virtual surplus maximizer must satisfy for all w,

Zq { 1 if maxjse{w;} <p

= if max;sp{w;} > p

and

gi(w) = { 1 if w; > pand w; > max;~,{w;} Vi

0 ifw; < porw; <maxjs,{w;}

Therefore, for alli > k, the optimal interim allocation rule is given by Q;(w;) = [+, ;. H (wila)
if w; > p and Q;(w;) = 0 if w; < p. Hence,

w(l,af
—MHH(/AOJ)—FZ/ H H (w;|a)h(wilaf dwz—i-Zb C'(af).
>k i>k M ]>k]7éz i<k
Finally, (IA’) holds for ¢ > k if and only if
(Ley)
/ —Ho,(wila}) [] H(wile))dw; < C'(af). (80)
’ J>k,j#i

Consider an agent i (i > k). We argue that if a* is chosen optimally, (80) holds with equality.
Suppose, to the contrary, that (80) holds with strict inequality, then

S( ¥ w(l,ar)
%Oj):—(l—fy)/u H,, (w;|af) H H(wi|aj)dw; — C'(a) < —7C'(af) <0,

J>k,j#i

a contradiction to the optimality of «f. Hence, (80) holds with equality for all i > k.
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Furthermore, because the information structures are uniformly supermodular ordered, we

have

w(l,a7) w(1,0f)
/ w; H H(wi|aj)dw; = C'(a;)b(af) +/ i H H (wi]a;)dw;.
p p

J>k,j#i >k, jAi
Substituting this into the expression of V(a*) yields

w(l,ar)

Vier) =u [ [ H(ule?) + p [T Hwila))h(wila])dw; + Zb(a?)(?’(af)

i>k i>k YH j>kj#i

[ Hlad) 4 [ AT H(wla) + 3" bad)C' )

i>k K>k

—u [ [ H(ulo) + p

>k

1= [T H )

>k

+ Z b(a;)C'(07) = p+ Z b(a;)C" (7).

Hence,

m(a®) = (1-7)

pt Z b(a;)C" (o)

- ZC(a;). (18)

Suppose that k& = n, then a pointwise virtual surplus maximizer must satisfy >, ¢;(w) =1
for all w. Hence, (18) still holds in this case. ®

Lemma 31 Suppose that the second-order condition of the agents’ optimization problem is
satisfied and the information structures are uniformly supermodular ordered. Let o* be a
socially optimal information choice. Suppose, in addition, that (78) holds. Then (78) holds

with equality for all i. Furthermore,

m(a) = (1-7)

M+Zb(a?)0'(a?)] —ZC(OJ)- (18)

Proof. Let a* be a socially optimal information choice. Suppose, to the contrary, that a*
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is such that (78) holds with strictly inequality for some i. Note that

n w(l,af)
= Z/ wHH wlaj)h(wl|e])dw
i=1 Y w(0,a7)

J#i

[Tt

=0 /HHwya

where the last line holds by integration by parts. Hence,

0 o 0

V(e') - Clag)
(1—~ / —H,,(w|a}) HH wlaj)dw — C'(af),
J#i

which is strictly decreasing in a; when the second-order condition of the agents’ optimization

problem is satisfied. Because a* is such that (78) holds with strictly inequality for i,

8aiﬂs(a*) < —C'(af) <0.

Hence, a* is not optimal, a contradiction. Hence, if a* is chosen optimally, then (IA’) holds
with equality for all .
Let a* be such that (78) holds. Because the information structures are uniformly super-

modular ordered, and (IA’) holds with equality, we have

w(l,af) .
/ %HH(wMj)h(wmf)dw = O'(a)).
Y

w(0,a)
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Hence,

Hence,

w(e) = (1-7)

EPILCHIEICH

-3 Clad) (18)

This completes the proof. m
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