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Abstract

At a rational expectations equilibrium (REE), individuals are assumed
to know the map from states to prices. This hypothesis has two compo-
nents, that agents agree (consensus), and that they have point expectations
(degeneracy). We consider economies where agents' beliefs are described
by a joint distribution on states and prices, and these beliefs are ful¯lled
at equilibrium. Beliefs are self-ful¯lling if every price in the support of
the distribution is an equilibrium price. The corresponding equilibria are
Beliefs Equilibria (BE). The further restriction that agents have the same
beliefs results in Common Beliefs Equilibria (CBE). We study the relation-
ship between BE, CBE, and REE, thus isolating the role of consensus and
of degeneracy in achieving rational expectations.
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1. Introduction

One of the remarkable properties of competitive equilibrium is its economy in
terms of informational requirements imposed on participants in themarket. Agents
are only expected to know, or observe, the prices of goods, in addition to their
own characteristics. While the informational requirement is minimal, it is often
thought to be too demanding relative to the operation of actual markets. The
prices that agents need to observe include those which arise at all dates, and all
contingencies. Nevertheless, the allocations achieved by overall competitive equi-
libria { or Arrow-Debreu allocations { can be implemented by a simpler, and more
realistic structure of markets, if agents have \rational expectations", as shown by
Radner (1972, 1979). This is at some cost; in making the transition, we must give
up the informational economy of the competitive paradigm.
The rational expectations hypothesis requires that agents know the map from

states to prices. In sequence economies, states correspond to date-event pairs. In
economies with asymmetric information, states correspond to information signals
received by agents. In either case, the requirement that all markets are open si-
multaneously has to be replaced by the assumption that agents form expectations
about prices which would realize in such markets. Expectations are ful l̄led at
equilibrium, which, along with market clearing, de¯nes a Rational Expectations
Equilibrium (REE).
Clearly, the hypothesis itself makes strong assumptions about what agents

know, and what they agree upon. The \map from states to prices" summarizes
very large amounts of information, about preferences, endowments, and techno-
logical possibilities available to all participants in each state and date. While it
is natural to assume that agents know the price in each state, the assumption
that they know the map is much stronger, because it implies that agents know
the response of prices to perturbations of these parameters.
In addition, they are assumed to agree on the map, so that price expectations

are assumed to be the same for all participants. To appreciate that this is in fact an
additional assumption, imagine an economy where there are multiple competitive
equilibria in each state. Knowledge of the parameters of the economy would lead
agents to deduce a correspondence from states to prices. It is perfectly \rational",
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in such a world, for them to disagree on how equilibria are selected in each state.1

What results is certainly not REE: the very notion of diverse expectations being
self-ful l̄ling would appear to be internally inconsistent.2

Formally, the Rational Expectations Hypothesis (REH) amounts to the as-
sumption that price expectations are single-valued, and coincident across agents.
Agents agree on the realization of prices in each state and simultaneously believe
that there is a single possible price in each state. In this paper, we examine
the extent to which these assumptions are necessary to the characterization of
outcomes.
We are concerned with REE in economies with asymmetric information. Rad-

ner (1979) showed that at a REE, prices generically reveal all information, in
economies where information, or signals, take ¯nitely many values. In addition,
these fully revealing equilibria coincide with the competitive equilibria of the cor-
responding symmetric information economy, and inherit their usual properties,
such as local uniqueness.3

We focus on the robustness of these characteristics of competitive equilibria in
economies with asymmetric information, with respect to the two components of
the rational expectations hypothesis. We also want to disentangle the impact of
the two components. It is sometimes argued that consensus is a natural hypothesis
in economic models (e.g. Aumann (1987)), whereas the assumption of \point
expectations" is probably more questionable. It is known to be limiting in many
applications.
It is necessary to start with a set of restrictions on individual rationality which

are weaker than the REH. How should one describe the behaviour of agents who
do not necessarily know the map from states to prices, in a world where market
clearing is common knowledge? We propose to do this by describing agents as
being uncertain about prices. Their beliefs are represented by a joint probability
distribution on states and prices. It is then possible to associate successively
stronger hypotheses about the rationality of beliefs, or expectations, in terms
of the restrictions imposed on this joint distribution. This construction allows

1Polemarchakis and Siconol¯ (1993) use the indeterminacy of equilibria in an incomplete mar-
kets economy to construct multiple maps from states to prices. Allen, Dutta and Polemarchakis
(1994) show that consensus is necessary to achieve equilibrium with enough markets.

2Townsend (1978) provides an implicit de¯nition, that such expectations are correct when
averaged across individuals; Anderson and Sonnenschein (1982) require that they be statistically
indistinguishable from outcomes, with ¯nitely many observations.

3These results were extended to the in¯nite dimensional case by Allen (1981a).
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us to ask what restrictions are imposed by individual rationality, and whether
further restrictions are necessary to obtain the REH. At the same time, we need
to pay attention to the characteristics of the resulting competitive equilibria. It
is important to understand whether weaker hypotheses of rationality enlarge the
set of equilibria, and alter their characteristics. In other words, can REE be the
outcome of restrictions weaker than the REH?
Common knowledge of rationality and market clearing imposes the restriction

that beliefs are concentrated on market clearing prices. We consider, ¯rst, such
\Beliefs Equilibria (BE)", which result from pro¯les of beliefs which satisfy this
property, and no further restrictions. As we have noted before, consensus needs
to be imposed as a restriction; we call the outcomes \Common Beliefs Equilibria
(CBE)", where agents agree on the joint distribution of prices and states, and these
beliefs are self-ful¯lling by de¯nition. Rational Expectations Equilibria (REE)
are CBE where the beliefs of every agent are degenerate, so that they assign
probability one to a single price in each state.
We formally de¯ne these solution concepts in Section 2. The purpose of the

paper is to use examples to explore the relation between these solution concepts.
These examples are in Section 3; we are able to demonstrate most of the issues in
the context of a very simple family of examples, with two agents, two goods, and
state-dependent Cobb-Douglas preferences. This class of examples is familiar from
related literature (e.g. Kreps (1977), Radner (1979), Allen (1981b), Radner and
Jordan (1982), and Ausubel (1990)). They allow for clear and explicit solutions,
and allow us to relate our solutions to previous work.
The message of the ¯rst three examples is that \rational expectations" cannot

be deduced from rationality alone. Example 1 demonstrates the necessity of
consensus; the set of BE is much larger than the unique REE. In Example 2,
we show that consensus is not su±cient, so that the full set of restrictions of the
REH are necessary for REE to be the only equilibria. This theme is explored
further in Example 3, which is known to have multiple REE. We show there that
randomizations over REE generate CBE.
In each of these examples, the dimension of information signals is higher than

that of prices. We show, in Example 4, that in the absence of this problem,
rationality alone may yield rational expectations: the unique REE is also the
unique BE. Example 5 demonstrates that this logic may lead to the failure of BE
to exist. This is essentially the example of Kreps (1977). The economy is such
that no BE exists (and hence, no CBE or REE).
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Our approach is related to a number of di®erent strands of the existing litera-
ture. We discuss these in detail as we introduce our solution concepts and also in
the concluding section 4. Closest to our work is McAllister (1990), which is also
a study of the implications of common knowledge of market clearing and ratio-
nality alone. A crucial distinction is that while McAllister allows prices to reveal
information about fundamentals which is not known to any agent, we require that
any uncertainty about prices is uncorrelated with fundamentals not known to any
agent. One implication is that if there is symmetric information, our solution
concept of beliefs equilibrium reduces to competitive equilibrium of the expected
economy. McAllister's solution concept expands the set of outcomes even with
symmetric information. We illustrate this point in Example 6.
Our analysis of Examples 1-3 suggests that the \full revelation" property, as

well as the \local uniqueness" property of REE are not preserved by BE or even
CBE. It is known to be di±cult to obtain examples, or characterization, of par-
tially revealing REE (e.g. Ausubel (1990)). The ¯rst property suggests that
the class of CBE may provide a natural home for the analysis of partial revela-
tion. The second suggests similarities to the notion of \sunspot equilibria" (Cass
and Shell (1983)) and the possibility of indeterminacy of competitive equilibria
(Geanakoplos and Mas-Colell (1989)), both in incomplete markets. We discuss
this in Section 4.

2. Framework

The framework is essentially that of Radner (1979). There are H agents and L
goods. Uncertainty is represented by states of nature, s 2 S, where S µ <K

for some ¯nite K. Endowments as well as preferences of agents can be state-
dependent. Endowments are eh : S ! <L+, and utility functions are Uh : <L

+£S !
<, for h = 1; ¢ ¢ ¢ ; H .
Agents maximize expected utility, expectations being conditional on informa-

tion available to them. Let ¢(S) be the class of probability distributions on S.
For each ¯ 2 ¢(S), and x : S ! <L

+, de¯ne

V h(¯;x) =
Z

S

U h(x(s); s)d¯

as the expected utility of agent h from the state-dependent consumption bundle
x if she holds belief ¯, de¯ning a probability distribution on S.
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We assume that agents share a common prior distribution on the fundamental
state space; call this ¼ 2 ¢(S). In addition, they receive private signals ¾h : S !
<. Endowments are assumed measurable with respect to private information, so
that ¾h(s) = ¾h(s0) ) eh(s) = eh(s0). We refer to ¼h(¢j¾h) 2 ¢(S) as the (signal-
dependent) prior of agent h. The state of information is ¾ = (¢ ¢ ¢ ; ¾h; ¢ ¢ ¢) 2 §µ
<H . For any realization ¾ 2 §, the posterior distribution ¼¤(¢j¾) 2 ¢(S) is the
full-information posterior distribution.4

Agent h observes his private signal, ¾h, and the vector of prices p. Prices
can vary across payo®-relevant information states: speci¯cally, agent h does not
observe ¾¡h = (¾1; ¢ ¢ ¢ ; ¾h¡1; ¾h+1; ¢ ¢ ¢ ; ¾H), but can infer something about them
from her observation of p. Suppose that conditional beliefs for agent h were given
by ¯h : §h £ <L++ ! ¢(S), so that ¯h

³
¢j¾h; p

´
is h's probability distribution

over states if he observed ¾h and p. Later, we will want to derive these beliefs
endogenously, but let us ¯rst consider when markets clear if we ¯x a vector of
such conditional beliefs, B =

³
¯1; ¢ ¢ ¢ ; ¯h; ¢ ¢ ¢ ; ¯H

´
.

Agent h's net trade is thus a ¾h measurable function such that zh
³
s; pj¯h

´

maximizes
V h

³
¯h

³
¢j¾h (s) ; p

´
; zh + eh

´

subject to the budget constraints p:zh · 0. Prices, p, clear markets, so that

HX

h=1

zh(s; pj¯h) = 0;

for each s 2 S. Note that the true state s is typically unobserved at the time of
choosing zh. Let PC(B; s) be the set of prices which clear markets in state s given
beliefs B, i.e.

PC(B; s) =
(
p 2 <L¡1++

¯̄
¯̄
¯

HX

h=1

zh
³
s; pj¯h

´
= 0

)
:

The Rational Expectations Hypothesis assumes, at this point, that every agent
knows a deterministic map from states to prices. This map can then be used to
derive B. We want to allow for uncertainty about the price process. We replace the
rational expectations hypothesis with one where each agent's beliefs are described
by a conditional probability distribution on prices given states, written as ±h(pjs).

4In many of our examples, we assume that S = §, so that ¼¤ is degenerate.
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A belief for agent h is a mapping ±h : S ! ¢(<L¡1++ ). For each s 2 S, ±h(¢js)
is a conditional probability distribution on the L ¡ 1 vector of relative prices p.
We assume that beliefs are measurable with respect to the joint information of
all agents, i.e. ¾ (s) = ¾ (s0) =) ±h(¢js) = ±h(¢js0). This is analogous to the usual
assumption in rational expectations equilibrium. Let ± = (±1; ¢ ¢ ¢ ; ±h; ¢ ¢ ¢ ; ±H) be
a pro¯le of beliefs. We assume that they have common support and write

P¤(±; s) =
n
p 2 <L

++

¯̄
¯±h(pjs) > 0

o
for all h = 1; ::; H:

Given h's beliefs ±h, we can deduce her posterior beliefs ¯h by Bayes rule.
De¯ne ¯h± by

¯h± (sjp; ¾h) =
¼(sj¾h)±h(pjs)

R
S ±(pjs)d¼(sj¾h)

: (2.1)

whenever
R
S ±(pjs)¼(sj¾h) > 0; we will not be evaluating ¯h± when this condi-

tion is not satis¯ed. Write ± = (±1; ¢ ¢ ¢ ; ±h; ¢ ¢ ¢ ; ±H) and B± ´
³
¯1±1; ::; ¯

H
±H

´
. We

are now in a position to de¯ne our solution concepts.

De¯nition 2.1. Beliefs pro¯le ± is self-ful¯lling if, for each s 2 S, markets clear
at every p in the common support of ±h(s), i.e.

P¤(±; s) µ PC(B±; s) for all s 2 S:

Notice that, because of our common support assumption on ±, conditional
beliefs B are always uniquely de¯ned by (2.1) for all s in P¤(±; s). On the other
hand, if we dropped the common support assumption, the de¯nition would be
sensitive to beliefs following unexpected realizations of prices.

De¯nition 2.2. Beliefs pro l̄e ± is degenerate if there exists Á : § ! <L
++ such

that P¤(±; s) = fÁ(¾(s))g and thus, for all h, ±h(pjs) =
(
1; if p = Á(¾(s))
0, otherwise

.

De¯nition 2.3. A Beliefs Equilibrium is a self-ful l̄ling beliefs pro¯le. A Com-
mon Beliefs Equilibrium is a Beliefs Equilibrium with ±h = ± for h = 1; 2; ¢ ¢ ¢ ; H.
A Rational Expectations Equilibrium is a common beliefs equilibrium with de-
generate beliefs.
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Remarks

² Our ¯rst de¯nition explores the rationality of beliefs held by agents. These
are, after all, theories about prices, which are an outcome of the economic
system. If they live in a world where prices clear markets, this should be
incorporated into their model of the world. Self-ful¯lling beliefs support
only equilibrium prices in each state.

² Self-ful¯lling beliefs are necessary, but may not be strong enough to yield ra-
tional expectations equilibria. De¯nition 2.3 indicates the successive strength-
ening which is required to achieve that. At a rational expectations equilib-
rium, agents' beliefs agree, and, in addition, these beliefs are degenerate.

² Beliefs are theories about prices in each information state, s. Agreement on
beliefs ± is not su±cient for agreement on posteriors B. This last is typically
true only at fully revealing equilibria (formally de¯ned below).

² The property that beliefs are self-ful¯lling is true of the entire pro¯le; one
person's theory is ful l̄led by the simultaneous actions of all agents, which
depend on their beliefs.

² We have speci¯ed that self-ful¯lling beliefs have support entirely on market-
clearing prices. This de¯nition could be weakened. Anderson and Sonnen-
schein (1982) require beliefs to contain equilibrium prices, i.e. P¤ \PC 6= ;,
so that rationality imposes the relatively weak restriction that agents never
observe prices which they had thought impossible. They may nevertheless
continue to assign positive probability to impossible events. Clearly, our
equilibria continue to be admissible in this de¯nition, and the class of equi-
libria so obtained should be much larger. We explore the implications of the
relatively tighter notion.

² We do not impose the stronger restriction that P¤ = PC . If PC is not a
singleton, this would rule out the REH, as agents would be restricted to
putting positive probability on all equilibria.

² Note that in the de¯nition of self-ful¯lling beliefs, we require merely that
every price in the support be an equilibrium price. Given this, the auc-
tioneer may choose to randomize in any way over the equilibria, because
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market clearing must be achieved state by state, and not in expected or in
probabilistic terms. In the case of CBE, this is really a demonstration that
common beliefs can be ful¯lled, and not necessarily that they will be.

² The requirement that each ±h (¢js) be measurable with respect to ¾ is anal-
ogous to the usual rational expectations equilibrium assumption that prices
are measurable with respect to the join of agents' information. McAllister's
(1990) de¯nition of admissible beliefs is given in a rather di®erent setting
from this one. But the essential di®erence from our beliefs equilibrium is
that he does not make this assumption.

De¯nition 2.4. Belief pro¯le ± is fully revealing if an outside observer could
deduce all signals from prices, i.e. P¤ (±; s) \ P¤ (±; s0) = ; if ¾ (s) 6= ¾ (s0).

Notice that there may exist belief equilibria and common belief equilibria which
are fully revealing but are not rational expectations equilibria. However, such
fully revealing belief equilibria will simply be randomizations over the competitive
equilibria of the complete information economy.

3. Beliefs Equilibria: Some Examples

We have de¯ned the successively stronger solution concepts of BE, CBE, and REE
which are justi¯ed by strengthening the hypothesis about the nature of beliefs
and about consensus in such beliefs. We have argued that common knowledge
of rationality and market clearing implies only that beliefs are self-ful l̄ling, so
that rationality of beliefs corresponds to the notion of Beliefs Equilibria. We want
to unpack the Rational Expectations Hypothesis into two components: that of
consensus { the restriction that beliefs are the same across market participants,
and that of degeneracy { that these beliefs are restricted to be point expectations
of prices in each state. Imposing consensus yields CBE, and the further restriction
of degeneracy yields REE.5

It remains to be seen whether a competitive economy yields equilibria { CBE
or even BE { other than the Rational Expectations Equilibria. Otherwise, our
arguments could be seen as strong justi¯cation for the notion of an REE, which
obtain as outcomes of restrictions much weaker than the REH.

5It is theoretically possible to impose degeneracy without consensus, at the cost of obtaining
equilibria which cannot ful¯ll all expectations at once, by construction.
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Do self-ful¯lling beliefs necessarily yield rational expectations equilibria? We
explore this issue in some examples. The examples are simple enough to allow for
complete characterization of competitive equilibria with alternative restrictions.
To do this, we have specialized to H = 2 and L = 2. The two goods are labelled
x and y. Endowments are state-independent; preferences are assumed to be state
dependent. In each example, preferences are of the form

V (¼h; xh; yh) =
Z

S
(ah(s) lnxh(s) + bh(s) ln yh(s))d¼h:

Endowments are assumed to be state-independent

e1(s) = e1; e2(s) = e2:

This family is familiar from several papers on rational expectations, including
Kreps (1977), Radner (1978), and Ausubel (1990). Allen (1981b) sets out a class
of economies where the dimension of the state space is greater than that of prices;
she further restricted these economies to satisfy monotonicity conditions with
respect to the signals, as well as the property that rational expectations equilibria
be unique. Our examples satisfy the monotonicity conditions. As it happens,
this family is rich enough to display the properties that we need to establish. We
believe that their explicit characterization of equilibria allows insights into the
analysis of BE and CBE in more abstract settings.
A brief overview of our examples is as follows.

1. Example 1 is an economy with a unique REE. We show there that the set
of BE is much larger, while the unique CBE coincides with the REE. This
is a clear demonstration that consensus is necessary to support REE. It also
suggests that there are economies where consensus implies degeneracy; their
characterization is an open question.

2. The property that the REE is unique is true of the class of economies in
Example 2 as well. However, for an open set of parameter values within this
class, the economy has a continuum of CBE, which are partially revealing.
Both properties are of interest: the fact that the CBE are indeterminate,
and that they \hide" information which would have been revealed by prices
at an REE. The CBE are non-degenerate, equilibrium price distributions,
and can be understood as \sunspot equilibria" .
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3. The economy of Example 3 has multiple REE; it is really a reformulation
of an example due to Radner (1979). This example allows a better charac-
terization of the class of CBE. We show that the class of equilibrium price
distributions is convex; as a consequence, randomizations over REE gen-
erate CBE, but do not exhaust them. The property of multiple equilibria
is known to be non-generic in Cobb-Douglas economies, but certainly not
so in more general ones. The example demonstrates that non-degenerate
CBE may be typical of such situations, so that the power of the consensus
hypothesis in forcing REE is likely to be limited.

4. Example 4 is contrary to the spirit of the previous ones. The only BE are
REE, so that the weakest restriction of rationality su±ces to yield rational
expectations. Consensus and degeneracy are consequences of rationality.
The example has one-sided uncertainty, which suggests that dimensions of
signals are likely to be of critical importance in justifying rational expecta-
tions.

5. We demonstrate, in Example 5, that the argument of Example 4 may lead to
the failure of existence of BE: the example of Kreps (1977), which is known
not to possess REE, also has no BE. Beliefs simply cannot be self-ful¯lling.
It is also a demonstration that our solution concept is tight: weakening the
solution concept in the manner suggested by Anderson and Sonnenschein
(1982) would restore existence.

6. We demonstrate, in Example 6, that the measurability restriction on the
join of agents' information is - in general - binding. We conjecture that this
explains why McAllister (1990) is able to get a general existence result for
a related solution concept.

We will assume, throughout, that the objective probability distributions ¼
on s 2 S, or equivalently, on (a1(s); b1(s); a2(s); b2(s)) are common knowledge, so
that agents agree on their priors. In order to recover information from prices, they
need to form posterior probability distributions ¯h(sjp; ¾h). Rationality of beliefs
implies restrictions on ±h, and therefore on ¯h. In the examples below, we state
the direct restrictions on the posteriors, which are compatible with common priors
¼ on S. If, in addition, agents are assumed to have common beliefs, this implies
that the posterior probabilities are derived from a common joint distribution on
states and prices.
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3.1. Example 1: Consensus is Necessary

For our ¯rst family of examples, we assume that agents have the same preferences
in each state s. Let

ah(s) = a > 0; bh(s) = b > 0;

and s = (a; b) 2 S ´ <2++. Preferences are

Uh(xh(s); yh(s); s) = a ln xh(s) + b ln yh(s); h = 1; 2:

Further,
¾1(s) = a; ¾2(s) = b;

so that the two agents each observe di®erent co-ordinates of the state s. By
construction, ¾(s) = s.
Let ¼ 2 ¢(<2++) be the objective probability distribution on the state space

known to both. We will assume that a and b are not perfectly correlated, i.e. that
¼ is such that var(ajb) > 0 and var(bja) > 0, for every pair (a; b). Let (1; p) be
the prices of the two goods. Finally, endowments are

e1 = [1; 0]; e2 = [0; 1]:

We refer to this as Economy 1.

Proposition 3.1. The following characteristics are true of Economy 1.

1. There is a unique Rational Expectations Equilibrium, where p = b
a.

2. There is no Common Beliefs Equilibrium other than the REE.

3. A pro¯le of beliefs ± = (±1; ±2) is self-ful¯lling whenever

E±1 bja; p = ap; E±2ajb; p =
b

p
:

There exist a continuum of Beliefs Equilibria satisfying this condition.

The proof is constructive. Let ±1; ±2 be the beliefs pro¯le. Agent 1 observes
a and p. Let b1(a; p) = E1bja; p be the conditional expectation of a given b

12



and p, derived from ¼; ±1 by Bayes updating; similarly, a2(b; p) = E2bja; p is the
conditional expectation of b given a and p, derived from ¼; ±2. Agent 1 demands

x1 =
a

a + b1(a; p)
; py1 =

b1(a; p)

a+ b1(a; p)
;

agent 2 demands

x2 = p
a2(b; p)

a2(b; p) + b
; y2 =

b

a2(b; p) + b
:

Given a realization (a; b) and expectations formulae b1(:; :); a2(:; :), market
clearing prices must satisfy

p =
1 + b

a2(b;p)

1 + a
b1(a;p)

: (3.1)

Lemma 3.2. At any BE, the following conditions must be satis¯ed:

b1(a; p) = aÁ1(p); a2(b; p) = bÁ2(p);

for some pair of strictly positive-valued functions Á1 and Á2; and

P± µ fp 2 <++ : pÁ2(p)(1 + Á1(p)) ¡ Á1(p)(1 + Á2(p)) = 0g:

Proof:
The market clearing condition,(3.1), implies

a

b1(a; p)
= ©1(p;

b

a2(b; p)
) =

b

p:a2(b; p)
+
1¡ p
p

b

a2(b; p)
= ©2(p;

b

b1(a; p)
) =

p:a

b1(a; p)
+ p ¡ 1

The quantity a2 is an expectation conditional on b; p, so that
b
a2
should be invariant

to a; similarly, a
b1
should be invariant to b. The restrictions @b1

@b
= @a2

@a
= 0 are true

at each p 2 P± and all (a; b) if, and only if, b1(a; p) = aÁ1(p) and a2(b; p) = bÁ2(p)
for some pair of functions Á1; Á2. These must be positive valued to ensure p > 0.
Finally, these restrictions imply that equation (3.1) rewrites as

p =
1+ 1

Á2(p)

1 + 1
Á1(p)

:
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Self-ful¯lling beliefs put full support on market clearing prices, which yields the
last restriction. 2

::

At a BE, agents can have di®erent beliefs about prices. If agents hold the
same beliefs, so that ±1 = ±2, their subjective probability distributions must be
coherent with a (common) joint distribution on (p; a; b). The additional restric-
tions imposed by common beliefs are implications of this. In characterizing CBE,
we drop the subscripts 1; 2 from the expectations operators to indicate that they
are derived from the same joint distribution.

Lemma 3.3. At a CBE, the following restrictions hold:

Ebja; p = b(a; p) = ap;

Eajb; p = a(b; p) = b

p
:

Proof: Common beliefs implies that Eajp = Ea(b; p)jp and Ebjp = Eb(a; p)jp
with respect to some common conditional distribution F (a; bjp). From Lemma
(3.2), this implies

Ebjp = Á1(p)Eajp; Eajp = Á2(p)Ebjp:

This is true if, and only if,
Á1(p)Á2(p) = 1:

Market clearing implies

p =
1+ 1

Á2(p)

1 + 1
Á1(p)

= Á1(p)

whenever Á1(p)Á2(p) = 1. The stated conditions follow. 2

¢ ¢ ¢

These restrictions have a strong implication, stated below.
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Lemma 3.4. (Common Beliefs are Degenerate) There is a unique CBE, at
which

p =
b

a
with probability 1 for each pair a; b.

Proof: From the Lemma (3.3), a CBE implies

Ebja; p = ap;Eajb; p = b

p
:

Suppose ±(pja; b) is non-degenerate for some a; b. Let z = p:a
b
. The ¯rst restriction

implies E 1
z
ja; p = 1 for each such a and the second restriction implies Ezjb; p = 1

for each such b. If ±(:j(a; b) is degenerate for some (a; b), Lemma 1 implies that
p = b

a so that z = 1 with probability 1. It follows that at a CBE, we must
necessarily have Ez = 1 and E 1

z
= 1. By Jensen's inequality, this is possible only

if the random variable z equals 1 with probability 1. The result follows. 2

¢ ¢ ¢

In this class of examples, common beliefs su±ce to yield rational expectations.
The REE is unique, with the price function p = b

a . At each state (a; b), allocations
are

x1 =
a

a + b
; y1 =

b

a+ b
;

x2 =
b

a + b
; y2 =

a

a+ b
:

Given the information structure of the economy, every agent knows the state, even
though prices do not reveal all information.
It remains to characterize the class of BE.

Lemma 3.5. A pro¯le of beliefs ± = (±1; ±2) is self-ful¯lling whenever the follow-
ing hold:

E1bja; p = ap

E2ajb; p =
b

p

for each (a; b) and every p 2 <++ = P±.
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Proof: The restrictions satisfy the condition of Lemma (3.2). If they hold,
any p > 0 satis¯es the market clearing condition, (3.1).2

¢ ¢ ¢

To demonstrate that non-trivial BE exist, it su±ces to note that P± = <++,
i.e. all positive prices are admissible, and that ±i should be such that E±1pja = E¼b

E¼a

and E±2
1
pjb = E¼b

E¼a
. Clearly, there exist a continuum of beliefs pro¯les satisfying

these moment conditions.6

3.2. Example 2: Partially Revealing CBE

In this section, we are concerned with common beliefs equilibria which allow
outcomes which could not occur in any rational expectations equilibrium. We will
construct a robust class of economies where there is a unique rational expectations
equilibrium, but there is a continuum of common belief equilibria.
This example has two sided uncertainty - i.e. there are two agents each of

whom knows something which the other does not. There are ¯nitely many states
of nature. Speci¯cally, S = f1; 2; 3; 4g. We assume that ah(s) +bh(s) = 1, so that
preferences are

Uh(xh(s); yh(s); s) = ah(s) lnxh(s) + (1¡ ah(s)) ln yh(s); h = 1; 2:

Let us parameterize this economy by the pair (¼; a) 2 ¢(S)£(0; 1)8 where a =
fah(s)jh = 1;2; s 2 Sg. Agents receive signals which lead to di®erent partitions
of S. De¯ne ¾h(s) as follows :

¾1(s) = 1 if s 2 f1; 2g;

¾1(s) = 0 if s 2 f3; 4g;
and

¾2(s) = 1 if s 2 f1; 3g;
¾2(s) = 0 if s 2 f2; 4g:

6In an earlier version, Dutta and Morris (1994), we demonstrated the characteristics of BE
in fully parametrized families for the distribution ¼.
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Note that ¾(s) = (¾1(s); ¾2(s)) is a one-to-one map. State-independent en-
dowments are

e1 = e2 = [1; 1]:

It is convenient to normalize prices to lie in the unit simplex, so that the price
vector is (p; 1¡ p). This completes the speci¯cation of Economy 2.
In constructing CBE, we need to impose further restrictions on the utility

parameters a as follows:

a1(s) + a2(s) 6= a1(s0) + a2(s0) if s 6= s0; s; s0 2 S: (3.2)

Max[a1(1); a1(2)]> Min[a1(3); a1(4)]; (3.3)

Min[a1(1); a1(2)]< Max[a1(3); a1(4)]; (3.4)

Max[a2(1); a2(3)]> Min[a2(2); a2(4)]; (3.5)

Min[a2(1); a2(3)]< Max[a2(2); a2(4)]: (3.6)

Note that there exists an open set of parameter values a 2 (0; 1)8 for which these
conditions hold. For example, the inequalities a1(1) > a1(3) > a1(2) > a1(4) and
a2(1) > a2(2) > a2(3) > a2(4) are su±cient.

Proposition 3.6. The following characteristics are true of Economy 2.

1. There exists a unique fully revealing REE if the restriction (3.2) holds. This
is true for generic a (for all ¼).

2. There is an open set of (¼; a) for which there exist a continuum of par-
tially revealing CBE. Speci¯cally, there is such a continuum if a satis¯es
restrictions (3.2)-(3.6), and ¼(s) > 0 for each s 2 S.

This will be proved via a series of lemmas. Let ah(¾h; p) = Eah(s)j¾h; p.
Agents demand xh = ah(¾h;p)

p and yh = 1¡ah(¾h;p)
(1¡p) . Market clearing implies

p =
a1(¾1; p) + a2(¾2; p)

2
:

Lemma 3.7. A fully revealing REE exists if the restriction (3.2) holds.

17



Proof: At a fully revealing equilibrium,

p(s) =
a1(s) + a2(s)

2
:

The result follows. 2

¢ ¢ ¢

De¯ne now the quantities

®1;1 = Ea
1(s)j(¾1=1) =

¼(1)a1(1) + ¼(2)a1(2)

¼(1) + ¼(2)
;

®1;0 = Ea
1(s)j(¾1=0) =

¼(3)a1(3) + ¼(4)a1(4)

¼(3) + ¼(4)
;

®2;1 = Ea
2(s)j(¾2=1) =

¼(1)a2(1) + ¼(3)a1(3)

¼(1) + ¼(3)
;

®2;0 = Ea
2(s)j(¾2=0) =

¼(2)a2(2) + ¼(4)a2(4)

¼(2) + ¼(4)
:

These are the conditional expectations which are relevant if agents do not recover
information from prices.

Lemma 3.8. A fully non-revealing REE exists if and only if

®1;1 = ®1;0 and ®2;1 = ®2;0:

Proof: A fully non-revealing REE has

p(¾) =
Ea1j¾1 + Ea2j¾2

2
:

Agent 1's demand is non-revealing if ®1;1 = ®1;0 and agent 2's demand is non-
revealing if ®2;1 = ®2;0. Both conditions are necessary for a non-revealing equilib-
rium. 2

¢ ¢ ¢
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The condition that ®h;1 = ®h;0 for h = 1; 2 is non-generic. If these fail, the
REE is unique and fully revealing as long as restriction (3.2) holds.
To construct CBE, we need to construct posterior probability distributions

¯ 2 ¢(S) such that E¯ahj¾h are invariant to ¾h. For any ¯ 2 ¢(S), and for
h = 1; 2, ¾h 2 f0; 1g, de¯ne

®h;¾h (¯) = E¯a
hj¾h:

Lemma 3.9. Suppose conditions (3.3)-(3.6) hold. There exist a continuum of
probability distributions ¯ 2 ¢(S) such that

®1;1(¯) = ®1;0(¯)

and
®2;1(¯) = ®2;0(¯):

Proof: Note that

®1;1(¯) =
¯(1)a1(1) + ¯(2)a1(2)

¯(1) + ¯(2)

and

®1;0(¯) =
¯(3)a1(3) + ¯4a1(4)

¯(3) + ¯(4)
:

The equality ®1;1(¯) = ®1;0(¯) is satis¯ed for some ¯ 2 ¢(S) as long as equa-
tions (3.3)-(3.4) hold. By analogy, equations (3.5) and (3.6) guarantee that
®2;1(¯) = ®2;0(¯). Finally, there are a continuum of ¯ achieving this because this
imposes two restrictions on three unknowns ¯(1); ¯(2); ¯(3), with

P4
s=1 ¯(s) = 1

by de¯nition. 2

¢ ¢ ¢

Let B¤ ½ ¢(S) be the set of probabilities which satisfy the requirement of
Lemma 3.9: call this the set of confounding distributions.

Lemma 3.10. Suppose ¼(s) > 0 for s= 1; 2; 3; 4, and that a satis¯es restrictions
(3.3)-(3.6). There exist a continuum of partially revealing CBE.
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Proof: Let ¯ 2 B¤ be any confounding distribution. Choose ²(s) 2 (0; 1) for
s = 1; 2; 3; 4 such that ¯(s) = ¼(s)²(s)P

s
¼(s)²(s)

. Let q(¯) = ®1;1(¯)+®2;1(¯)
2

, which is the

state-independent price if the posterior distribution is ¯, and let p(s) = a1(s)+a2(s)
2

be the fully revealing REE. Now consider the common beliefs ±(pjs) described by
Prob(p = p(s)js) = 1 ¡ ²(s) and Prob(p = q(¯)js) = ²(s). This is a CBE as long
as q(¯) 6= p(s). By construction, each such ¯ 2 B¤ corresponds to a CBE. 2

¢ ¢ ¢

This example is robust to perturbations of the utility functions and endow-
ments. Thus we have generated a robust class of economies where there is a
unique rational expectations equilibrium which is fully revealing, but there are a
continuum of partially revealing common belief equilibria.

3.3. Example 3: Multiple Equilibria and Price Distributions

Suppose the economy admits multiple REE. Can we construct non-degenerate
CBE from randomizations over equilibria? This example shows that this is indeed
the case; however, the class of CBE is larger than lotteries over REE. Typically,
randomizations over deterministic equilibria are not ex-ante equilibrium distri-
butions in competitive economies. This example suggests that the recovery of
information from prices can allow for such randomizations to be self-ful¯lling.
We assume that a1(s) + b1(s) = 1; a2(s) + b2(s) = 1. It is useful to write

U1(x1; y1; s) = (1¡ b) lnx1(s) + b ln y1(s);

U 2(x2; y2; s) = a ln x2(s) + (1¡ a) ln y2(s):
States of nature are s = (a; b) 2 S ´ (0; 1)2. Further, ¾1(s) = s = (a; b);
¾2(s) = b. Agent 1 is fully informed; agent two observes only one co-ordinate of
the state, and needs to know the other. Endowments are

e1 = [1; 0]; e2 = [0; 1]:

The probability distribution on S is ¼. We assume that a and b are not
perfectly correlated, i.e. that ¼ is such that var(ajb) > 0. Prices are [1; p]. We
refer to this as Economy 3.
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This example has a family resemblance to those analyzed by Radner (1979),
and in Ausubel (1990). In particular, the restriction b = 1

2 yields one of the
examples from Radner (1979). The restriction that the prior puts support only
on states (a; b) with either b = a or b = an for some 0 < n 6= 1 generates a class
of examples studied in Ausubel (1990).7

Proposition 3.11. The following characteristics are true of Economy 3.

1. There are multiple Rational Expectations Equilibria.

2. The class of price distributions at Common Beliefs Equilibria is convex, and
contains probability mixtures over the Rational Expectations Equilibria.

3. There are Common Beliefs Equilibria which are not probability mixtures of
Rational Expectations Equilibria.

Agent 1 observes the state s. Her demands are

x1 = (1¡ b); py1 = b;

agent 2 observes b and p. Let a2(b; p) = E2ajb; p. He demands
x2 = a2(b; p)p; y2 = (1 ¡ a2(b; p)):

Given (a; b) and the expectations formula a2(:; :), market clearing implies

p =
b

a2(b; p)
: (3.7)

We turn to the characterization of CBE for this class of economies. Agent 1
is fully informed, so that any self-ful¯lling belief ±2 will support a CBE.

Lemma 3.12. Let ±(pjs) be a conditional probability distribution on <++ for
each s 2 (0; 1)2. ± supports a CBE if, and only if, the following restriction holds:

E±ajb; p =
b

p

for (almost) every (b; p).

7The examples in Ausubel (1990) di®er slightly in the information structure, in that the
second individual is assumed to recieve a null signal. The change in assumption is far from
innocent, as we have multiple REE , which proves important in the construction of non-trivial
CBE.

21



Proof: Let a(b; p) = E±ajb; p. From equation (3.7), market clearing implies

a(b; p) =
b

p
:

For any p > 0, markets clear only if this condition holds. Any joint distribution
of (p; a; b) satisfying this restriction is a CBE. 2

::

This Lemma indicates a natural way to construct price distributions support-
ing a CBE. If the random variable a is non-degenerate, we can always construct
another random variable, z, with the property that

Eajb; z = z:

This requires that z and a satisfy second order stochastic dominance, conditional
on each b. Now de¯ne

p(z; b) =
b

z
:

By construction, Eajb;p = Eajb; z = b
p
.

In addition, mixtures of CBE are also CBE, as the next Lemma shows.

Lemma 3.13. Let ±i and ±j be conditional probability distributions on <++

which support CBE. Let ² 2 (0; 1) and de¯ne

±² = ²±i + (1¡ ²)±j:

±² also supports a CBE.

Proof: Let ¼(a; b) be the common, objective probability distribution on (a; b),
and de¯ne

Fi(ajb; p) =
±i(pja; b)¼(a; b)R
a ±i(pja; b)¼(da; b)

;

Fj(ajb; p) =
±j(pja; b)¼(a; b)R
a ±j(pja; b)¼(da; b)

;

as the conditional probability distributions associated with ±i and ±j; similarly,

F²(ajb; p) =
±²(pja; b)¼(a; b)R
a ±²(pja; b)¼(da; b)

:
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>From the de¯nitions,

F² = ¸(b; p)Fi + (1¡ ¸(b; p))Fj

where ¸(b; p) =
²
R
a
Fi¼(da;b)R

a
(²Fi+(1¡²)Fj)¼(da;b) . Clearly, 0 · ¸(b; p) · 1 for each (b; p), and

E²ajb; p =
Z

a
adF² = ¸(b; p)Ei(ajb; p) + (1¡ ¸(b; p))Ej(ajb; p):

If ±i, ±j support CBE, Eiajb; p = Ejajb; p = b
p
, implying E²ajb; p = b

p
. By Lemma

(3.12), ±² supports a CBE. 2

¢ ¢ ¢
Lemma (3.13) has an important implication about the possibility of non-

degenerate CBE. Convex combinations of CBE are also CBE. If there are at
least two REE, this guarantees a family of non-degenerate CBE. This is formally
stated next.

Lemma 3.14. Let p1(a; b); p2(a; b) be price functions which support rational ex-
pectations equilibria. For each ² 2 (0; 1), let ±²(pja; b) be the distribution of a
random variable p de¯ned by

p = p1(a; b) with probability ²;

p = p2(a; b) with probability 1¡ ²:
The belief ±² supports a CBE for each ² 2 (0; 1).

¢ ¢ ¢
It remains to show that there are multiple REE. Lemma (3.12) characterizes

all CBE; and the every REE must correspond to a price function p(a; b) satisfying
the equilibrium condition. We can use this as a constructive method to ¯nd
equilibria.

Lemma 3.15. There is a fully revealing REE, at which

p(a; b) =
b

a

for each (a; b) 2 (0; 1)2.
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::

There are many more REE, in such economies, as we show next. In order to
construct the equilibria, we need to de¯ne a class of price functions pk(a; b). Let
Ik = fIk1; ¢ ¢ ¢ ; Ikj; ¢ ¢ ¢ Iknkg be a partition of the interval (0; 1), such that the cells
Ikj are mutually exclusive and exhaustive. Let

®k(a; b) = Eajb; a 2 Ikj if a 2 Ikj; j = 1; ¢ ¢ ¢nk:

Clearly, for each partition Ik, ®k is a function. The candidate price functions are

pk(a; b) =
b

®k(a; b)
:

Lemma 3.16. For each partition Ik of the interval (0; 1), the price function

pk(a; b) =
b

®k(a; b)

supports a REE.

Proof: It su±ces to note that Eajb; a 2 Ikj = Eajb; pk whenever a 2 Ikj; that
pk is a non-deterministic function, and that Eajb; pk(a; b) = b

pk (a;b)
. 2

::

For each partition of the unit interval, we can construct an REE which is
measurable with respect to that partition. There are at least countably in¯nite
such partitions, so that the number of REE is very large in this class of economies.
The coarsest partition has a single cell, I0 = fI01 = (0; 1)g, and the corre-

sponding price function is

p0(b) =
b

Eajb:

This particular price function is referred to as the non- revealing equilibrium price
in Radner (1979 ). The price function corresponding to the ¯nest partition is p =
b
a , which yields the fully revealing REE. For each intermediate partition, we can
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¯nd an REE which is partially revealing; the equilibria di®er in the information
content of prices, as well the expected utility of equilibrium allocations.
To demonstrate that the class of CBE contain equilibria which are not random-

izations over REE, we specialize to set b = 1
2
with probability 1. The argument

can be extended, but this simpler economy will su±ce for the demonstration. Let

Z1(a) = (1 ¡ ²) + (2²¡ 1)a; Z2(a) = (1¡ ²) + (2²¡ 1)(1 ¡ a):

De¯ne a random variable z, as follows. For each a, z = Z1(a) with probability ²
and z = Z2(a) with probability (1¡ ²). Let p = b

z
= 1

2z
be the candidate price

function. By construction,

Eajz = ²z ¡ (1 ¡ ²)
2²¡ 1 + (1¡ ²)(1¡ z ¡ (1¡ ²)

2²¡ 1 ) = z;

and

Eajp = 1

2p
=
b

p
:

For any ² 2 (0; 1), this yields a price distribution which supports a CBE. For each
a, this distribution has support points 1

2Z1(a)
; 1
2Z2(a)

. Now

EajZ1 =
Z1 ¡ (1¡ ²)
2²¡ 1 6= Z1;

EajZ2 = 1 ¡ Z2 ¡ (1¡ ²)
2²¡ 1 6= Z2;

the price functions pi(a) = 1
2Zi (a)

are not REE.

3.4. Example 4: When Do Self-Ful¯lling Beliefs Imply Rational Expec-
tations?

If there is no uncertainty and there is a unique competitive equilibrium price vector
then in the unique beliefs equilibrium, that price vector is chosen with probability
one, and thus there is both full revelation and a REE. But it is straightforward
to identify more general classes of economies where all BE are fully revealing and
REE.
Suppose there is one sided uncertainty, so that a single agent is informed.

Suppose the informed agent's endowment is state independent and suppose that
his demand for some good strictly increasing in the state (at any give price).
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Formally, let 1 be the informed agent. So ¾1(s) = s and ¾h(s) is a constant
function for all h 6= 1. Thus we may identify ¾(s) with ¾1(s). Assume that 1's
endowment is state independent and that her excess demand z1(p; ¾1) is strictly
monotonic in ¾1 for each p. Let Economy 4 be any economy satisfying these
restrictions : they include Cobb- Douglas economies of the previous examples
with Ea1(s)j¾1(s) being monotone in ¾1.

Proposition 3.17. In Economy 4, all Beliefs Equilibria satisfy full revelation. If
each complete information economy has a unique equilibrium, then every Beliefs
Equilibrium is a Rational Expectations Equilibrium.

Proof: Suppose ± is a self-ful l̄ling belief, and p 2 P¤ (±; s) \ P¤ (±; s
0) for

some s 6= s0 (assume w.l.o.g. s > s0). All agents other than 1 have excess demand
for good 1 at price p that is independent of the state s; but 1's demand for good 1
is strictly greater at price p and state s than at price p and state s0. So the market
for good 1 cannot clear at both s and s0. At BE with full revelation, beliefs are
just randomizations over competitive prices. If these are unique, we must have a
REE. 2

3.5. Example 5: Non-Existence of Beliefs Equilibrium

Rational expectations equilibria do not always exist. Here we con¯rm that Beliefs
Equilibria may not exist also. The following example is essentially that of Kreps
(1977). This presentation follows Allen (1986).
Suppose that there are two states of nature, so that s 2 S = fs1; s2g; ¼ (s1) =

¼ (s2) = 1
2. Preferences are

U 1(x1(s1); y
1(s1); s1) =

1

3
lnx1(s1) +

2

3
ln y1(s1) (3.8)

U 1(x1(s2); y
1(s2); s2) =

2

3
lnx1(s2) +

1

3
ln y1(s2) (3.9)

U 2(x2(s1); y
2(s1); s1) =

2

3
lnx2(s1) +

1

3
ln y2(s1) (3.10)

U2(x2(s2); y
2(s2); s2) =

1

3
lnx2(s2) +

2

3
ln y2(s2): (3.11)
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Agent 1 observes the state ¾1(s) = s and agent 2 observes an uninformative
signal ¾2(s) = 0 for s 2 S. State-independent endowments are

e1 = [1; 0] e2 = [0; 1]

and prices are [1; p]. This speci¯es our Economy 5.

Proposition 3.18. There is no beliefs equilibrium in Economy 5.

Proof: Suppose ± is a self-ful¯lling belief, and p 2 P¤ (±; s1)\P¤ (±;s2). Agent
2's demand at price p is independent of the state s; but 1's demand for good 1
is strictly greater at price p and state s2 than in state s1. So the same price p
cannot clear the market in both states. Thus we must have full revelation. But if
there is full revelation, the price must be p = 1 in both states, which contradicts
full revelation. 2

¢ ¢ ¢

It is useful to note, at this point, that our solution concept is distinct from
that of Anderson and Sonnenschein (1982). In particular, they allow admissible
beliefs to assign positive probability to prices which do not occur, and cannot
clear markets in the relevant states. The following illustration is adapted from
Anderson and Sonnenschein (1982).
Suppose we were to ¯nd prices p1; p2 such that agent 2 believes that both

prices can occur in both states, whereas we require, at equilibrium, only that they
occur in some state. In particular, let ¯i summarise agent 2's posterior beliefs as
follows:

¯1 = Prob(s = s1jp = p1); ¯2 = Prob(s= s1jp = p2):
It follows that we can ¯nd

p1 =
2

1 + ¯1
; p2 =

1

1¡ ¯2
:

These prices are distinct as long as ¯1 + 2¯2 6= 1. This restores the existence of
equilibrium, in situations where beliefs assign positive probability to impossible
events (i.e. either ¯1 < 1 or ¯2 > 0 or both.)
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3.6. Example 6: The Importance of Join Measurability

Consider another two state economy, but now suppose that neither agent has any
information. Thus S = fs1; s2g; ¼ (s1) = ¼ (s2) = 1

2
. Preferences are given by

U 1(x1(s1); y
1(s1); s1) =

1

2
lnx1(s1) +

1

2
ln y1(s1) (3.12)

U 1(x1(s2); y
1(s2); s2) =

1

2
lnx1(s2) +

1

2
ln y1(s2) (3.13)

U 2(x2(s1); y
2(s1); s1) =

2

3
lnx2(s1) +

1

3
ln y2(s1) (3.14)

U2(x2(s2); y
2(s2); s2) =

1

3
lnx2(s2) +

2

3
ln y2(s2): (3.15)

Both agents observe uninformative signals ¾h(s) = 0 for all h and s 2 S. Again,
state-independent endowments are e1 = [1; 0] and e2 = [0; 1]; and prices are [1; p].
This speci¯es our Economy 6.
The unique beliefs equilibrium of this economy has ±h (1js) = 1 and xh (s) = 1

2

for all h and s. This is a consequence of the measurability condition on the price
process which requires ±h (¢js1) = ±h (¢js2) for each h, since no one can distinguish
states s1 and s2.
However, if the measurability assumption was relaxed, we would have a contin-

uum of common belief equilibria (parameterized by ® 2 [0; 1]) where ±
³

3
4¡2® js1

´
=

1¡ ®, ±
³

3
2+2® js1

´
= ®, ±

³
3

4¡2® js2
´
= ®, and ±

³
3

2+2®js2
´
= 1¡ ®. To check, ob-

serve that 1's demand for good 1 is always 1
2
. If 2 observes price 3

4¡2® , he attaches

probability 1 ¡ ® to state s1, and thus demands
³
2
3
(1¡ ®) + 1

3
®

´
3

4¡2® =
1
2
. If

2 observes price 3
2+2® , he attaches probability ® to state s1, and thus demands³

2
3® +

1
3 (1¡ ®)

´
3

2+2® =
1
2.

Such indeterminacy of equilibria comes from a di®erent source from that iden-
ti¯ed in Examples 2 and 3. In those examples, uncertainty about others' signals
allowed information to be hidden. Here, it is simply correlation between com-
pletely unobserved fundamentals and the price process.
McAllister (1990), in a somewhat di®erent setting from ours, shows existence

of \admissible beliefs", which are essentially the same as our beliefs equilibria.
However, he allows prices to depend on information which no one knows and
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requires a regularity condition (on page 351) which ensures that su±cient payo®
relevant information is not known by anybody.

4. Remarks

We have demonstrated, by means of examples, that, in the presence of asymmetric
information, rational expectations must be assumed rather than deduced. The
examples point to a number of issues discussed below.

4.1. Justifying Rational Expectations

We believe that this research agenda is important in evaluating the signi¯cance
of the Rational Expectations Hypothesis. In our de¯nitions, we unpacked this
assumption into three parts.
First, following McAllister (1990), there is the requirement agents only put

positive probability on prices that clear markets (this de¯nes Beliefs Equilibria).
Morris (1995) gives a formal argument why this is exactly what is entailed by
assuming common knowledge of market clearing and price taking behaviour. Sec-
ond, there is the requirement that there is consensus (common probability distri-
butions) about the price process (adding this gave Common Beliefs Equilibria).
Finally, degeneracy (the restriction that there is a unique possible price for each
state) is required to generate Rational Expectations Equilibria. Our Examples
2 and 3 demonstrated that, in the presence of asymmetric information, rational
expectations must be assumed rather than deduced. But we used examples to
show that in some circumstances market clearing and consensus (Example 1) and
market clearing alone (Example 4) are su±cient for rational expectations.

4.2. The Broader Hypothesis of Rational Expectations

The assumption of rational expectations is used in two quite di®erent contexts. In
sequence economies, where markets open at di®erent points of time, the REH en-
tails that participants know the market clearing prices which will occur at future
dates, possibly in¯nitely far into the future. In addition, it is used to de¯ne equi-
libria in economies with asymmetric information, where participants are assumed
to know what prices would have been in every information state. Guesnerie (1989)
analyses situations where the REH can be deduced from weaker rationality restric-
tions (in his language, when rationalizable expectations imply the REH). That
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work clearly suggests that there are circumstances where it can be so deduced,
and others where it cannot. We are concerned with the same kind of question in
the context of REE with asymmetric information. It is of some interest to study
whether solution concepts corresponding to CBE can be rationalized in situations
where REE cannot. Kurz (1994) analyses the properties of rational beliefs in se-
quence economies; rational beliefs are those which cannot be contradicted by past
data. This is similar to the notion used by Anderson and Sonnenschein (1982)
in the context of static economies with asymmetric information. As we have
pointed out before, our rationality restriction is more demanding, as Example 5
demonstrates.

4.3. Consensus and Common Priors

The notion of CBE is stricter than that of BE, because it imposes consensus as a
further restriction. The common prior assumption is certainly an important part
of the REH; it is often appealed to as a \natural" assumption in economic mod-
elling with uncertainty (see Aumann (1987) andMorris (1993)). Some justi¯cation
is made by the logic that participants who observe the same data will eventually
agree on their models of the world. One of the messages of our analysis is that (in
this context) this argument is circular. In order to learn the same things from the
data, it is necessary that their models are the same in the ¯rst place. In addition,
probability distributions are unlikely to be learned fully with ¯nitely many data
points, except in very special circumstances. We have restricted participants to
have the same priors for exogenous states, so that ¼ 2 ¢(S) is common to all,
even in BE; for CBE, they also agree on the model of prices, conditional on states.
While the common priors restriction is useful in imposing intellectual discipline in
the analysis of some economic phenomena, it may well cloud our understanding
of others, such as equilibrium price variability, as Example 1 suggests. Lack of
consensus presents rather di®erent issues with degenerate beliefs (e.g. Townsend
(1978)), which we have not analysed here.

4.4. Sunspot Equilibria

Cass and Shell (1983) introduced the idea of \sunspot equilibria" where prices
may depend on payo®-irrelevant or extrinsic states. It is well-known that all
equilibria of a model of equilibrium price uncertainty with common priors, such
as CBE, are formally equivalent to the some equilibrium of a model with sunspots.
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It su±ces to index the variation of prices within states by a random variable, i.e.
augment the state space, and call this random variable the realization of a such
a sunspot. Let us consider the connection in the context of our model. The
equilibrium of example 2 identi¯ed in the proof of Lemma 3.10 would also be a
rational expectations equilibrium of the economy with an expanded state space.
For example, if we added high or low sunspot activity as part of the description of
the state, and chose the appropriate probabilities of the sunspot states, we could
construct an equilibrium where the price was fully revealing if there was high
sunspot activity and non-revealing if there was low sunspot activity. However,
this re-interpretation itself raises a couple of questions.
Importantly, the sunspot an equilibrium phenomenon. Arbitrary sunspots will

not work in a ¯nite state setting. Radner's (1979) generic revelation theorem will
presumably continue to hold for a generic choice of sunspots and sunspot prob-
abilities. Translated into the language of sunspots, our result would say that for
a robust class of economies, there exists a set of sunspots and a (non-generic)
probability distribution over sunspots for which there is a non-revealing equilib-
rium. Put another way, not every distribution is an equilibrium distribution.
While every CBE can be reinterpreted as a sunspot equilibrium (and every BE
as a sunspot equilibrium with imperfectly correlated signals) we would prefer to
understand them as describing competitive equilibrium price distributions.
On the other hand, if a continuum of sunspots is permitted, it is not restrictive

to ¯x the sunspot states ex ante.
Another problem with the sunspot re-interpretation is that the usual de¯ni-

tion of rational expectations equilibrium requires that prices cannot reveal any
information which is not known to any agent. Notice that the re-interpretation
requires that it does: in the example, each agent learns from the price whether
sunspot activity is high or low, something no one knew in advance. Notice that
our de¯nitions implicitly assumed that prices cannot reveal anything about fun-
damentals that is not known by all agents collectively, but allows prices to reveal
extrinsic information.
Finally, note that our result ¯ts well with the intuition that imperfections are

required for sunspots. Cass and Shell (1983) showed that sunspots are irrelevant
to competitive equilibria when all agents agree on the probability distribution
and there are complete markets. A folk theorem in that literature holds that
sunspot equilibria exist if there are \imperfections" in the market. Disagreement
on probabilities is one such imperfection. In our common belief equilibria, this
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disagreement is caused by di®erent information, not di®erent priors. Thus non-
revelation of information is necessary to sustain di®erences in beliefs and thus
sunspots. But the sunspots themselves are necessary for the non-revelation.

4.5. Noisy Rational Expectations

Our results have a clear connection with models of \noisy rational expectation-
s". The early generic revelation results (Radner (1979) and Allen (1981a)) ran
counter to many economists' intuitions, and there were a number of attempts to
alter the model in ways that got around full revelation but still allowed existence
(Allen (1985) and Anderson and Sonnenschein (1982)). There was some dissatis-
faction with the fact that this noise, which prevents the revelation of information
by prices, is introduced in arbitrary ways, often at odds with full rationality. One
interpretation of our results is that we show how it is possible to introduce \noise"
endogenously with no appeal to either incomplete rationality or unexplained ex-
ogenous factors.

4.6. Robust Partially Revealing Equilibria

Prices appear to convey information but not to fully reveal all information. This,
at least, seems to be intuition of many who have studied rational expectations
equilibria. Yet it is extremely hard to come up with robust examples of economies
with partially revealing REE: see Ausubel (1990). We have shown that allowing
endogenous noise makes it easy to justify partial revelation. Indeed, enlarging
the class of equilibria to include CBE has the added advantage that non-trivial
CBE which hide information occur in economies where fully revealing REE exist,
which allows for our standard intuition about price-stabilization being welfare
improving. This is obviously not a universal property, but may allow for relatively
simple characterization.

4.7. Multiple Equilibria

It is sometimes argued that multiple competitive equilibria present a problem for
the Rational Expectations Hypothesis (e.g. Hahn (1991)). Agents who \know"
the structure of the economy can deduce the correspondence from states to prices.
Their happening to agree on a degenerate selection must be an act of faith. That
particular criticism can be incorporated in many ways; for example, Allen, Dutta
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and Polemarchakis (1994) show that with enough markets, prices will reveal the
selection of equilibrium, so that the REH can be a consequence of rationality and
complete markets at least in sequence economies. Consensus is necessary, but
degeneracy is a consequence.
In economies of asymmetric information, the argument has force, as Example

3 suggests. In particular, randomizations over multiple REE generate equilibrium
price distributions. Interestingly, that economy has other CBE as well: this has
some similarity to Aumann's (1987) demonstration that the payo®s of correlated
equilibria can lie outside the convex hull of the Nash equilibrium payo®s.

4.8. Indeterminacy of Equilibria

Examples 2 and 3 establish that there are a continuum of CBE in such economies.
Recently, the possibility of competitive equilibria being indeterminate in economies
with incomplete markets and nominal assets (e.g. Cass (1985) and Geanakop-
los and Mas-Colell (1989)) has raised perplexing questions. Our results suggest
that in economies where CBE exist, they are likely to be indeterminate, because
the market-clearing conditions impose a relatively small number of moment re-
strictions on the equilibrium probability distribution, which is a much higher-
dimensional object. The source of this indeterminacy appears to be rather di®er-
ent from that which arises with incomplete markets, though this clearly needs a
more precise technical apparatus than we use.
It is useful to note, in this context as well as that of sunspot equilibria, that

the usual argument with incomplete markets is that at di®erent equilibria, agents
choose di®erent transfers of revenue across states. In consequence, the distribu-
tions of endowments across states are distinct, which support distinct spot market
equilibria. In our analysis, the corresponding work is done by preferences, rather
than endowments. In economies with asymmetric information, agents recover
information from prices. At distinct equilibria, their posterior probabilities are
distinct, so that their expected utilities, and actions are distinct as well.
Polemarchakis and Siconol¯ (1993) explore the possibility of the simultaneous

existence of fully revealing, partially revealing, and fully non-revealing equilibria
in an incomplete markets economy where competitive equilibria are indeterminate.
The initial part of their argument is similar to Geanakoplos and Mas-Colell (1989),
where nominal assets are the source of this indeterminacy. Selections from this set
of equilibria are associated with ¯rst period asset prices which can have arbitrary
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information content. In our analysis, the source of the indeterminacy is precisely
that agents recover information from prices, and that di®erent price distributions,
which di®er in information content, are legitimate equilibria.

4.9. Further Work

In this paper, we used examples to examine the relationship between alternative
solution concepts for competitive economies with asymmetric information. This
work suggested (at least) three areas of further research.

² The clearest setting where generic revelation of information occurs in ratio-
nal expectations equilibria is the ¯nite state case. We hope to characterize
the degree of indeterminacy of common belief equilibria in this setting.

² We saw in section 3.5 that generalizing from REE to beliefs equilibria does
not solve the existence problem. However, this failure was for a non-generic
economy. When the dimension of states equals the dimension of prices,
not only does generic revelation break down, but so does generic existence
(Jordan and Radner (1982)). We plan to investigate when CBE exist in this
setting.

² We showed in this paper that in a simple, robust class of economies ratio-
nality and market clearing do not imply rational expectations equilibria.
However, we also identi¯ed classes of economies where all common belief
equilibria were REE and where all rationalizable belief equilibria are REE.
In doing so, we identi¯ed settings where consensus and unique prices are
consequences (not assumptions) of the model. It should be possible to give
general conditions for these results.
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