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ABSTRACT. This paper establishes in a general way the existence of a connection
between the stationary equilibria of an infinite horizon economy and the equilibria
of a naturally related finite economy.

More specifically, the connection is established first between the cycles of a station-
ary overlapping generations economy and the equilibria of a related finite economy
with a cyclical structure. Then the connection is shown to hold also when extrin-
sic uncertainty (a sunspot) is introduced in the models. The connection holds in
this case between a kind of sunspot equilibria called here sunspot cycles, and the
correlated equilibria of the finite economy when there is asymmetric information
about the extrinsic uncertainty. Incidentally, the sunspot cycles constitute a class of
sunspot equilibria that are able to generate time series fluctuating in the recurrent
but irregular way characteristic to some economic time series.

1. INTRODUCTION

Consider the simplest overlapping generations economy: a never-ending sequence
of overlapping generations living for two periods, identical in preferences and en-
dowments in the single commodity existing in each period, with no production and
no starting date. Take two consecutive agents out of the never-ending chain of
generations and, so to speak, close a loop with them. The resulting economy is
an Edgeworth box where each agent faces his mirror image. Any equilibrium in
this Edgeworth box corresponds to a cycle of period 2 of the original overlapping
generations economy and conversely, including the steady state as a ”"degenerate”
cycle of period 2 (See the Figure 1).2

T thank the attendants to the Economic Theory seminar of the Department of Economics
of the University of Pennsylvania for their comments on a previous version of this paper,
as well as James Peck for his remarks on a previous work that paved the way to it.

2In Figure 1 the amounts between parentheses are the consumptions when young and old (1
and 2 in subscripts) of the odd/even-period born (1 and 2 in superscripts) representative agent A
of an overlapping generations economy, and those without parentheses are equilibrium allocations
of the Edgeworth box formed by A and his mirror image A. See also Balasko and Ghiglino (1995).
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This simple example illustrates the connections that may exist between the equi-
libria of a dynamic economy and those of a static one. As a matter of fact, the
previous thought experiment can actually be redone taking out any number n of
consecutive generations and, again, closing a loop with them. As we shall see be-
low, the resulting finite economy has now a very peculiar cyclical structure, which
makes of any of its equilibria a cycle of a period (divisor of) n of the overlapping
generations economy.?

The problem of clarifying the links between dynamic and static economies shar-
ing some type of symmetry and between their equilibria is actually hidden in pre-
vious attempts to establish a connection between sunspot equilibria of overlapping
generations economies and correlated equilibria of strategic market games (see, for
instance, Maskin and Tirole (1987), Forges and Peck (1995), Davila (1999)). Actu-
ally, the link conjectured by Maskin and Tirole (1987) between, on the one hand,
the correlated equilibria of their 2-agents, 2-commodities exchange economy with
asymmetric information on an extrinsic uncertainty and, on the other hand, the
sunspot equilibria of an overlapping generations economy constructed after that
finite economy, hinted at a sort of extension of the connection between the cycles
of the dynamic economy and the equilibria of the static one to a framework with
(extrinsic) uncertainty.

In effect, closing a loop with two consecutive agents of the overlapping gen-
erations economy makes a publicly observed sunspot become a distinct privately
observed signal for each of the two agents.®. Thus, the possibility of a correlated
equilibrium in which each agent uses his private signal as a randomizing device

3See Tuinstra and Weddepohl (1997) for a first approach to this idea, although not identical
to the approach presented here.

4This is the effect of collapsing the line of time in one instant as the loop is closed. Nevertheless,
the ”publicly observed” sunspot was already private information for each cohort of young agents
actually, since it is disclosed sequentially.
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appears. Indeed, when considered in the Edgeworth box constructed with two
consecutive agents, the sunspot equilibria of the original overlapping generations
economy that follow a 2 states first order Markov process become, quite naturally,
correlated equilibria of the market game underlying the 2 agents economy with
asymmetric information® (see Figure 2).
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These sunspot equilibria are similar to cycles of period 2, but for the fact that
the fluctuations between the two states are random instead of deterministic. As a
matter of fact, a cycle of period 2 can be considered an extreme (or degenerate)
case of a sunspot equilibrium following a 2 states first order Markov process whose
probabilitiy of changing the state is always 1.° Nevertheless, although in a first
approximation such a finite state Markovian stationary sunspot equilibrium may
seem the most natural extension of cycles to a framework with extrinsic uncertainty
in order to obtain the connection between the equilibria of the dynamic and static
frameworks (see Example 2 in Section 4.2), they are definitely not the right exten-
sion if we want such connection to hold in general (see Dévila (1999)). Rather, the
correct counterparts are the equilibria of a more general and, at the same time,
somewhat special class that I shall call sunspot cycles.” Intuitively, these sunspot

5As it will be shown below (see Example 1 in Section 4.1.3), the corners of the of the smaller
box within the Edgeworth box in Figure 2 constitute the support (with parentheses) of a sunspot
equilibrium of the overlapping generations economy with consumer A as representative agent.
They constitute as well the allocation of resources (without parentheses)of a correlated equilibrium
of the economy formed by consumer A and his mirror image, consumer A (see the Example 2 in
Section 4.2).

6This is not unrelated to the fact that their support lay at the ”extremes” of the 8-shaped
figure containing all the sunspot equilibria supports in Figure 2.

"Their seemingly contradictory character as simultaneously more general and particular than
the usual sunspot equilibria is only apparent, since each statement correspond to different view-
points; see the remarks in Section 4.2 for clearer insights on this.

3



cycles consist of superimposing a sunspot signal to a cycle, instead of looking at the
cycle as a degenerate sunspot signal itself. More precisely, in a sunspot cycle the
support from which the sunspot process selects randomly each period allocation
fluctuates cyclically, instead of being the same support every period. Thus, con-
trarily to what happens when considering a cycle as a degenerate Markov process,
in a sunspot cycle the periodicity of the underlying cycle and the number of values
among which the sunspot fluctuates are completely unrelated.

Sunspot cycles have a subtle conceptual status with respect to the usual finite
state Markovian stationary sunspot equilibria,® since the latter can be seen as par-
ticularly simple sunspot cycles whose support for the sunspot process ”fluctuates”
with a periodicity 1. Thus the finite Markovian stationary sunspot equilibria are to
sunspot cycles what steady states are to cycles. Nonetheless, the simple sunspot cy-
cles that I will consider mostly below are finite state Markovian stationary sunspot
equilibria themselves, but with a high number of states (the periodicity with which
the sunspot support fluctuates times the cardinality of the support itself) and a
very special matrix of probabilities of transition exhibiting a lot of symmetries and
zero entries.

The interest of sunspot cycles is twofold. Firstly, from a theoretical point of
view, notice that simple sunspot processes (i.e. with low cardinal supports) can be
combined with long period cyclical fluctuations of the support to result in a Markov
process with a finite but very high number of states. This may overcome to some
extent a usual criticism to the sunspot equilibrium concept as a positive concept
for economic fluctuations: the need to assume the ability of the agents to coordi-
nate spontaneously on complex sunspot signals in order to get realistic fluctuations
and, hence, the unlikeliness of such a spontaneous coordination. Secondly, from
a positive point of view, sunspot cycles blend their deterministic and stochastic
ingredients in a manner able to reproduce, although in a very stylized way, the re-
current but irregular quasi-cyclical behavior characteristic to many economic time
series (Figure 3 exibits a time series generated by a sunspot cycle of period 4 and
order 3. See Section 4 for the definition).

(figure 3)

The rest of the paper is organized as follows. Section 2 introduces the two types of
economies. In Section 3, I present a straightforward connection between the cycles
of the overlapping generations economy and the equilibria of its associated cyclical
economies.?. This is mainly done for the sake of completeness. Although strictly
speaking everything in Section 3 is a special case of something in Section 4, where
extrinsic uncertainty is introduced in the economies, keeping the uncertainty out of
the stage for a while eases the exposition a lot. Section 4 extends the connection

between the equilibria of these economies to the case where there is (extrinsic)

80r k-SSE (for Stationary Sunspot Equilibria of order k) in Guesnerie (1986), Chiappori and
Guesnerie (1989), Chiappori, Geoffard and Guesnerie (1992), Chiappori and D4vila (1996), and
more generally Dévila (1997)

9Such a connection had been noticed for cycles of period 2 by Balasko and Ghiglino (1995).
Tuinstra and Weddepohl (1997) extended this connection to cycles of any period, but with a static
economy different from the one considered here and that allows me to extend the connection to
the case with uncertainty as well.
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uncertainty. Finally, Section 5 concludes and the Appendix collects proofs and
lemmas.

2. A SIMPLE OVERLAPPING GENERATIONS ECONOMY
AND ITS ASSOCIATED CYCLICAL ECONOMIES

Consider the simplest overlapping generations economy, i.e. an economy con-
sisting of a never-ending sequence of generations dated by ¢t € Z. All the members
of a typical generation born at date t are identical to a representative agent who
lives for two periods, is endowed with positive quantities'® e and e}, of the sin-
gle commodity of the economy at dates ¢t and ¢ + 1, and has preferences over the
consumption of this commodity along his lifetime which are represented by a util-
ity function u' depending on his consumption when young ¢! and his consumption
when old ¢} 41, which is standard in the sense that it is continuous on Ri, twice
continuously differentiable on Ri ., strictly monotone,'! strictly quasi-concave,'?
and well-behaved at the boundary.'3. I
economy as {(u’, ') }ez.

Now, to any given overlapping generations economy {(u',e!)};cz, a date to and
a positive integer n, I associate an economy with n commodities and n consumers
defined as follows: consumer i’s preferences and endowments are'*

shall refer to this overlapping generations

Ui(cziv s 762) = ut0+i(cgv C;—Fl)
) et ifh =g
e, =14 et ifh=4i+1
0 otherwise
where i = 1,...,n, and with the understanding from now on that ¢+ 1 stands for 1
when ¢ = n, in such a way that the utility function and endowments of the n-th con-
sumer are u? (¢, ¢}) and (eX",0,...,0,e°*™). This economy is a sort of closed

loop of the n consecutive agents, starting from generation ty + 1, of the overlapping
generations economy {(u!,e')};ez. Let us refer to it as the (tg,n)-cyclical economy
({(u?, e") }1ez, to,n) associated to the overlapping generations {(u’,e’)};cz.

I will refer to an overlapping generations economy {(u',e’)};cz as a stationary
economy whenever it repeats itself periodically, i.e. if (uf,e!) = (u!, e’ ) whenever
t' =t + rn for some n € N and all » € Z. More specifically I will refer to any such
economy as a cyclical economy of period n. Notice that this includes as a particular
case (when n = 1) any overlapping generations economy with a representative
agent, which will be referred to from now onwards as (u,e). Any two of its cyclical

economies with the same number of agents ({(u',e!)}sez,t0,n) are identical and

10More precisely, non-negative but not simultaneously equal to zero. In what follows, subscripts
refer to dated commodities, superscripts to generations.

11Tn the sense that Dut (cf,ch) is always in the strictly positive orthant.

12In the sense that D2ut(ct1,c§) is always negative definite in the subspace orthogonal to
Dut(ct,ch).

131n the sense that either there is no intersection between the axes and the indifference curves
or any such intersection is tangent.

14 Again, superscripts refer to consumers, subscripts to commodities.
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symmetric, i.e. invariant under a cyclical permutation of the indices,'® and they
will be denoted by (u, e, n).

3. THE CONNECTION UNDER CERTAINTY

3.1 The overlapping generations economy under certainty.

Consider first the problem of the generation ¢ of the overlapping generations
economy {(u',e") ez, ie.

(2) Ogrgva‘c)g+1ut(6i, Cé—*—l)

pi(ct — eb)+pia(ciy, —eh) <0.

Under the assumptions made on u! and e?, the unique solution of this problem is
completely characterized by the corresponding first order conditions.

An equilibrium of the overlapping generations economy {(u’, e!)};cz consists of
an allocation of resources {(ct,c; 1)}, , and prices {p;},c; such that (i) for all
t € Z, (¢}, ct, ) is the solution to (2), and (ii) the allocation of resources is feasible.

The next proposition gives a complete characterization of the equilibrium allo-
cations of the overlapping generations economy {(u’,e!)};cz.

PROPOSITION 1: (i) If the allocation of resources {(cj,cii1)},cy
{pt},cy constitute an equilibrium of the overlapping generations economy {(u’, €') }+ez,
then for all t € Z

and prices

(3) Dyuf(cty ciyr)(ct — 1) + Dau' (¢, €41) (€1 — €3) = 0.

(ii) If the allocation of resources {(c, ¢i41)},., satisfies (3) and the feasibility con-
dition

(4) e =es+e’,

for all t € 7, then it is an equilibrium allocation of the overlapping generations
economy {(u',e") }sez.

The condition (3) is nothing else than the individual rationality condition re-
quiring the equalization of marginal rates of substitution and real interest rates
supporting the allocation, expressed as the orthogonality of the utility gradient
and excess demand. The proof of Proposition 1 is relegated to the Appendix.

Some equilibrium allocations of the overlapping generations economy {(u’, e’) };ez
among the uncountably many of them that typically exist, exhibit some sort of reg-
ularity that may make more likely an assumed spontaneous coordination of every
agent of the economy on one of them.'® For instance, an equilibrium may have an
allocation that treats equally any two generations n periods apart from each other,
and hence the following definition.

15That is to say, the permutation of the indices by any power of the n X n matrix p whose
typical entry p;; equals 1 whenever j =4+ 1 (recall that n 4 1 stands for 1) and is 0 otherwise.

16 Although there may still be countably many of such recurrent equilibria: Grandmont(1985)
establishes by means of a theorem by Sarkovskii(1964) on iterated maps on an interval of the real
line that, should there be a cycle of period 3, then the economy would have cycles of any period.
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DEFINITION 1: A cyclical allocation of period n of the overlapping generations

economy {(u’,e’)}tez is an allocation {(cj, ¢f; 1)}, , such that

’ /

(5) (Ci, C§+1) = (Ci/, Ci'+1)

for any t and ¢’ such that ¢’ =t + rn for some integer r € Z.

The definition of a cycle follows straightforwardly.

DEFINITION 2: A cycle of period n of the overlapping generations economy
{(ut, e’)}4ez is any of its equilibria whose allocation is a cyclical allocation of period
n.

Notice that this defines a cyclical allocation of period n in a quite broad sense,
since it allows seeing any such allocation as a cyclical allocation of any other period
n' multiple of n. In particular, it allows for a steady state (i.e. an equilibrium
which treats equally all the generations) to be considered a cyclical allocation of
any period.

The allocation of a cycle of period n is, according to Proposition 1, completely
characterized by at most n distinct consumption bundles (ci,cd), ..., (c},c5) in
R? , such that, for some tg € Z, allr € Z, and alli=1,...,n

(6) Dluto+rn+i(czi7 012)(611 _ €§O+Tn+i) + D2uto—|—rn—|—i (Czi’ 622)(612 N 6§0+Tn+i) -0

(7) Cé + CZ{H _ 6t20+1“n—|—i + €§0+rn+i+1
where, again, ¢ + 1 stands for 1 if i = n.

If the overlapping generations economy {(u,e")};cz happens to be cyclical itself
with a period 7 divisor of n, i.e. such that (uf,e!) = (u'’,e!’) whenever ¢/ =t + rin
for some r € Z (which includes every economy with a representative agent (u,e)
as a particular case), then the allocation of a cycle of period n is characterized by

a finite number of equations and consists of n points (cf,c3),..., (¢}, c5) in R3 |
such that, for some tg € Z and all i = 1,...,n,

(8) Dyu* (e}, e5)(eq — ") + Doul ™+ (], ) (ch — ey’ ™) = 0

and

(9) eyt =gt e

Notice that the previous definition of cycles does not take into account the equi-
librium prices. As a consequence, in the case of a economy with a representa-
tive agent (u,e) it encompasses as a cycle of any period the autarky allocation
{(e1,e2)},ey too, which would not qualify typically as a cycle if the same kind of
regularity was required for the prices. In effect, for any cycle of period n distinct
from the autarky, any p; and py do coincide whenever they are n periods apart
from each other as well: since, for all 7 € Z, it holds true that

-
_CT+1 — €2
cr —

7
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because of the budget constraints; then, assuming ¢ < ¢’ without loss of generality,
t t+1 t'—1
Pe=\""7 T | T P
Ci — €1 Ct+1 — €1 Cyrq — €1
t t+1 t'—1
il St == el B Ul == nunlll INRR Ietr sl B 2%
(11) Cii1 — el Ciip — €1 c; — €1
-1
Ci/ - 62
=\ )P
Ct/ - 61

= P,

after rearranging the denominators, substituting cﬁj to ¢t and noting that then
each fraction becomes 1 because of the feasibility of the allocation of resources. As
for the autarky allocation, any prices supporting it as an equilibrium must satisfy

Dou(e) _
Diu(e) — L.

t—t
Py = <gfzgg> -p¢, which cannot show any cyclical regularity unless
3.2 The cyclical economy under certainty.

Considering now the cyclical economy ({(u’,e’)}iez,t0,n') formed by the n’
generations of {(uf, ') }scz following tg, its i-th consumer solves the problem!”

max u"*(c}, cj )
(12) 0<ci,ciq
pi(c; — e ) Hpipa(cipy — e ™) <0
whose unique solution is again completely characterized by the first order condi-
tions.

An equilibrium of the cyclical economy ({(u’, ')}z, to,n’) consists of an alloca-
tion of resources {(c!, ¢ ,)},_, and prices {p;};_; such that (i) for all i = 1,...,n/,
(ct, ¢t ) is the solution to (12), and (ii) the allocation of resources is feasible.

The equilibrium allocations of the cyclical economy ({(u!,e)}icz, to,n’) are com-
pletely characterized by the following proposition.

PROPOSITION 2: (i) If the allocation of resources {(cé,cgﬂ)}?:l

{pi};il constitute an equilibrium of the cyclical economy ({(u', €*)}sez,to,n’) then
foralli=1,...,n

(13) Dyl (e} ciy)(e; — e ™) + Daul (e, ¢ 1) (¢ — e ™) = 0.

and prices

(ii) If the allocation of resources {(ct,ct +1)}?:1 satisfies (13) and the feasibility
condition

(19 e
for all ©+ = 1,...,n/, then it is an equilibrium allocation of the cyclical economy

<{(ut7 et)}t€Z7 to, n,)'
The proof of Proposition 2 is essentially identical to that of Proposition 1 char-
acterizing the equilibrium allocations of the overlapping generations {(u’, et)};cz.1®

17Strictly speaking, the problem should be posed in Ri/ instead of Ri, but the cyclical struc-
ture of the economy makes this absolutely unnecessary. Recall also that, in what follows, ¢ + 1
stands for 1 whenever 1 = n’.

180nly substituting i to t wherever the latter appears and modifying the range of the indices
fromt € Ztoi=1,...,n" accordingly is required.
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3.3 The connection under certainty.

The next proposition establishes the connection between the cycles of a station-
ary overlapping generations economy {(u’,e’)};cz and the equilibria of its cyclical
economies ({(u', ") hez, to,n).

PROPOSITION 3: Any cycle of period n of a cyclical overlapping generations
economy of period n divisor of n, {(u', e')},¢z, can be translated into an equilibrium
of any of its cyclical economies ({(u',e')}iez,to,n’) with n’ multiple of n, and
conversely.

The statement above is a straightforward consequence of comparing the equa-
tions characterizing the equilibrium allocations in each of the two frameworks, which
happen to be the same up to a change of notation (see the proof in the Appendix).
Proposition 3 applies obviously to any steady state also, considered as a degenerate
cycle of period 1.

COROLLARY 1: If (¢1, ¢2) is a steady state of a overlapping generations economy
with a representative agent (u,e), then any n-replica of it {(¢1,¢2),...,(¢1,¢2)}
constitutes an equilibrium allocation of the symmetric cyclical economy (u,e,n)
and conversely, any symmetric equilibrium of a symmetric cyclical economy (u, e, n)
is an n-replica of a steady state of the overlapping generations economy (u,e).

4. THE CONNECTION UNDER UNCERTAINTY

4.1 The overlapping generations with sunspots.

Assume now that in the overlapping generations economy {(u’,e')};cz there is
a sunspot signal'® o, which is publicly observed at every period?? and takes one
of k > 1 values at random.?!. Before getting into further details, the fact that
the extrinsic uncertainty represented by this sunspot signal may end up having an
influence on the outcome of the economy can be given the following rationale.

The agent born at t cares, in order to make his decision, about prices at ¢ and
t + 1. In the presence of the (extrinsic) uncertainty introduced by the sunspot
signal, he cannot exclude a priori a possible dependence of the prices on the values
taken by the sunspot and therefore he is uncertain about the price he may face at
t+1 (at date t the price is observed as well as the sunspot). Thus, the agent ¢ has to

19A signal with no influence on the fundamentals of the economy, i.e. a signal representing
states of the world with respect to which the fundamentals (preferences, endowments, technology
also if there were production) remain unchanged. It was first noticed in Shell (1977) that such
signals could nevertheless have an influence on the outcome of the economy, leading to a so-
called sunspot equilibrium. Later on Cass and Shell (1983) provided a characterization of the
circumstances in which no sunspot equilibrium can exist (in few words, the Arrow-Debreu world),
which amounts to a characterization by negation of the set-ups where they are likely to emerge.
See Chiappori and Guesnerie (1991) and Guesnerie and Woodford (1996) for surveys on the
subsequent literature that followed.

20Notice that, because of the demographic structure of the model, the signal publicly observed
at each date, is actually private information of the generation currently making its consumption
choices.

21 As a matter of fact, if we let k = 1 in what follows in such a way that the stochastic process
driving o; is a trivial one giving to the signal the same constant value at every period with
probability 1, then all the claims and proofs still go through. Thus the results shown in Section
3 for the case under certainty are a particular case of those proved in this Section. They have
nevertheless been presented separately in order to ease the exposition.
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choose at t his current consumption and a plan of consumption at ¢ + 1 contingent
to the price actually realized at t 4+ 1, bearing in mind some expectations about
that price. These expectations may take, for instance, the form of a dependence
of the price at t + 1 on the value of the sunspot at that date. Thus the agent
t will rather use, in the making of his decision, the information conveyed by the
value of the sunspot at ¢ about the probability distribution of the sunspot at ¢t + 1,
i.e. about the probability distribution which applies to the prices at t + 1 as well
actually, according to his beliefs. The consumption choice at t will thus show a
dependence on the sunspot observed at ¢, and it will moreover determine the price
at t, resulting so in a dependence of the price at ¢ on the current sunspot too. If
this dependence ends up being the dependence believed to hold between the price
t + 1 and the sunspot at ¢ + 1, then such beliefs turn out to be self-fulfilling.?2.

In effect, consider the problem of a member of a generation ¢ of the overlapping
generations economy {(u’,e')};cz with a sunspot signal {o;};cz. What he knows
about the prevailing state of the world s = (...,0¢-1,0¢,0¢41,...), from the con-
tinuum S = {1,...,k}? of possible states, is at most the history of sunspot values
up to t, sy = (...,00_1,0¢),%> as well as the price?* p;,, for consumption ciSt at t,
and expects a price Pt+1s),, for consumption cﬁ s, at t+1if s; | happens (where

S;41 18 necessarily such that®® s; = s;) with some probability P(s},,|s; = s;). Then

the member of a generation ¢ born in a state of the world s faces the problem

max > Plsigalst = s0) u'(cly, ciiaa,,)

0<ct et ., t+1
—"tsg T t41s s’ |s’:3
, , t+1 S¢411°¢ t

Sp11l8p=5¢

t t ¢ ¢ I
Pes, (Cis, — 61)+pt+1s;+1(ct+1s;+l —€5) <0, spqlsp = se.

(15)

The unique solution to this problem is completely characterized by its first order
conditions.
An equilibrium of the overlapping generations economy {(u',e’)};cz with the

. . . t t
sunspot signal {o;}+cz consists of an allocation {(ci,,, (Ct+1sg+1)S;+1|8228t)}tEZ,SES
and prices {pts, }iez e such that (i) for all s € S and all ¢ € Z, the contingent

t

plan of consumption (ci,,,

(C§+1s;+1>sé+1ls;:8t) is the solution to (15), and (ii) the
allocation of resources is feasible.

The following proposition provides a complete characterization of the equilibrium
allocations of the overlapping generations economy {(u',e’)};cz with the sunspot

signal {o¢}iez.

22More exactly, the expectations held after such beliefs turn out to be rational expectations
actually.

23Consider a history as a mapping from the negative integers —Ng, conveniently extended
to include 0, to the set {1,...,k}. Thus the set of possible histories up to any given date is
{1,...,k}—No

24In what follows superscripts refer again to generations, while subscripts to dated, sunspot
history-contingent commodities. The sequential unfolding of the allocation of resources of an over-
lapping generations economy prevents any generation to make consumption decisions contingent
to information which will be disclosed after the consumption takes place. This is a distinctive
feature of an overlapping generations economy under uncertainty that does not appear in a one-
shot economy (like, for instance, an Arrow-Debreu economy), where consumption takes place after
every uncertainty, if any, is resolved, even if the decisions may be made ex ante contingent to the
realization of any uncertainty.

?5Here s} denotes the truncation of the history s} up to t.
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PROPOSITION 4: (i) If the allocation {(cj,,, (ct+152+1>5;+1|52:st)5t}tez,ses and

prices {Dts, }1c7 scg constitute an equilibrium of the overlapping generations econ-
omy {(u', ") }1ez with the sunspot signal {o;}icz, then for all s € S and all t € Z

Z P(S;f—l—l ‘8; = St) <D1Ut<cgst7 C§+1s;+1)(cist - 63)
(16)  siprloi=s:

+ DQU’(cist? Ci+1s;+l)(ci+1s;+l - 65)) =0.

(ii) If the allocation of resources {(C%st7(C§+182+1)S;‘Jrl'sé:‘St)}tEZ,SES satisfies (16)

and the feasibility condition
(17) Cioy T Cls, =€+l

for all s € S and all t € Z, then it is an equilibrium allocation of the overlapping
generations economy {(u’,e)};ez with the sunspot signal {c4}icz.

Similarly to (3) in Proposition 1, condition (16) is the equalization, in math-
ematical expectation this time, of each agent’s marginal rate of substitution and
the real rate of interest supporting the allocation at every date, i.e. the individual
rationality condition, while (17) is the feasibility of the allocation of resources, i.e.
the market-clearing condition.

Any equilibrium of the overlapping generations economy {(u',e')};cz with the
sunspot signal {o; };+cz whose allocation of resources does actually depend (in a non
trivial way) on the state s realized is known as a sunspot equilibrium.

Notice that the allocation of an equilibrium of the overlapping generations econ-
omy {(u',e')};ez with the sunspot signal {0, };cz must specify in general not only
how the resources are allocated at every date ¢t € Z (as in the case with certainty)
but for every possible state s € S also. An equilibrium allocation must thus specify
for every generation ¢ what its typical member will receive for any possible history2%
s¢ in which he may be born and any continuation .11 of it in ¢ + 1. Nonetheless,
such an allocation may exhibit some regularities, as in the case without uncertainty,
that make it simpler and, hence, likelier to emerge from spontaneous coordination
of the agents. Notice, however, that the regularities may arise now not only with
respect to the dates t € Z, as in the cycles, but with respect to the histories s; as
well.

4.1.1 Regularities across time.

The following definition of a cyclical allocation in the framework with uncer-
tainty, captures the same kind of regularity with respect to ¢ that the concept of
cyclical allocation in the framework without uncertainty did, i.e. that it treats
equally any two generations n periods apart from each other.

DEFINITION 3: A cyclical allocation of period n of an overlapping generations
economy {(u’,e')};cz with the sunspot signal {0}z is an allocation of resources

{(Cisp (CE—HSQH >s§+1|5225t)}t6276’65 such that

’ /7

(18) (Chs, (C§+1s;+l)s;+1|s;:5t) = (Cifgt,a (Ciuﬂg;,“)5;,+1|§;,:§y)

26Notice that there are uncountably many possible histories (...,0¢—1,0¢) € {1,...,k}~ V.
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for every t,t’ € Z such that t’ =t +rn for some r € Z, and every s, 5 € S such that
St = §t/.

Hence the concept of a sunspot cycle follows naturally.

DEFINITION 4: A sunspot cycle of period n and order?” k is an equilibrium of
the overlapping generations economy {(u’,e!)}scz with the sunspot signal {o;}iez
whose allocation is a cyclical allocation of period n.

Proposition 4 provides a characterization of the allocation of a sunspot cycle. In
effect, the allocation of a sunspot cycle of period n and order k consists of at most
n distinct sunspot-history contingent plans® (i, , (0352)32\351:31)816{17..-,k}*Nv for
all7 =1,...,n, such that for some date to € Z, allr € Z, alli = 1,...,n, and every
history s; € {1,...,k} Mo,

Z P(32|32_1 = 31)<D1uto+rn—|—i(cz'181,6382)(0351 _ 6§0+rn+z’)
(19) 52|85 '=s1

+ D2ut0+rn+i<cisl ? CéSQ)(CéSQ - €§0+Tn+i)) = O
and

i i+1 _ _to+rnti totrntitl
(20) Cos, T C1g, = ey’ + e’ .

The simplest of sunspot cycles are obviously those for which n = 1 and, given
their analogy with the steady states, I shall refer to them as sunspot steady states.
Again, if the overlapping generations economy {(u',e')};cz happens to be cyclical
itself with a period 7 divisor of n (which includes economies with a representative
agent (u,e) as a particular case), then the previous conditions simplify to requiring
only that for some date tg, all i = 1,...,n, and every history s; € {1,...,k} "o,

> Plsalsyt = s1)(Druf* (el b, (e, —er™)
(21) s2lsy ' =s1

+ 1)2/1,[/t0_'_Z (C?:'i_sl ) 6582)<C%SQ - e§0+l)) = 0
and

2 Choy €5 = el

Notice, nonetheless, that the dependence on the sunspot history makes of this
a system of uncountably many equations. Some other kind of regularity, as for
instance with respect to sunspot histories as well, will still be required in order to
pin down simple equilibria characterized by a finite number of equations.

27Following the literature on k-SSE, the order is the number of values taken by the sunspot.

28Here 52_1 stands for the one-step forward shift of the history s2 = (..., sa23, s22,$21), i.e.
the history (..., s24, $23, s22). With this notation the usual continuation condition s;+1|52 = st
would have become S:f+l|5/t+171 = s¢. The first one seems to be eloquent enough, while being
less cumbersome, to justify this minor redundancy in notation.
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4.1.2 Regularities across sunspot histories.

Considering regularities with respect to sunspot histories, an allocation may
be such that, for instance, it allocates the resources in the same way at any two
histories up to any given date ¢ € Z which coincide in the m (possibly all) last
periods besides the current one. I shall refer to such an allocation as a m-memory
allocation, and its formal definition follows.

DEFINITION 5: An m-memory allocation of an overlapping generations economy
{(u®, e")}4ez with the sunspot signal {o;}scz is an allocation such that

(23) (Chops (Chrrss sipalsi=se) = (s, (Chpaz, s, 151=5.)

for all t € Z and any s,s € S such that o,_; =74, forallt=0,...,m.

The definition of an m-memory equilibrium of an overlapping generations econ-
omy follows straightforwardly.

DEFINITION 6: An m-memory equilibrium is an equilibrium of the overlapping
generations economy {(u', €*) };cz with the sunspot signal {o;};cz whose allocation
is an m-memory allocation.

According to Proposition 4, the conditions characterizing the allocation of an m-
memory equilibrium, i.e. a® (cfy, |, (Cli1s, . o0es )by, 1) for each m 4 1 most
recent periods history ¢t = (0t—m,...,0¢) € {1,...,k}™ ! and each t € Z, are

k
Ot0t4+1 t t t t _ t
z : Mg,y (Dlu (CtSt—m,t’ct+15t—m,t0t+1)(ct5t—m,t 61)
1

(24) Ot41=
to t t t t _
+ D2u (Ctstfm,t’ Ct+15t7m,t0't+1)(Ct+13t7m,t0't+1 - 62)) =0
and
t t+1 _t t+1
(25) Ct+18t—m,t0t+1 + Ct+18t+1—m,t+10t+1 =ey+ €
for all t € Z, all s;_p ¢ € {1,...,k}™ and all 0,1 = 1,..., k, where mg, """ in

(24) stands for P(s;,|s; = s¢), i.e. the probability of transition from o to each
041 given the history s;_; up to ¢t — 1.3° Notice that because of the feasibility
condition no c§+18t_myt0t+1 depends on o;_,.

The simplest of such equilibria are clearly those with m = 0, or 0-memory
equilibria for which ¢f,, = ¢{;, holds, whenever s,5 € S and ¢t € Z are such that
oy = 0¢. For such equilibria, the feasibility condition again implies necessarily
C§+lsf,+1 = ciﬂgtﬂ as well, for any s,5 € S and ¢t € Z such that o441 = F41.
Therefore, these are allocations whose consumptions depend on the current sunspot
only, i.e. they are history independent allocations, and, for them, the history s;

29From now on the concatenation so of a history s, finite or infinite, and a sunspot value o
stands trivially for the history consisting of the continuation of s by o.

30Notice that, as long as k > 3, the continuum of possible histories up to t — 1 is not a problem
for this dependence of the probabilities of transition on s;_;1 because of the positive number of
degrees of freedom for determining such probabilities. On the contrary, if £ = 2, the condition
(24) and ¥m = 1 determine unambiguously each row of the matrix of probabilities of transition
and, hence, any such equilibrium has to be necessarily Markovian, i.e. such that the probabilities
of transition do not depend on s;_1 actually (see below).
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of sunspot values up to t can be identified to the current sunspot value o;. So a

0-memory equilibrium allocation is a (¢f,,, (¢f114,,, )5, ,,=1)8,—1 such that

k
S mI T (Drut (¢, ity ) (Cho, — €h)
1

Ot41=

(26)
+ D2ut(ci0't’C§+10t+1)(c§+10t+1 - eé)) = O
forallt € Zand all oy = 1,...,k, and

t t+1 _t t+1
(27) Ct+10t+1 + Ct—|—10't+1 - 62 + 61

forallte Z and all o441 =1,... k.

4.1.3 Markovian sunspot cycles.

A particularly interesting class of equilibria is that of those equilibria for which
the process followed by the sunspot signal is especially simple, i.e. such that the
probabilities of transition mg, ‘™" do not depend on the entire history of the signal
up tot—1, s;_1, but only on that of the most recent periods up to a finite number of
them, maybe none, in which case the sunspot signal is Markovian. Such equilibria
are specially appealing because, unlike the equilibria where mgs,°!™ depends on the
entire history s;_1, they do not require the agents to be able to handle infinite sets
of information, but rather a finite number of past values of o; along with a matrix
of probabilities of transition.

Thus, a 0-memory Markovian sunspot cycle of period n and order k, of a
cyclical overlapping generations economy of period 7 divisor of n {(u,e)}iez
(which includes every economy with a representative agent (u,e) as a particular
case) is characterized by at most n distinct sunspot-contingent consumption plans
(Clo,s (Cho)E D)k 1) (e, (e5,)E 1)k 1, such that, for some date ¢y € Z,
alli=1,...,n,and all 07 ={1,...,k},

k
D B L
0'221
+ Dol ti(cl, by, ) (Chyy — €9F)) =0
and
(29) Chy, + i = et et

Once arrived to this particular class of sunspot cycles, some remarks are in
order.3!. Firstly, notice that the role of steady state in the deterministic framework
(a cycle of period 1, indeed), is played now by the sunspot cycles of period 1, the
sunspot steady states. Secondly, notice too that a 0-memory Markovian sunspot
cycle of period 1 and order k of a stationary overlapping generations economy (u, €),

31Besides those already made on the notion of cycle, which apply straightforwardly to that
of sunspot cycle, namely that any sunspot cycle of period n is also a sunspot cycle of any other
period n/ multiple of n.
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turns out to be a sunspot equilibrium of the class k-SSE (for Stationary Sunspot
Equilibrium of order k) studied in, for instance, Azariadis and Guesnerie (1986),
Guesnerie (1986), Chiappori and Guesnerie (1989), Chiappori, Geoffard and Gues-
nerie (1992). As a matter of fact, the k-SSE are the simplest sunspot equilibria that
can be produced in the simplest overlapping generations economies, namely those
with a representative agent (u, e), and hence it is not surprising that they have been
studied so thoroughly in the early literature on sunspot equilibria in the overlap-
ping generations economies. The Example 1 below shows how the characterization
of equilibrium allocations provided by Proposition 4 works for them.

Finally, notice that a 0-memory Markovian sunspot cycle with period n and
order k, fluctuates typically between kn states. For instance, in the Figure 4 the
support of a Markovian sunspot cycle of period 2 and order 2 as well is depicted.3?.
At such an equilibrium, the partition at each date of the economy resources between
the contemporary young and old agents, fluctuates between the four points on the
diagonal, although alternating (deterministically) the inner and the outer points
for the (random) choice of the partition. Thus sunspot cycles are able to deliver
considerably finer grids for fluctuations than the k-SSE, for a sunspot signal of a
given cardinality k, i.e. assuming the same level of sophistication of the sunspot
theory held by the agents or, put in other words, for the same cost in terms of their
assumed ability to attain spontaneous coordination. Nonetheless, every sunspot
cycle of this kind is actually a ”high” order k-SSE with a Markov matrix with
special symmetries. For instance, that of the sunspot cycle in Figure 4 may be of
the form

0 1 —m!? m'? 0
1—m' 0 0 m!?
(30) m21 0 0 1— m21
0 m?! 1 —m?! 0
Figure 4
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32The gradients at the supporting points have to be such that the first order conditions are
satisfied.
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Figure 4b exhibits a time series generated by such a sunspot cycle when m!'? =

0.6 and m?2! = 0.6.

(figure 4b)

EXAMPLE 1. A k-SSE of a overlapping generations economy with a represen-
tative agent (u,e) with a sunspot signal driven by a k x k Markov matrix (m®)
is an equilibrium whose allocation of resources treats equally all the generations
of the economy and the consumption when young depends only on the current
sunspot signal and not on its entire history (the feasibility condition on the allo-
cation of resources imposes then that the consumption when old depends on the
current sunspot only as well). Let ¢! denote in this example®® the consumption
when young at any ¢ such that o; = ¢, and C; the consumption when old at any ¢
such that o, = j. Then the allocation of resources of a k-SSE has to satisfy (i) for
alli=1,... k,

k
(31) Z m* (Dyu(cl, &) (¢ — e1) + Dau(ch, ) (e, — e2)) =0

and (i) for all j = 1,...,k,
(32) A+ =e +es.

Notice that the left-hand side of equation (31) is a convex linear combination
of the inner products of the gradients of the utility function at each point (¢, c})
with its corresponding excess demand. A quite natural interpretation of equation

(31) is therefore that, for (ct, (c%)le) to be the optimal current consumption and
contingent plan of future consumption of a generation observing the i-th value of the
sunspot, the orthogonality of the gradient with the corresponding excess demand
that characterizes the optimal choice in the case with certainty, has to be satisfied
in mean. As a consequence, not all the inner products in (31) can have the same

sign and hence there must be at least two points (¢}, ) and (cﬁ,c{) which are
separated by the offer curve (since the offer curve is characterized by making zero
the inner product of gradients and excess demands). Assuming ¢} < ¢? < --- < ¢},
without loss of generality, then c§ < cg_l < -+ < cd because of the feasibility
k

condition and therefore, if the offer curve separates (ci,c5) and (c},cl) for every
ik
i=1,...,k (see Figure 5), then (c}, (c%)jzl)le is the support of a k-SSE.

33Instead of c1; (resp. caj), as we should write according to the previous notation.
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Figure 5
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Thus, in order to exhibit such a k-SSE we only need to be able to produce a box
with its top-left and bottom-right corners on the line going through the endowments
e with slope —1,3% and such that the top corners and bottom corners are separated
by the offer curve. It may be clear now why, as established in Azariadis and
Guesnerie (1986), Guesnerie (1986) and Woodford (1986), the indeterminacy of
the steady state in the perfect foresight dynamics (i.e. that the slope of the offer
curve at the non autarkic steady state is smaller than 1 in absolute value) is a
sufficient condition for the existence of sunspot equilibria of this class (a continuum
of them indeed), as well as why it is not by any means a necessary condition. It is
nonetheless a necessary condition to be possible to produce such sunspot equilibria
arbitrarily close to the steady state, i.e. the so-called local sunspot equilibria.3>

4.2 The cyclical economy with private sunspots.

Consider now the cyclical economy ({(u’,e!)}iez,to,n) constructed with the n
consecutive agents of the overlapping generations economy {(u’,e’)};cz following
to. Assume that each consumer i observes privately a different sunspot signal s;
which can take k values at random each. Thus the state of the world is an extrinsic
random variable s = (s1,...,s,) taking values in S = {1,...,k}". Let 7° denote
the probability of s being the prevailing state and {(pis)i—;},cg be the prices of
each commodity 7 contingent to the state of the world s. Actually, as it will be
seen below, for any equilibrium allocation the prices supporting it will be such that
each p;s depends only on s;.

34This condition takes care of the allocation of resources.

35See Chiappori, Geoffard and Guesnerie (1992) for a characterization of the existence of
local k-SSE around the steady state of an abstract one-step forward looking dynamical system,
Déavila (1997) for the existence of the same kind of local sunspot equilibria in similar systems
but with predetermined variables or memory, and Woodford (1984) for a result showing that the
indeterminacy of the steady state in the perfect foresight dynamics is a necessary and sufficient
condition for the existence of more general local sunspot equilibria.
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The problem that the i-th consumer observing s; faces is3637

s’ to+is i i
- max E U (Cisivci—i—ls’)
(33) OChainCisnsr vorlsi=s;
Vs'|s;=s;

Pis (Cis, — €T ) HPit1s (Chyny — € ) , Vs |s) = s
where, as usual, 7 + 1 stands for 1 when ¢ = n, and the denominator has been
dropped from the conditional probability for the sake of readability. An equilibrium
of the cyclical economy ({(u', e')}iez,to,n) with private sunspot signals consists of
an allocation of resources {(cl, , (C?L:—I—ls’)S/‘S;:Si)I;i:1}?:1 and prices {(pis)i—q}ses
such that (i) for all i = 1,...,n and all s;, = 1,...,k, (cgsi, (C§+ls’>s/|s;:si) is the
solution to the problem (33) above, and (ii) the allocation of resources is feasible.

The next proposition gives a complete characterization of the equilibrium allo-
cation of the cyclical economy ({(u', €)}+ez, to,n) with asymmetric information on
the extrinsic uncertainty.

PROPOSITION 5: (i) If the allocation of resources {(cl, , (cﬁﬂs,)S/|S;:si)'§i:1}?:1
and the prices {(pis)i—,}ses constitute an equilibrium of the cyclical economy
({(u', €") }4ez, to,m) with n private sunspot signals with joint distribution , then
foralli=1,...,nand all s; =1,...,k

S w (Dot (cl, el ) (e, — et
(34) s'|si=si

+ D2ut0+i(ci CéJrls’)(Cé-l-ls’ - €§O+i)) = 0.

iSi ?

(ii) If the allocation of resources {(ci,., (024—15')s'|s;=si)§i:1}?:1 satisfies (34) and
the feasibility condition

‘ i+1 tot+i | _toti+l
(35) Cip1s + C;iui“ = ey et
foralli=1,...,k, all sy;; =1,...,k and all s’ such that s; ; = sj;1, then it is an

equilibrium allocation of the cyclical economy ({(u',e!)}icz,to,n).

36 As previously, superscripts refer to consumers, while subscripts to sunspot contingent com-
modities. Notice that consumption by each consumer i of the ”same-label” good i depends only
on his private signal, while his consumption of commodity i + 1 depends on the whole arrays of
sunspot signals, i.e. on the state of the world. This amounts to say that consumption of the
”same-label” commodity is decided as if it took place ex ante to the realization of the uncertainty
while consumption of any other commodity takes place ex post, and therefore can be made con-
tingent to it. Thus, this is not a one-shot economy, but it rather shares somehow the sequential
character of the overlapping generations economy, while staying a finite horizon economy. This
pattern of dependence of the consumption of different commodities on different information sets
is imported here from Maskin and Tirole (1987), and is reminiscent of the interpretation of the
”same-label” commodity as leisure which can be either consumed or used to produce a commodity
to be traded with other consumers, very much as in the usual macroeconomics interpretation of
the overlapping generations economy as an economy in which young agents produce, save their
wage and consume it when old (see, for instance, Azariadis and Guesnerie (1986)).

37Tt may seem incongruous at first sight that the price p;;s may depend on the entire array of
sunspot signals while consumer ¢ is not able to infer from its observation the state of the world
realized. As a matter of fact, p;,» will not depend at equilibrium on any other sunspot signal than
s, as it has already remarked, in such a way that the absurdity is only apparent (see footnote 48
in the proof of the Proposition 5 in the Appendix).
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As in propositions 1, 2 and 4, the first condition is the individual rationality
condition requiring the orthogonality, in mathematical expectation, of the gradient
of the utility and the excess demand, while the second is the feasibility condition.

Notice that an immediate consequence of the feasibility condition is that, at
equilibrium, ¢}, = ¢j, . Whenever s} ; = s/, ;. Thus, if we denote by ¢},
the common value of ¢!, for all the states s € S with the same s;11, then
an equilibrium allocation of the cyclical economy ({(u’,e!)}secz,to,n) consists of

{(c, <C;:+13i+1)I§i+1:1)§i:1}?:1 such that, for alli =1,...,nand all s; =1,...,k,

/7

s
Z s'|si=s; ™

k /

s’ =841 . . . . .

(36) Z Z z+|1” 1 7.(3” (Dluto_‘_z(cl’lblsi?C1Z:+1Si+1)(czsi - e§O+Z)+
s'|si =s;

Si+1=1
to+i/ i i () to+i _
DZU’ (ci8i7 Ci+18i+1)<ci+1si+1 - 62 )) - 0
and foralle=1,...,nand all 5,41 =1,...,k,
% i+1 _ to+i to+i+1
(37) Ci+15i+1 + C’IL+181‘+1 - 62 + 61 :

In the next example an equilibrium is produced for the simple case of an economy
with two agents and signals taking two values each.

ExAMPLE 2. Consider the symmetric 2-cyclical economy depicted in Figure 2
where, for the sake of readability, the agents have been relabeled A and A instead
of 1 and 2. An equilibrium allocation of this economy consists of commodity 1
(respectively commodity 2) consumptions for agent A (resp. A) contingent his
signal, ¢, cfh (resp. ¢4\, c4), and commodity 2 (resp. 1) for A (resp. A) but
contingent to agent A’s (resp. A’s) signal cii, ¢4 (vesp. cfi,cdh), such that (36)
and (37) above are satisfied.

The feasibility condition (37) asks for the four points (ci}, c5), (cil, c51), (cih, c3h)
and (cfh, c4,) to form a box as shown in Figure 2, although in general this box needs
not be neither square nor laying on the diagonal. Nonetheless, the allocation has
to be necessarily such that there exist probabilities 7* for which (36) holds. This
condition leads to a non-homogeneous system of five linear equations in the four
7%’s that, in order to avoid overdeterminacy, requires the allocation to satisfy

(38) D%1D%2D§1D52 - D%2D51D%2D%1

where DéiSiH, for i« = 1,2, and s;,s;41 = 1,2, stands for the inner product of
consumer 7’s gradient with his excess demand, recalling that consumer 1 is A and
consumer 2 is A. In the case of a symmetrical allocation of a symmetric cyclical
economy as the one depicted in Figure 2, this condition is satisfied, as the existence
of the solution exhibited below in (40) proves.

As in the Example 1 in Section 4.1.3 on k-SSE, the left-hand side of (36) can
be interpreted as 0 being in the convex hull of the inner products of gradients
and excess demands, the weights making 0 a convex linear combination of the
latter being the probabilities of s conditional to the private information. Thus,
a way to have the right signs for those inner products is that, in Figure 2, agent
A’s offer curve separates the top and bottom corners of the allocation box, while
agent A’s offer curve separates the left and right corners. Yet for the allocation in
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Figure 2 to be at equilibrium, it remains to be checked that there exists indeed a
probability distribution for the two private signals such that (36) is satisfied. This
is particularly easy to see in this example because, as we have seen in the Example
1, this allocation determines a 2-SSE of the overlapping generations economy with
agent A as representative agent. In other words, there exists a Markov matrix
(m') whose rows are the weights which put 0 as convex linear combination of the
inner products of gradients and excess demands for agent A, and hence for agent
A as well, because of the symmetry. The trick is now to see that there exists
a joint distribution (7%) for the two signals, inducing conditional distributions of
each signal given the other which coincide with the Markov matrix of the 2-SSE,
i.e. that there is a solution in 7', 72, 72! and 722 to

12 g2t 22

12 21
T s
(39) 11 12 m'?, 11 22 m?!,
T+ T+
21 12
T 12 ) _ 21
71l 4 g2l © 2 4 22

In effect, this system has as its unique solution

12y 21 12 21

40 n_ 1=m7")m 12 _mPm* . » 92 _ m (1 —m™)

T = 21 2 T =—91, 12T, T~ = 21 12
m=+m m= +m

This solution is actually the one provided in Forges and Peck (1995) when the
connection that they establish between the sunspot equilibria of an overlapping
generations economy and the correlated equilibria of a market game mimicking it,
is particularized to the case of 2-SSE, our agents A and A being their odd and even
generations.

The procedure followed in the previous example, to link the equilibria of a sym-
metric cyclical economy with asymmetric information to 2-SSE of the associated
stationary overlapping generations economy, seems to be straightforward enough
to expect it to go through for general k-SSE as well, as it was indeed conjectured
in Maskin and Tirole (1987). Nevertheless, as showed in Dévila (1999), this is typ-
ically not the case. The reason is that the class of k-SSE is not the right choice to
try extend the connection, but rather that of O-memory Markovian sunspot cycles
characterized above, as Proposition 6 in the next section shows.

4.3 The connection with extrinsic uncertainty.

Recalling the conditions (28,29) characterizing the allocation of a 0-memory Mar-
kovian sunspot cycle of period n and order k of an n-cyclical overlapping generations
economy {(u’,e")};ez, their similarity to the conditions (36,37) characterizing the
equilibrium allocation of the corresponding cyclical economy ({(u,e")}iez,to,n)
with private sunspot signals, hints at the following proposition, which establishes
the connection between the O-memory Markovian sunspot cycles of a cyclical over-
lapping generations economy {(u’, e’)};cz and the equilibria of its associated cycli-
cal economies.

PROPOSITION 6: Any 0-memory Markovian sunspot cycle of period n of a cycli-
cal overlapping generations economy of period n divisor of n, {(u',e')}icz, can be
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translated into an equilibrium of any of its cyclical economies ({(u',e!)}icz,to,n’)
with private sunspot signals and with n’ multiple of n, and conversely.3®

ProOF: Eliminating cb,, from (28,29) and ¢}, , from (36,37), and letting™
iy, = i, whenever o1 = s;, the two sets of equations turn out to be the same
one, but for the number of equations (kn equations for the sunspot cycle and kn’
for the finite economy), if it happened to be the case that, for any 01,00 = 1,...,k

and allt=1,...,7n/,

S/
2. 7

(41) e = m2

/

ol — .
5|8l =s;

whenever (01,02) = (si, Si+1). Leaving aside for a moment whether (41) can actu-
ally hold true and assuming it can, since n’ is a multiple of n, a solution to (28,29)
becomes a solution to (36,37) by replication and, the other way round, a solution
to (36,37) is at least a solution to (28,29) for the case n = n’, while it may well be
also a replication of a solution to (28,29) for some n divisor of n’.4°

Now let us see that, whichever is the k x k Markov matrix (m%) driving the
sunspot signal in the overlapping generations economy {(u’, e!)};¢z, there is a prob-
ability distribution (7%) for s € {1,...,k}" in the cyclical economy ({(ut,e*)}1ez, to,n'),
such that (41) holds. In effect, the equations (41) together with the necessary con-
dition

(42) Yo oat=1

se{l,...,k}"’

form a system of n/(k? — k) + 1 linear equations (for each agent i = 1,...,n’, there
is one condition for each off-diagonal entry of the Markov matrix and, moreover,
all the probabilities have to add up to one), in k™' variables (the probabilities ¥,
for all s € {1,...,k}"). The number of degrees of freedom of the system is then
k' — n'(k? — k) — 1, which is positive for any n’ > 2 and k > 2.4! This implies that

38 As a matter of fact, in the case n’ = 2 the statement actually holds true if k = 2 (see
Example 2 in Section 4.2), but not for k > 3 typically (see Dévila (1999)).

39 Again, as in the certainty case, a more careful notation has been sacrificed for the sake of the
readability of the argument and thus remarks similar to those in footnote 44 in the proof of the
proposition 3 apply. Namely, in the case ¢ = n, 0?51 =c with o, = s1, does not refer to any
constraint on the choice of the n-th consumer of the cyclical economy, but to the identification of

n
non?

his consumption of commodity n when observing o, (= s1) to the n-th consumption when young
if s1 (= op) is observed in the sunspot cycle of the overlapping generations economy. As in the

certainty case too, if n < n/, then for any right-hand side ¢ exceeding n, c%a, is to be identified to

c’lsin"d k whenever o; = s7.

403ee footnote 45 in the proof of Proposition 3 in the Appendix.

417t can easily be checked that 1 is, for every integer n/, both a root and a critical point of the
polynomial in k defining the number of degrees of freedom f,,, (k) = kv — n’(k? —k)—1. Moreover
its curvature is non-negative at k = 1 and strictly increasing at every positive k, for every n’ > 3.
Therefore f,/(k) is strictly convex at every k > 1, for every n’ > 3 and, thus, f,/(k) has no root
bigger than 1, which guarantees f,,;(k) > 0 for all K > 2 and n/ > 2. As for the case n’ = 2, see
the footnote 38.
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the linear subspace of solutions to (41) has positive dimension and, therefore, in
order to show that the system of equations has a solution, it suffices to show that
this linear subspace meets the interior of the positive orthant, because in that case
it necessarily meets the affine space (42) as well.

In effect, each subspace associated to an equation in (41) meets the strictly
positive orthant, otherwise it would be possible to separate these two convex sets
by a hyperplane. However, this hyperplane can only be the subspace itself. But
then, necessarily, a normal vector of such hyperplane would have to be in the strictly
positive orthant too. Nevertheless, it can be easily seen that the normal vector of
each subspace in (41) has positive (of the form 1 —m?192) as well as negative (of
the form —m?192) coordinates. So the separation is not possible and thus the non-
trivial intersection subspace determined by the system (41) does meet the positive
orthant indeed. Hence it meets the affine space (42) and a solution to the system
exists.*? Q.E.D.

5. CONCLUDING REMARKS

This paper establishes the existence of a connection between the stationary equi-
libria of a class of overlapping generations economies and the equilibria of naturally
related finite economies. The connection is first established in a framework without
uncertainty and then it is extended to the case in which there are sunspots.

This results clarify definitively the way in which the conjecture made in Maskin
and Tirole (1987), about the existence of such a connection, has to be modified
to make it hold. In effect, Maskin and Tirole (1987) conjectured the possibility of
establishing an identification of any finite Markovian stationary sunspot equilibrium
of a simple overlapping generations economy and a correlated equilibrium of the
economy with two agents and two commodities that they study, when this economy
is symmetric. Nevertheless, Davila (1999) shows how this identification does not
hold typically for any sunspot equilibrium whose sunspot signal takes more than
two values. Thus the conjecture needs to be qualified in order to be true in general.

The Proposition 6 in Section 4 establishes that the right framework to make the
connection hold in general is that of a cyclical finite economy. In effect, any finite
Markovian stationary sunspot equilibrium of an overlapping generations economy
with a representative agent can be identified with a correlated equilibrium of a
cyclical finite economy associated to the overlapping generations economy, as long
as the number of agents of the finite economy is at least three. With just two
agents, as in Maskin and Tirole (1987), only the 2-state Markovian stationary
sunspot equilibria of the overlapping generations can be captured.

As a matter of fact, with finite cyclical economies of more than two agents
the identification has been established in the previous section for a larger class
of sunspot equilibria, namely the so-called here sunspot cycles of a certain class
(0-memory Markovian sunspot cycles of finite order), and a larger class of station-
ary overlapping generations economies as well (the cyclical overlapping generations
economies). Incidentally, the introduction of these sunspot equilibria extends in an
interesting way the kinds of behavior that sunspot-driven time series can exhibit.

42 As a matter of fact, there is a continuum of them whenever the number of degrees of freedom
of the system is bigger than 1, which is always the case but for k = 2 and n’ = 3.
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In particular, stylized recurrent but irregular fluctuations characteristic of some
economic time series can be generated by these sunspot cycles.

Dept. of Economics, University of Pennsylvania, 3718 Locust Walk Philadelphia,
PA 19104, U.S.A.; davilaj@ssc.upenn.edu.

APPENDIX

PROOF OF PROPOSITION 1: (i) If {(cf, cj41)}, o, and {p:},cy is an equilibrium
of the overlapping generations economy {(u’, €’)}icz, then for every t € Z, (¢}, cf. ;)
is a solution to (2) i.e. there exists a positive multiplier A* such that

Dyu'(cq, i) — Npy =0
(13) Do (e cay) — Mpesa = 0

pi(c; — €b) + pega(ci, —€b) = 0.

Multiplying the first equation by (c{—e!), the second by (¢}, —eb) and adding them
up taking into account the budget constraint in the third equation, the condition
(3) follows.

(ii) In order to produce prices {p;},c, supporting {(cf,c} 1)}, ¢z s an equilib-
rium allocation, let p; be any positive price and define for each ¢t € Z, the price

1 1
c e
ZY =1 "1
( ) Pt Ciil 6371 P1

and the multiplier*?

(45) A= —Dou'(ct, et )ui
t) ~t41 C% —6% 1

Then, for all t € Z, the allocation of resources is feasible by assumption and, more-
over, the first order conditions (43) are satisfied since, firstly, the budget constraint
holds

— -1 =1 P1 t _ Lt t it
(46) pe e Pl oy —eh _Ci41 — €3,
- cl_el - t—1 t—1 t__ ot )
Pi+1 — A Ci T — ey Cc{ — €
Ciy1— €2

“3Notice that, since Duf(c’) € R2 | guarantees that (cf —el)(ci ; — eb) < 0 because of (3),
and since (ci_'_1 —eb) = —(ciii — ei"‘l), then (cf — e’i)(cij‘_i — ei"_l) > 0 and hence there is
no two generations whose excess demands have opposite signs. Therefore, if C% —e1 <0 (>0),
then ¢t —e; < 0 (> 0), ie. it —ex > 0 (< 0), for all t € Z and thus p; and At are always
positive. If the allocation of resources is the autarky, as it should be if for some generation an
excess demand is zero, then the first order conditions will be satisfied by any positive price p1,
pe = I121 (Daui(e?)/Dyul(e?)) = tpy if t > 1 and pr = [])_,(D1ui(e’)/Daui(e?))!~1py if t < 1,
and A\' = Dout(e?) T]E_, (D1ut(e?)/Daut(e?))t - 1/p1 if t > 0, At = Dout(et) - 1/p; if t = 0, and
At = Daut(et) H?:H_l(Dzui(ei)/Dlui(ei))t -1/p1 if t < 0, for each t € Z.
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secondly, the partial derivative of the lagrangian with respect to ¢}, ; is zero because
of the very definition of \'; and, finally, the partial derivative with respect to ¢} is
also zero since

Duu(clyctyy) = A'py =

tot ot to4 4 (G —eh 1 i —ej
() Prelev ) F el )" rmor s e =
1
ot _ ot (Dlut(ci, CiJrl)(Ci —e1) + Dau'(c}, C§+1)(C§+1 - eg)) =0
¢ — €1

by mere substitutions, recalling (4) and (3). Q.E.D.

PROOF OF PROPOSITION 3: In effect, eliminating ¢} in (8,9) and ¢!, ; in (13,14)
and letting?* ¢! = cf, the two sets of equations turn out to be the same but for
the number of equations: n in (8) while n’ in (13). Since n’ is a multiple of n, a
solution to (8) becomes a solution to (13) by replication and, the other way round,
a solution to (13) is at least a solution to (8) for the case n = n/, while it may well
be also a replication of a solution to (8) for some n divisor of n’.4> Q.E.D.

PROOF OF PROPOSITION 4: (i) If {(c},,, (Ci+152+1)S;Jfl'sézst)}tez,ses and prices

{Pts, f1ez scg constitute an equilibrium, then, for any s € S and any t € Z,
(Ctspr (Chiny )i, |s;=s,) 15 the solution to (15), i.e. there exist positive multipliers
t+1

)\’;;H for all ), such that s} = s;, for which

Z P(syyqlsy = St)Dlut(Cist,Ciﬂs’ ) — Z /\i;+1pt8t =0

t+1
siy1lsi=se sty1lsi=se
(48)

P(spyalsi = se) Dau'(cty, iy, ) =

t+1 >\32+1pt+152+1 =0 ’ St+1|8t = St

t t t ty Il
Pts, (Crs, — €1) +pt+1s;+1(ct+1s;+l —e3) =0, sp44]8; = s¢.

Multiplying the first equation by (cf,, —ef), each of the equations in the second line

by the corresponding (¢ s, T eb) and adding all them up taking into account the
t

budget constraints in the third line, then the condition (16) follows. (ii) In order

. . t t R K .
to produce prices supporting {(cf,,, (Ct+132+1)S;H'S;:st)}tez s as an equilibrium

allocation, let pys,, for every?® s € S, be any positive price such that, for any other

44Two minor points about notation are in order here. Firstly, it would have been preferable
to use different letters to denote consumption in each of the economies, should we have wanted to
avoid now the somewhat confusing condition ¢ = ¢! which appears when 7 = n. Such a condition
does not refer by any means to a constraint on the consumption bundle of the n-th consumer of
the cyclical economy, but to the identification of his consumption of commodity n (the right-hand
side) to the n-th consumption when young in the cycle of the overlapping generations economy
(the left-hand side). A more rigorous notation has been discarded for the sake of the readability
of the paper. Secondly, another source of confusion may originate in the fact that the left-hand
side index 4 runs from 1 through m, while the right-hand side index 4 runs from 1 through n’,
multiple of n. Whenever n < n’ it goes without saying that, for any right-hand side i exceeding
n, cg is to be identified to c’i mod 7

4571f it is invariant to the n-th power of the n/ x n’ matrix p whose typical entry pi;j equals 1
whenever j =i+ 1 (recall that n’ 4+ 1 stands for 1) and is 0 otherwise.

46 Actually, just one p1s, needs to be fixed arbitrarily, all the other prices at date 1 and at
every state of the world s being then determined by the normalization (49).
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s'e S,

1 1
Pis C1sr — €1
(19) LG 70

pls’l Clsl - el

Then define, for all s € S and all ¢ € Z, the prices

50 o c%sl - e%
(50) DPtsy = =571 t—1P1s1s
CtSt - 62

and for all s’ € S such that s; = s, the multipliers

ct —eh 4
t+1s’
t _ / o tot t t+1
(51) )‘s;_H - P(St+1|st - St)DQU (ctstvctJrls;H) T _ 1 .
Cls; — €1 DPisy

Then, for all t € Z and all s € S, the feasibility constraint is satisfied by assumption
and the first order conditions (48) are satisfied too: firstly, the budget constraints
are satisfied since, for all s}, such that s} = s,

1 1

C —e
— = pis ct S ct — €l
Dts, Ctsy €2 ! t+15;+1 2 t+15£+1 2
(52) = ol ol = i1 t—1 ot _ _t

Di+i1s; 10 4 Cs, — €9 Cis, — €1
— _eépls’l
t+lst+1

where the second equality results from the normalization (49) adopted; secondly,

the partial derivatives of the lagrangian with respect to ! 415 are satisfied by
t41

the very definition of the multipliers )\i, , and finally, the partial derivative with
t+1

respect to cf, is again satisfied by mere substitutions, recalling (17) and (16).
Q.E.D.

PROOF OF PROPOSITION 5: (i) If {(c},,, (¢} 14 )sr|s1=s,) 5= }i=1 and {(pis)i=y }ses
constitute an equilibrium of the cyclical economy ({(u’,e’)}iez,to,n) then, for all
i=1...,nandall 5, =1,... k, (ci,,, (c§+1s,)8,|82:8i) is the solution to the prob-
lem (33) above, i.e. there exist positive multipliers /\i‘f", one for each s’ such that
s, = s;, such that

s’y o tobigd i isi,
E 7 Diu " (¢l Ciprsr) — § , Ag'Pist =0

s'|sl=s; s'|sl=s;
(53) / S -
7 Dou ' (cl, , Chiyg) — A pig1e =0, Vs'|s) = s;
i to+1 ] to+1 AW}
Pis'(Cis, — €17 ") + Pitrs (Cipre — €37 ) =0, Vs'|s] = si.
Multiplying the first equation by (cgsi — e!%") each equation in the second line

by the corresponding (c! 1s T eé‘)H) and adding all them up taking into account

the budget constraints in the third line, the condition (34) follows. (ii) In order to
produce a set of prices p;s, one for each commodity ¢ = 1,...,n in each state of the

world s € {1,,...,k}", supporting the allocation {(cj,,, (cgﬂs,)sqsgzsi)’;i:l}?:1 as

25



an equilibrium, let p;, for each state of the world s € {1,...,k}", be any positive
price in such a way that, for all*” 5,5’ € S,

1 _to+l
(54) DPis _ 018/1 el
D1 cd eto-i-l'
1s 1s1 1
Then define,*® for every i = 1,...,n and s € S,
to+1
55 . _ C%Sl - 610+
( ) Dis = i—1 _ _tot+i—1 Pis
Cis €9
and let moreover, for all: =1,...,n,all s; =1,...,k and all s,
L to+2
. . . ct —e 1
155 __ s’ to+i( .t 7 1+1s’ 2
(56) )\S/'L = —7r D2U (6281761-"-18/) Cl _ et0+1 p ) .
15/1 1 1s

Then the allocation of resources satisfies the feasibility condition by assumption,
as well as the first order conditions: the budget constraints are satisfied since, for
any given s € S and any s’ such that s; = s;,

t 1
615/1—610+
. — -1 _foFi—1P1s’ i _ _to+i i _ _to+i
(57) Dis' ¢, —€y _ Cip1er — €69 _ Gt — G
) o 1 _ to+l - i—1 to+i—1 i to+i
Pit1s’ G Cisr — €2 Cis; — €1
i toFri Pls’
Cit1s’ €2

where the last equality follows from the feasibility condition; the partial derivatives
of the lagrangian with respect to ., ,,,, for all s € S such that s; = s;, are all zero
by the very definition of the multipliers )\fji, and the partial derivative with respect
to cési are zeroed too since

Z s’ toti( i i 2: 84 —
7 Diu™® (Ciswci—l-ls’) - )‘s’ Dist =

s'|sl=s; s'|s=s;

s’ to+i/ i i to+i i i
E : i (Dlu (Cisia Ci+1s’)+D2u (Cisi’ Ci+18')'
s'|sl=s;

7 t0+i 1 o t0+1

(58) Civ1s — €2 I (- Cisp — €1 i) —
1 _to+l i—1 toti—1 /18" ) —
Cle, — €1 Pi1s Cior — €9

is’
1 , o . |
o > (Dt ) (e, — e

i
C;
18 1 s'|sl=s;

Doyu'ot(ct 62;18/)(02;18/ - egﬁi)) =0

iSi ’

where the last two equalities follow from the feasibility condition (35) and the
condition (34) respectively. Q.E.D.

47 Actually just one pis needs to be fixed arbitrarily, all the other prices of commodity 1 at
each state of the world being determined by the normalization (54).

48Notice that since, firstly, from the feasibility condition (35), cis_l cannot depend at equilib-

1 _
1sq1

according to the normalization (54), then p;s cannot depend on any other sunspot signal than s;

rium on any other sunspot signal that s; and, secondly, (c etiOJrl)pls does not depend on s

and, thus, equilibrium prices do not convey any information on the signal observed by anybody
else, as we had already anticipated in footnote 37.
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