ECONS897 Math Camp Part II. Matthew Hoelle
Summer 2009 University of Pennsylvania

1.

Suggested Solutions for
Exercises Week 11.

Friday: Duality
Let u : R — R be a strictly increasing and differentiable utility function. Let I > 0 be the
fixed income of the household. Find the dual problem of

max  u(x)
prx<l (P)
x>0
and use the duality theorem to prove that the values of both problems are identical.
Solution: First step:
Show that if z* is an optimal vector of (P), then x* is also an optimal vector of (LP) :
max 27 - [Du(z*)]"
p-x<Il . (LP)
x>0
The convention is that derivatives, like Du(x*) are viewed as a row vector.

Suppose that z* is not an optimal solution to (LP) :

Du(z*)z > Du(x™)z"
JZS
r > 0

but z* is an optimal solution to (P). With Du(z*) (x — 2*) > 0, define h = z — 2*. Then

lim lu(z* + h) — u(z*) — Du(z*)h|

70 1| =0

implies u(z*+h) > u(z*) or u(z) > u(z*). But this contradicts that z* is an optimal solution
to (P).

Second step:
The dual problem of (LP) is given by:

min zI
zp > [Du(a*)]? . (DLP)

Details remain to be filled in.....

. Tuesday: Inverse Function Theorem

Suppose T : V. — W is a linear map between finite-dimensional vector spaces. Use the
Rank-Nullity Law to prove the following corollaries:



(a) T is a bijection = dim V' = dim W.
Solution: T is injective = ker ' = 0 = dim{ker 7'} = 0 = dim V' = dim{Im 7'}.
T is surjective = ImT = W = dim{Im 7T} = dim W = dimV = dim W.

(b) Suppose dimV = dim W. Then T is surjective iff T" is injective.
Solution: T is surjective <= ImT = W <= dim{Im7T} = dim W = dimV <~
dim{kerT'} = 0 <= ker T' = 0T <= is injective.

3. Wednesday: Implicit Function Theorem

(a) Firm Production

Let the output price p and the factor prices (r,w) be given by (p,r,w) = (1,2,1).
Suppose a firm exists that must use these parameters and pick an optimal capital and
labor inputs (K, L) to maximize the firm’s problem:

=p-F(K,L)—rK —wL.
maxm =p- F(K,L) —rK —w

The firm has access to the production function F(K, L) = In(K)+In(L), which is strictly
concave.

i.

il.

Calculate the optimal levels of capital and labor inputs (K*, L*) for the firm.

Solution: The optimal solution is found as the solutions to the first order
conditions:
1
—r =0
Pi
1
——w = 0
p I

which implies that K* =2 = % and L* = £ =1.

How do the optimal levels of capital and labor change as the parameters (p,r, w)
change. In particular, I am asking for the derivative of K*(p,r,w) and L*(p,r, w)
as a function of (p,r, w).

Solution: To find this derivative, we will use the implicit function theorem.
Using the matrix from class:

Fr(K,L) —1 0 pFa, pFa.]
Fr(K,L) 0 -1 ngK ngL -

1 1
Ig* -1 0 _p(K*)z 0 ) '

Plugging in values yields:

(DK™ (p,r,w), DL*(p,r,w)) = [_}1 : ]

[@sRUNTE
= o
=

[\



(b) No Arbitrage Asset Pricing
Let the payout matrix Y be given by:

e )
W O =
N O

Which of the following set of asset prices (if any) are No Arbitrage asset prices?

i ¢g=1(1,2,2)

i. ¢ =(1,4,2)

. ¢ =(1,2,4)
Solution: As in class, the asset prices are No Arbitrage asset prices iff dJa €

R‘Z’FJF s.t. ol ( ;,q > = 0. The equation can be rewritten as:

(CVQ, asg, 044)

— = =
SN

4
5 +(a1,a5)< . _3‘11 ):o.
p

1 4 4
Solving for (g, ag, ay) using the fact that the inverse of the matrix |1 1 5 =
1 6 2

-7 4 4
0.75 —0.5 —0.25| yields:
1.25 —-0.5 —-0.75

B 7 4 4
(az,ag,a4):—(a1,a5)< 3q . > 0.75 —0.5 —0.25
125 —0.5 —0.75

e Plugging in the values of ¢ for (i) yields:
(042, Qas, a4) = (—3&1 + 3.5a5, 200 — 205, 2001 — 2.5045) .

From these equations, if both ay > 0 and aq > 0, then a5 > gal and oy > gag,.

Taken together, this implies the contradiction oy > %gal. Thus the prices

g = (1,2,2) are not No Arbitrage asset prices.
e Plugging in the values of ¢ for (ii) yields:

(042, as, 044) = (—1.5061 + 3.5a5, a1 — 2a5, 1.5y — 2.5&5) .

Values such as a1 = 2 and a5 = 0.9 are such that a € Ri +. Thus, the prices
q = (1,4,2) are No Arbitrage asset prices.

e Plugging in the values of ¢ for (7i7) yields:
(042, as, 044) = (—0.5041 + 3.5a5, a1 — 2a5,0.5a1 — 2.5@5) .
1

Values such as oy = 2 and a5 = 3 are such that a € Ri +. Thus, the prices
g = (1,2,4) are No Arbitrage asset prices.



4. Thursday: Integration in R"

(a) Integration by Parts

i. Evaluate fol zretdz.
Solution: Using integration by parts, set g(z) = € and F(z) = 2. Then
G(z) = e” and f(x) = 1. Therefore

1 1
/ zetdr = [we”]y — / edx
0 0

= " —(e"=-1)=1

ii. Evaluate f;r/z x sin xdw.
Solution: Using integration by parts, set g(x) = sin(z) and F(x) = . Then
G(z) = —cos(z) and f(z) = 1. Therefore
/ zsinzdr = [~z cos(z)]7/y —/ —cosw
w/2 /2
= 7 — (sin(m) —sin (7/2)) =7 + 1.
(b) Change of Variables
Let R be a 3—dimensional space defined in Cartesian coordinates and let S be the
same 3—dimensional space defined in spherical coordinates. Recall that the Cartesian

coordinates (x,y, z) are defined using the spherical coordinates (r, 6, ) according to the
transformation

(z,y,2) =T(r,0,7) = (rsinycos,rsinysinf,rcos~y).

Prove that

/// f(z,y, z)dxdydz = /// f(rsinvycosf,rsinysinf, rcos~y) (7“2 sinvy) drdfd-y.
R S

Recall that for spherical coordinates, we restrict 0 < v < 7.
Solution: With the transformation defined as

(z,y,2) =T(r,0,7) = (rsinycos,rsinysinf,r cos~y),
then I have to find the determinant matrix:

sinycosf —rsinysinf rcos~ycosd
DT(r,0,v) = |sinysinf rsinycos@ 7 cos~ysinf
cos 7y 0 —rsiny
The determinant of the matrix DT'(r, 6, ) is calculated as:

2

siny cos 6 (—r sin? 7 cos 9) + rsin~ysin (—r sin? ~sin @ — r cos? 7 sin 0) +

7 cos 7y cos § (—r sin 7y cos 7y cos )

2

= —r? (sin2 ~ sin y cos? 0) — r*sinysin 6 (sin6) — 2 (sin~y cos? 6 cos? 7)

after using the identity that sin?y + cos?y = 1. Simplifying further yields:
—r2sin~y (0052 0 sin® v + sin? 0 + cos? 6 cos? 'y)
—r2sin~y (0052 0 [Sin2 ~ + cos? ’y] + sin? 0)
= —rZsiny (cos2 0 + sin® 9)

= —r? sin y



after using the identity as above twice. Thus, the absolute value of the derivative is
given by 72siny where siny > 0 for 0 < v < 7. Plugging into our change of variables
formula from class, then the result

/// f(z,y, z)dxdydz = /// f(rsin~ycosf,rsinysinf,rcos~y) (r2 sin'y) drdfd-~
R S

is obtained.



