ECONS897 Math Camp Part II. Matthew Hoelle
Summer 2009 University of Pennsylvania

1.

Suggested Solutions for
Exercises Week 1.

Tuesday: Analysis in R"

A topological property is defined as a property that is preserved under homeomorphism
(a homeomorphism is simply a continuous, invertible function with a continuous inverse).
Simple put, for any function f: A — B with A C R™ and B C R™, then P is a topological
property iff

A has property P = f(A) has property P.

I have proven in class that both compactness and connectedness are topological properties.

(a)

Show (by example) that closedness, completeness, and boundedness are NOT topological
properties.

Simplest counter-examples:

Let f : (0,1] — R be defined s.t. = — 1. Then f is continuous, the domain (0,1] is
bounded, but the image [1,00) is NOT bounded.

Let f: [1,00) — R be defined s.t. z + 2. Then f is continuous, the domain [1,00) is
both closed and complete (recall that complete implies closed), but the image (0, 1] is
NOT closed nor complete.

Show that convexity is a topological property when m = 1, but not otherwise.

Claim: If A C R" is convex, then A is connected.

Proof: Suppose A is not connected, then
A=XUY

for X #0,Y # 0, and both X NY =0 and X NY = @ (that is, A is the union of two
separated sets). Thus, 3z € X and y € Y s.t. for some X € [0, 1]

Az +(1— Ay ¢ XUY.

Thus, A is not convex.g

For m = 1, then saying B C R! is convex is equivalent to saying B is an interval is
equivalent to saying that B is connected. Thus, if A is convex (hence connected), if
f : A — B is continuous, and m = 1, then f(A) is connected (hence convex). Thus
convexity is a topological property when m = 1.

Now, let m > 1. Let f be the continuous mapping with domain a disc (in R?) and image
a H-pointed star. Obviously, the disc is both convex and connected, but the 5-pointed
star is only connected (not convex).

Rigorously prove that density and path-connectedness are topological properties.

Claim: If C C A is a dense subset of A and f : A — B is continuous, then f(C) is a
dense subset of f(A).

Proof: I will first prove a lemma before proving the claim.



Lemma: If f: A— B is continuous, then V subset C C A :
J(C' - ) c (Y.

Proof of lemma: Take y € f(C' — C). Then 3z € C' — C s.t. y = f(x). Since
x ¢ C, then y ¢ f(C). Suppose (for contradiction) that y ¢ f(C)’. Then Je > 0 s.t.
N¥(y) N f(C) = 0 and since y ¢ f(C), then N.(y) N f(C) = (. For this € > 0, by the
definition of continuity, 3§ > 0 s.t. z € Ns(x) NC = f(z) € N¢(y). Since there does
not exist any f(z) € Ne(y) N f(C), then Vz € C, |z — x| > 6. This implies Vz € C,
30 > 0s.t. z¢ Nj(x) or that 30 > 0 s.t. Nf(z)NC =0. Thus z ¢ C’, a contradiction
proving our result.

Returning to the proof of the claim, recall that C' is dense in A iff Vo € A, z € C or
x € C'. Take anz y € f(A). Then 3z € A s.t. y = f(x). Then, it must be that z € C
orzxeC. IfxeC theny e f(C). If x € C'"—C, then y € f(C' — C). From the
lemma, y € f(C)'. Thus, Vy € f(A), either y € f(C) or y € f(C)". Thus, f(C) is dense
in the image f(A).m

Claim: If A is path-connected and f : A — B is continuous, then f(A) is path-connected.

Proof: If A is path connected, then Va1, z9 € A, there exists a continuous v : [0, 1] —
A st. y(0) = 21 and y(1) = z9. Now, take any two points y1,y2 € f(A), the image.
Thus, 31,22 € A s.t. y1 = f(x1) and ya = f(z2). By construction, there exists a
continuous path v* : [0,1] — f(A) defined as v* = foy s.t. v5(0) = f(z1) = y1 and
(1) = f(z2) = yom

2. Wednesday: Linear Algebra Half 1

(a) Recall from lecture that the following condition must be met for the matrix
b ¢
e f
h i

A=

Q Qe

to be invertible:
a(ei — fh) # bid — chd — bfg + ceg.

Are the following 323 matrices invertible? If so, please find the inverse.

111
i. A=10 1 1
0 01

1 -1 0

Solution: This matrix is invertible. The inverseis givenby A=' = |0 1 -1

0 1
11 2
ii. A=10 1 1
1 0 1

Solution: This matrix is not invertible. Notice that

alei— fh) = 1
bid —chd —bfg+ceg = 1.



(b) Consider any invertible, nonnegative matrix A € M(n). A matrix is nonnegative if all
the elements of the matrix are nonnegative.

i.

ii.

.
For n—dimensional vectors e; = (0,..,0,1,0,..,0) and 1 = (1,..,1)”, show that
e; AL T > 0 for some 1.

To prove this result, start with the initialization case of n = 2 and try to use an
induction argument.

Solution: To start the induction argument, let n = 2. With A = [CCL Z} and
be,d>0,then A1 = _L_|% 70 g
a,b,c,d > 0, then =ad b |_e g4 and Sso
d—b
A1 T — < ad—bc >
a—c :
ad—bc

Suppose that both ﬁ < 0and _7=¢- < 0. If ad — bc > 0, this implies that both
0<d<band 0 < a < c. These inequalities contradict ad — bc > 0. Symmetrically,
if ad — be < 0, this implies that both 0 < b < d and 0 < ¢ < a. But this contradicts
that ad — bc < 0.

Let us extend the argument by induction. The induction hypothesis is that e; -
A=1.T >0 for some i when A € M (n). Now, consider a matrix A* € M(n + 1)

that is both invertible and nonnegative and for which

A*: a ?
¢ A

If ¢ =0, then A*~ ! = [0 ALI] and if e; - A7L . T > 0 for some i, then e;; -

A1 T >0,
If ¢ #0,...(can verify with examples on Excel).
Assume that Vi :

Qi 2 Aiglg = - 2 Qg = A5 = .. 2> Qi—14
where the sequence of inequalities contains at least one strict inequality. Prove that
A1 T>>0

or written equivalently that

e AL, T >0 for every 1.

To prove this result, start with the initialization case of n = 2 and try to use an
induction argument.

Solution: To start the induction argument, let n = 2. As above
d—b
-1 = —
A .1_<ag_gc>.
ad—bc

With d > b and a > ¢ by the assumption above, then obviously A=! - T >> 0.



I_@t us extend the argument by induction. The induction hypothesis is that A~ -
1 >> 0 when A € M(n). Now, consider a matrix A* € M(n + 1) that is both
invertible and nonnegative and for which

b
A =14
¢ A

1
f ¢ =0and b = 0, then A*~1 = [8 A(ll] and with a # 0, A*~1. T>>0
If € #0or b # 0, ...(can verify with examples on Excel).

(¢) Using Gaussian elimination, find the inverse of the following 424 matrices.

1 2 3 4
. 01 2 3
BA=1001 2
00 01
1 -2 1
. . . L 1 0o 1 -2 1
Solution: The inverse of this matrix is given by A7 = 0 0 1 9
0 0 0 1
1 1 1 1
.. 02 2 2
ii. A= 00 3 3
00 0 4
1 -5 1 0
o + -1 o0
Solution: The inverse of this matrix is given by A= = 0 (2) 13 1
3 1
0 0 0 i

iii. Is it true that matrices (as above) that are upper triangular are always invertible
(yes or no)?
Solution: Upper triangular matrices are always invertible if all the diagonal
elements are nonzero.

3. Thursday: Linear Algebra Half 2

(a) Find the derivatives for the following matrices:

3 2 4

i A=1(2 1 2
5 2 6

Solution: det(A) = —2.

[0 0 0 1

. 01 0 2

ii. A= 00 2 3
2 00 4

Solution: det(A) = —4.
(b) Use Cramer’s rule to solve for the prices p € R3 such that the budget constraints

h h
§ JPic G =W

4



holds for all h = 1,2, 3 where:
1

c = (17 170)7 62 - (05 1a 1)7 63 - (170’ 1)
wt = 2, w2:3, wt = 4.
Solution: p= (%,%,%)

Find the derivative of the following matrix with respect to x :

A e’ sin(x)
" |In(z) 3z*+ 2z +1|°
X

Solution: dA = [61 COS(Z‘)} .
Matrix addition is defined element-wise. That is, for

ailr .. Gin bir .. bin

A = . : B = : . 5
aml - Gmn b1 - bun

then C = A + B has elements

a1 +b11 .. aip+biy
C= :
am1 +bm1 - Amn + bn

Prove or verify the following result for matrices A, B € M(m,n) :

det (I, + A- B") =det (I, + B" - A).

Proof: The proof will be conducted with two claims.
Claim I: det <é g) = det(A)det(D — CA™'B) = det(D)det(A — BD'C) for

A€ M(m)and D € M(n).

Notice first that
A B\ _ (A 0\ /[In A7'B
c D)  \C I, 0 D-CA'B
(I, B\ (A-BD'C 0
~ \0 D D7'C I,)°
. . . A 0). . A 0
The determinant of block diagonal matrices c 1 )iseiven by det co = det(A) det(l,) =
det(A) and likewise for all other block-diagonal matrices. Thus,
A B 1
det <C D> = det(A)det (D - CA™'B)
= det(D)det (A— BD'C).
I, —A
BT I,
I, —-A
BT 1,

Claim II: det ( > = det (In + BT. A) = det (Im + A- BT) .

From claim I, det <

I, —A
det <BT In) = det(Iy)det ((Im + A - I,,- BT)) = det (I,, + A- BT).

This finishes the proof.

) = det(I,) det (I, + BT - I, - A) = det (I, + BT - A) and



