B Appendix B: Proofs for Results in Section [2]

Proof of Proposition 1]

Claim B1 For any incentive feasible mechanism G of the form (@, there exist an incentive feasible

mechanism
G = ((P],Ujp 7%) 9 (ti)iez> ) (Bl)

that generates the same social surplus, where p! : O™ — [0,1] is the provision rule for good j,

JjeJ

17{ : © — [0,1] is the inclusion rule for agent i and good j,and t; : © — R is the transfer rule for

agent 1.

Proof. Consider an incentive feasible mechanism G. Pick k € [0, 1] arbitrarily and define,

1
P = EECj(G,ﬁ)z/ ¢ (8,9) dv (B2)
0
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() = B0 T o ROGowaray o e, Jo ¢ (6.0) ddF (6-i) > 0
ki if o Jo ¢7(6,9) dVdF (6_;) =0

60) = Bar0)= [ r@)dF0-).

for each 8 € ©", 5 € J and ¢ € Z. This is a mechanism of the form in , and we will call it
G. Use of the law of iterated expectations on p’ () and t; (6;) shows that is unaffected when
switching from G to G. It remains to show that the surplus is unchanged, and that and
continue to hold under G. The utility of agent ¢ of type 6; € © who announces 0; €O is

E_i [Zjej Cj <éz, H_i, 19) wg (éz, 9_1', ’L9> 91 - T (éz, (9_1):| in mechanism g (B3)

E,Z’ [Zjej p] (él, (9,1) ’I’]i (él> 91 - ti <éz>} in mechanism G. (B4)
If [on fol ¢ (?)i,e_i,ﬁ) dydF (6_;) = 0, we trivially have that the payoffs in 1) and 1 are
identical, whereas if [g, fol ¢J <9Z, 0_;, 19) dydF (6_;) > 0, we have that
E_jw! (9z’,9—z‘ﬂ9) ¢ (éi,e—mﬁ)

E-i¢? (05,0-:,0)
= E—sz <é27 9—2'7 19) C] (éh 9—i7 19) 92

Trivially, E_;t; (6;) = t; (6;) = E_;7 (0), which combined with (B5|) implies that the payoffs in (B3))
and (B4) are identical. Since the equality between (B3|) and (B4]) were established for any 4, 6; and
éi, it follows that all incentive and participation constraints and hold for mechanism G
given that they are satisfied in mechanism G. Moreover, [again by (B5))]

B [Sieq @ O] 0)6:] =B [Sic 0] (0.9)¢ (0,0)61], (B6)

E_;p <éi70—i> 1) (91) 0; = E_{’ (91‘79—1‘,19) (B5)
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so it follows by integration over © and summation over ¢ that

B [Sier Sieq £ O 00 05] = B [Licr Xyes & 0,0) ] (0,9)64] (BT)

By construction, we also have that p/ () = E=¢? (0,9) for every 6. Thus E [p/ (0) CJ (n)] =
E [¢7 (0,9) C7 (n)] , implying that

> Ep (6 [an )0 — C7 (n)| = B (6,9) [Zw 0,9)0; —C’ (n)] . (B8)
JjeJ €T jeT 1€
Hence, G and G generate the same social surplus. [

Claim B2 For every incentive feasible mechanism of the form , there exists an anonymous

simple incentive feasible mechanism g of the form (@ that generates the same surplus.

Proof. Consider an incentive feasible simple mechanism G on form . For k € {1,...,n!l}, let
Py, : T — T denote the k-th permutation of the set of agents Z. Note that P ( ) gives the index
of the agent who takes agent i’s position in permutation P,. Moreover, for any given 6 € O", let

9k — (Hp_l(l), ...,0P L) ) € O" denote the corresponding k-th permutation of 0 For each

Ee{l,..,nl}, let G = ( pi,nil, ...,nin)j_l ) ,te1, ...,tkn> be given by

)

PO = p(0%) veeeon jeJ, (BY)
M (0:) = nP 10 V€O jeTiel,
thi (i) = tpy(0i) VOi€O,ieT,

and let g = ((p7 771, ,’ﬁ%) 12,51,...,%) be given by
]:7
70 ):n'Zk 1Pk( ) Voeo" jeJg

I (0;) = k= 1‘—Z[pk(9)] i(05) v 0; =
nl( ) Zz ) 7Z[pk(0)] E@,ZE ) J 6\7

E (01) = % k:l tri (91) v 01 c @,i cT.

We now note that: (1) for each j € J, 7 (0) =7/ (¢) if ¢’ is a permutation of 6. This is immediate
. . n! . | . n! . !

since the sets {pfg (9)}k:1 = {p’ (P (0))}:11 and {p?g (9')}k:1 ={p (Px (9'))};::1 are the same;
(2) for j € J and each pair 4,4’ € Z,7] () = 77, (-). That is, the inclusion rules are the same
for all agents. To see this, consider agent ¢ and 4/, and suppose that 6; = ;. We then have

] n!

that {E,i [pg; (9)} . (ei)}:'zl and {E_Z [ (9)} . (0 )}k'zl are identical and that B_; [/ (6)] =

13T illustrate, suppose n = 3,
2

m = 2,0 = (01,02,03) = ((1,2),(3,2),(2,1)). Consider, for example, pur-
mutation k given by Py (1) = 2,Px(2) = 1,P:(3) = 3. Then P, ' (1) = 2,P,'(2) = 1,P,*(3) = 3 and

9Fr = (0]3}:1(1)79P51(2)76P}:1(3)) = (02701793) = ((372) ) (1v2) ) (27 1)) :



E_y [/ (0)]; and (3) for each pair 4,i’ € Z,; (-) = £ (), which is obvious since the sets {t); (6;) )
and {ty; (67) }Z':l are identical. Together, (1), (2) and (3) establishes that g is anonymous and
simple.

Now we show that ¢ is incentive feasible and generates the same expected surplus as GG. First,

since G and G}, are identical except for the permutation of the agents, we have, for k =1, ..., n!

ZE{pﬁ(@ [Zniiwl)ez— 7 (n) }zzE{pf(e) [an? (6:) 6] — C7 (n)

€T i€ €T 1€

)

} . (B10)

- Srlaiio|[S S re Gt o o))

i€l o1 E—ipy (0)

Hence,

> B {ﬁj (0) [Z 7 (0:) 07 — C7 (n)

JET i€T jeT k=1
= ZZEG{ |ZE ion (0) 1l ( )9'}13[;;, ‘ pi(G)} C? (n)
JET €T T k=1
= n,ZZE{pk >[Zn@<9i>9¥—cf'<n> }=ZE{M@> {an'(ei)oz—oj(n)”,
k=1jeg = jeT ieT

where the last equality follows from (B10)). Hence the surplus generated by g is identical to that
by original mechanism G. To show that g is incentive feasible we first note that Epi, (0) = Ep’ (0)
and E) 7tk (0;) = EY ;7 ti (0;) for all k, since the agents’ valuations are drawn from identical

distributions and Gy and G only differ in the index of the agents. Thus

Ezieza‘ (0:) — Zjej Eﬁj (9) cY (n) = EZZEI ol Zk 1 thi (0;) — Z]ejEnl Zk 1 Px (0) (& (n)
= EXicrti(0:) = X;es B (0)C7 (n)

so g satisfies (BB)) if G does. Second, holds for any permuted mechanism, that is,
E_ Z]GJpgc ) (0:) 07 — tri(6:) > B i jeg pL(0:,0-3)m),(0:,0_)07 — ti(0;,0-)  (BI1)

for all ¢ € 7, and Qi,/éi € 0. Hence,

! 1 !
1\ i1 E—i [0, (0)] m3i (65) 1 «
E_i) 70 —1(0:) =E— [ > o (0)| = ~ g — =Y i (03)
jET el et rey E—i [, (0)] vt
n!
1 o o _ R
= E E_i > pl (), (6:)6] — tis (Qi)} 2 [EiZPé(%@i)néi(&'y@i)ef —tki(ezv@i)]
JjeET k=1 €T

- E. Z Zpk 0:,0_)n,(0:,0_)0% — i'z ti(0:,0-0) = > B (61,0077 (52-) 0! —1(0:), (B12)

JGJ T k=1 Jj€ET

where the inequality follows from (B11f). Hence g is satisfies . Finally, g also satisfies the (IR])
because (see the second line in (B12))) all the permuted mechanisms satisfy participation constraints.
Proposition [I] follows by combining Claims [BI] and [ |

Proof of Proposition [2.




Notation: This proof requires us to be explicit about the coordinates of the vector # when per-
muting J. We therefore need some extra notation for this proof (only). We will, with some abuse
of notation, write F (0) = Ilijez F' (0;) and F (0_;) = Hyeq i F' (0x) as the joint distribution of 6 and
0_; respectively. We write Gi_j = (9}, ...,95_1,0?1,...,9;”) for a type vector where good j has
been removed. Analogously, 07 = (91_j s 07 ) stands for the type profile with good j coordinate

removed for all agents and 67 = (9{, e Hﬁl) is the vector collecting the valuations for good j for

all agents. Furthermore, 9:{ = <01_j,...,ijl,ﬁjﬁl,...,9;j> and 0];1. = <9{,...,9£71,95+1...,9{L> are
used for the vectors obtained respectively from 677 and 6’ by removing agent i. These conventions
are used also on the distributions, so, for example, F:g denotes the cumulative distribution of
0:? . Conditional distributions are denoted in the natural way: for example F:g <| 6’{ ) denotes the

joint distribution of 0:{ conditional on 0{ . Since no integrals are taken over subsets of the range
of integration, we also conserve space and write [, h () dF (0) rather than [, g, h(0) dF (6) when
integrating a function h over 8 and similarly for integrals over various components of 6.

Proof. Consider a simple anonymous incentive feasible mechanism g. For k € {1,...,m!} let

—1 —1
P, : J — J be the k-th permutation of J and GZP’“ = <9£Dk (1),...,95’“ (m)) € O be the per-

mutation of 0; when the goods are permuted according to Py. Let 67 = <9P’“,...,05k> ISCL

denote the corresponding permutation of GE For each k € {1,...,m!} define mechanism g, =
J J n.
, ,tr), where for every 6 € O";
({pk}jej {nk}jej 2 Y

1. pi (9) = ppk_l(j) (67*) for every j € J
9. 77% (0;) = nPk_l(j) (.9?) for every j € J
3.t (0:) =t (9?) :

By construction, each g is simple. Each gy is also anonymous by the anonymity of g. Using
the definition of g; and manipulating the result by observing that the labeling of the variables is

"To illustrate, suppose n = 2,m = 3, and 0 = (01,02) = ((1,2,0),(3,2,1)). Consider, for example, pur-
mutation k given by Py (1) = 2,P.(2) = 1,P:(3) = 3. Then P, ' (1) = 2,P,'(2) = 1,P,*(3) = 3 and
o _ (efgl(l)’9551(2)7913;1(3)) — (2.1,0),60 — (95};1(1)7051;1(2)705};1<3)> — (2,3,1),0% = (9?,05’“) _
((2,1,0),(2,3,1)).

15This implies that p:’;l(j) (07) = p? (0) for every j € J.

16 This implies that nkpgl(j) (011-3"') =1’ (0;) for every j € J.



irrelevant, we getﬂ

Ep, (0)n}(6:)6) = / oL (O) . (6:)01dF (6) Jdet of g/ = | ™ (67 ) "D (914 0ldF (0)
6 ocen

PG (P pPr @) (pPe) pigr—7 (97

UL o (o) (o) orae
PIYO) (Y P L @) () g DD gp—i -\ pBrO) i (gPi )

/QPEI(J‘) [/(e—j)Pk Pr QL (0:)6; dF ((9 ) W—Je - dF (9 * )

j-th argument

9]’)] dF’ (eﬂ') (B13)

/relabel/

where we recall,
(6-9)" = <9Pz§1<1>, OGP e)PEl(")) . (B14)

By exchangeability, we have

dF= | (079)™

oFr () (B15)
j-th (vector) argument

= dF7J (Oplzl(l), o legl(j_l), QPIJI(j+1), o przl(")]j—th (vector) argument = legl(j)>
= dF (0*j|j—th (vector) argument = lec_l(j)>
— dFP'0) ((9_131</71(j)|]3k_1 (j)-th (vector) argument = Hpigl(j)) ;
and
dF (aP;: 1<J>> _ gt (QPE 1@) . (B16)
Using (B13), (B15) and (B16)), we have that

Ep}, (6) 1}, (0:)0] (BI7)

— [ | T 0@ @0 Dar s (97)"| g ) | aw (575 0)
oFr () (g—j)Pk ——

j-th argument

— ) —1,.
— / L / pplsl(j) () npkfl(j) (0;) afk 1(J)dF*P{1(J') Q*Pz;l(j)| Qpl:l(j) dFP’“ G (QPEI(J'))
0Pk 4) (gfj)Pk N——

Pk_l(j)-th argument

= [P @00 )67 VR (0) = B 00 000
0

Moreover, exchangeability implies that Ety (0;) = Et (Hf k ) = Et (0;) . The ex ante utility,

. . X 1. 1. —1,.
E{ S P (0) (0208 — 1y, (91.)} - [ s B '0) (9) P 0) (0,07 (3)} B (6))
Same elements in J and
{P-1(1),... Pt (m)}

17Tt is important to point out that, in reaching the fourth equality in (B13]), we can relabel the integrating varibles

= [ >, Epf () nj(@-)@f] —Et(0:), (B18)

(since they are dummies) but not the integrating functions.



is thus unchanged when changing from ¢ to gi. The same steps as in (B13]) through (B17) (only
somewhat simpler) establishes that Ep,7c (0) = Epfx '0) for every j, implying that

Bl S, Al 0)CT ()= 5, (0] = [CE X0, pL0)— %, Bte(6:)] (B19)
= [CME YL, 7 0)- ¥, Bt0)] = B[ S0, 2 OCm) - T, t0)],

so the feasibility constraint is unaffected when changing from g to gx. Next, write Write U (6;, 65; g)
and U (0;,0; g) for the expected utility from announcing ¢} when the true type is 6; in mechanisms

g and gy respectively. Next, by a calculation in the same spirit as (B13]) through (B17):

Bl (0-0) = [ o (0-0,00) dF - (0-0) fdet of gu/ = / PO (04,00 ") dF i (0-0)

0
/gj Vw PO ((0-1,00)™ ) aP =] (071 eji)] ar’, (02, (B20)
/relabel/ = \/9}:‘];1(]‘) |:/0:}.;‘k1(j) pPkil(j) (971,073") dFji <(9:Z)Pk Qplzl(j)>:| dFJ_l (9}};—1(],))

1, —1,. _ ) —1,,
/eXChangeabﬂity/ = /P_l(j) |:/P_1(j) pPk L) (97 OIP]C) dF~ . P () <9_1 (E)) 9" k (J)):| ng_Z (91_3;; (J))
o_k 0_,*

/ pPlJl(j) (0 N elpk)dF (0-1) = Eiippk’l(j) (071’9;1%)

0_;

That is, the perceived probability of getting j when announcing 6 in mechanism g, is the same as

the perceived probability of getting good P, ! (j) when announcing (0 )Pk , 80 that
S |
= D) M p"O) (0- 07 ) ¢ ((0)™)),

whereas
U0:,059) = Y i (0)01E_ip] (0-5,0;) —t (0}) = (B22)
Jj=1
U059 = S ml(0) ™67 VBl (6-0,07) 1 ((6)™)
9, 9/Pk

_Zj 1 k )((Hl)Pk)QJE*Z kk (J) (efhegpk) _t<(0'lb)Pk) = U(elae'/mgk)v

which establishes that type 6; who announces 6 in mechanism g gets the same utility as type 921-3 k

Py

who announces (0;) in mechanism ¢g. Hence incentive compatibility and individual rationality

of g follows from incentive compatibility and individual rationality of g. Now, construct a new



mechanism g = ({ﬁ7 }Jej , {77 }gej ,t) by letting

ﬁi (9) = ml Zk: 1P é( ): m! Zk 1P - 0) (ng) (B23)

LB tG) (g Pt () (pP
7 (0:) = 2 ke 177k( )E—Zpk(e) _ Ykt O (G-k)E_p L)
zﬂfg m B _ipbe () (67)

£(0:;) = %tk (90 = ot (9fk>

let P:J — J be an arbitrary perturbation of the set of goods. Then,
PO (O7) = Aoy o TN (07 ) = LS O (07 = 0) . (B24)
_ 1. m! _1,. m!

since the sets {ppk H(PT) <(9P)Pk> }k=1 and {pPk ') (ka)} _are identical. Furthermore

Py (PTG Pt (PNG)
710 (opy = Zani e oy
7 - . —1/ 51/
B T (o7) ) (B25)
R i RGN
= - E_ipplgl(j)(GPk) =1 (0:)
for the same reason. It is obvious that Z(@ZP ) = t(A;), which together with 1) and lb

establishes that ¢ is symmetric. To complete the proof we need to show that g is incentive feasible

and generates the same surplus as g. We note that

v Y j m! j m T (0 E_ipl (0
Ep’ (0)7 (6:) 0] = = Zk:'1 Epl (0) Zk_lw?'k( D)E_ipl( )01
k=1 B 1pk(9)

m! j mond (0,)B_ipl (0 j , .
— B, TR B () B 00l — g[S, (6] (0)0]
= EBY, |7 O)F 006 -10)] = & 7L E [2311 il (0:) £}, (0) 0 — 1 (01)]

JEBTD) & BIS)/ = B[S (0:) 97 (06 —1(0)]
which establishes that the ex ante utility from g and g are the same for all agents. Moreover,
B[S 7 (0) ¢ (n) - zzglfw»] =E[C () X7 4 Sk o (0) = X0y i it (6]
=SB [C () 7y 0] (0) = Xyt (00)| / (BT9)/
= LB [ (0)C (n) = Syt (00)] = B[S 07 (0) €Y () — 27, £(6)]
so the budget balance constraint is unaffected. All incentive compatibility constraints hold since,
U6:.6:3) = Zﬁjw;)ezE-ﬁ (6-:,67) — £ (67)
j=1
m! E_; ¥ 9—i7
- By [ g (00)] - TR @)
A [nk (09) B, (0-1,07) — tx (05|
/ (B21)/ 1| k= 1U(9u€;79k) </ IC for each k/ u k= 1U(9 gr ) =U(0:9).

By the same calculation, U(0;g) = % ZZL‘I U(6; gr) > 0, since all participation constraints hold

for each k. This completes the proof. [



