ONLINE APPENDIX: OMITTED PROOFS FOR RESULTS IN
OPTIMAL PROVISION OF MULTIPLE EXCLUDABLE PUBLIC GOODS
FANG AND NORMAN (2009)

PROOF OF PROPOSITION 1: The proposition follows from the following Claims B1 and B2 below.

Claim B1 For any incentive feasible mechanism G of the form (3), there exist an incentive feasible mechanism
G: ((p]anjh)n%) . 7(ti)i€1'> b (Bl)
JjeTg

that generates the same social surplus, where p/ : O™ — [0,1] is the provision rule for good j, 17{ : 0 — [0,1] is the

inclusion rule for agent i and good j,and t; : © — R is the transfer rule for agent i.

To see this, consider an incentive feasible mechanism G. Pick any k € [0, 1] and define, for each 8 € ©™,j € J
and ¢ € 7,

PO = B=C0.0)= [ oo (B2)

. 147 J
B¢ (0,0)w! (0,0) _ Jon, Jo ¢ (0,9)w](0,9)dddF(0—:) 1,
1(0;) = E_i/(0.9) 7 fon Jo ¢9(0,9)d0dF(0-) if f@z Jo ¢ (6,9) d9dF (6—;) > 0

k if fgu [y ¢ (0,9)dOdF (0_;) =0

1(0) = E_,»T(e)z/@n F(0)dF (0_,).

This is a mechanism of the form in (B1), and we will call it G. Use of the law of iterated expectations on p? (§) and
t; (0;) shows that (BB) is unaffected when switching from G to G. It remains to show that the surplus is unchanged,
and that (IC) and (IR) continue to hold under G. The utility of agent i of type §; € © who announces 6; € © is

E_; [Zjej ¢ (ém‘)—iﬂ?) w{ (éi; 971-,?9) 0;—T7 (@, 971-)] in mechanism G (B3)
BE_; [Zjej e (éi, 9-@) 773 <91) 0; —t; (@1)} in mechanism G. (B4)

If f@fi fol ¢ (éi,e,i,ﬁ) d¥dF (6_;) = 0, we trivially have that the payoffs in (B3) and (B4) are identical, whereas
if fou Jo ¢! (9 G_i,ﬂ) d9dF (0_;) > 0, we have that

E_w! (éi,ﬂ_i,ﬁ) ¢ (9i,0_i,19)
E_.(f (91-,9,1-,19)
= Bl (éi,e,i,ﬁ) ¢ (éi,a,i,ﬁ) 0;.

E_;p’ (91‘79—1') ! (éz) 0; E_;{’ (91',9—1'719)

Trivially, E_;¢; (0;) = t; (6;) = E_;7 (0), which combined with (B5) implies that the payoffs in (B3) and (B4) are
identical. Since the equality between (B3) and (B4) were established for any i, 6; and 0,, it follows that all incentive
and participation constraints (IC) and (IR) hold for mechanism G given that they are satisfied in mechanism G.

Moreover, [again by (B5)]
B [Yieq 7 O)n] (0)0:] = Boi [Sye sl (0.9)F 0.9)6] (B6)
so it follows by integration over © and summation over ¢ that

E[Cier Xyeq # O 00 0:] =B [Licr Xyes & (0.9)w] (6,9)61] (B7)



By construction, we also have that p7 (6) = E=¢? (6,9) for every 6. Thus E [P (0)C7 (n)] = E [Cj (0,9)C7 (n)],
implying that

D EFO) D (88— C (n

JjeT €T

=Y E¢ (6,9) lzw (0,9)0; — C7 (n)] . (B8)

JjeT €L

Hence, G and G generate the same social surplus.
Claim B2 For every incentive feasible mechanism of the form (B1), there exists an anonymous simple incentive

feasible mechanism g of the form (5) that generates the same surplus.

To see this, consider an incentive feasible simple mechanism G on form (B1). For k € {1,....,n!},let P, : T — T
denote the k-th permutation of the set of agents Z. Note that P, ! () gives the index of the agent who takes agent
i's position in permutation Pj,. Moreover, for any given § € O™, let 7% = (Gpgl(l), e HP;(RJ € O" denote the

corresponding k-th permutation of 6. For each k € {1,...,n!}, let Gy = <(pi,ni1,...,nin> Stk ...,t;m> be
j=1,2

given by
PO = p (opk) voeceor jeJ. (B9)
M (0:) = M, (0:) V0 €0, jeT el
k 7
tri (91) = th’l(i)(ei) Vo, e @,i SR

Jj=1,

and let g = <('pvj,'ﬁ{, ,'ﬁfl) Jt1, ,fn) be given by
i=1,2

7O =54 ,’;‘lpi<9) veeor jeJ

1%
~j [ [ﬂk(a)]n{;i(ei) ) . .

771 (02) 7];'|1E [Pi(e)] VHZEG,ZGI, ]EJ

t7 (91) = ", k=1 tiq (91) Vo, € @,i el

We now note that: (1) for each j € 7, 7 (6) = p (9') if 0 is a permutation of §. This is immediate since the sets
{pi (0)}::':1 = {p’ (P (9))}:;1 and {p}C (¢' )} ={p (P (0 ’))}Z':l are the same; (2) for j € J and each pair
i,7 € Z,77! () = 7, (-). That is, the inclusion rules are the same for all agents. To see this, consider agent i and
i’, and suppose that 6; = 6;;. We then have that {E_i [p?€ (9)} nii (91)}:':1 and {E_i/ [pf€ (9)] 773%, (Qi/)}:!:l are
identical and that E_; {'pvj (0)} =E_; [ﬁj (0)}; and (3) for each pair i,i’ € Z,t; (-) = ti (-), which is obvious since
the sets {tx; (91)}2':1 and {tz; (9;)}:;1 are identical. Together, (1), (2) and (3) establishes that ¢ is anonymous

and simple.
Now we show that g is incentive feasible and generates the same expected surplus as G. First, since G and Gy,

} . (B10)

ZE{W)[Zﬁfwi)ez—cj(n)” SE {.Zpk [ZZ ‘”)’“”"ii("”ez—cwnﬂ}

jeT ieT jeT i€T k 1 E—zpk (0)

= ZZE&-{ ,ZE—mk nkw)efﬁ}EHZpiw)]wm
k=1

are identical except for the permutation of the agents, we have, for k =1, ..., n!,

ZE{pk [Zmﬂ } ZE{ )[anwi)ez—cwn)

jeTg i€ jeT i€Z

Hence,

JET €T
= :UZZE{ lznm } ZE{ )[an(&)&{—@(n) },
Ck=1jeJ i€T jeT i€l



where the last equality follows from (B10). Hence the surplus generated by ¢ is identical to that by original
mechanism G. To show that ¢ is incentive feasible we first note that Epj, (§) = Ep’ () and EY", _;ti (6;) =
E) ierti (0;) for all k, since the agents’ valuations are drawn from identical distributions and G and G only differ

in the index of the agents. Thus
~ » _ nl .
EYierti(0) = Yjers BP (0)CT (n) = EX e & Shl tri (0:) = Xje s B Shly o (0) € ()
= EXicrti(0) —X;e B (0)C7 (n)
so g satisfies (BB) if G does. Second, (IC) holds for any permuted mechanism, that is,
E—s Y ey PLOML (0 6] = 1a(0:) 2 E—i Y- s 7 (0, 0-0)m, (0, 0-)0] — t4s(0:,6-,) (B11)
for all ¢ € Z, and 91-751- € 0. Hence,

ot r B |l (0)] s (6)
E_lZp t(@):E_iZ l’;'ngg(@)] k _ k ] k

jeT jeg L' k=1 et Bi [Pfc (9)]

——

z Z tkv z

n:

!
. 1 PN
= n' § —1 Z pk 77@ z 9 — Tk (01) Z H Z E—i g pi;(ola 0 )nkz(gzae—z)a tkl(013 0—1)
k=1 JjE

JjET

= BEuy & Zpk i, 0-i)n],;(0:,0-0)0] - —Zt,ﬂ 0:,0-) = > B’ 01, 0-0i, (0:) 0 — 1(0:), (B12)
36.7 T k=1 JjET

where the inequality follows from (B11). Hence g is satisfies (IC). Finally, ¢ also satisfies the (IR) because (see

the second line in (B12)) all the permuted mechanisms satisfy participation constraints. Proposition 1 follows by

combining Claims B1 and B2. [

PROOF OF PROPOSITION 2: This proof requires us to be explicit about the coordinates of the vector § when
permuting J. We therefore need some extra notation for this proof (only).

Notation B1 We will, with some abuse of notation, write F (0) = IliezF (0;) and F (0_;) = Hyer\iF (0r) as the
joint distribution of 0 and 0_; respectively. We write 0, I = (91 e 03_1, 0{“, e 0%) for a type vector where good

j has been removed. Analogously, 07 = (Gl_j, an) stands for the type profile with good j coordinate removed

for all agents and ¢ = (9{, ,Qi) is the vector collecting the valuations for good j for all agents. Furthermore,

0:{ = (Hfj, ...,Hz_jl,ﬂfjl, ...,9;j> and Gj = (0{, ,(9‘ 1,014_1 ,92) are used for the vectors obtained respectively
from 879 and 67 by removing agent i. These conventions are used also on the distributions, so, for example, F:g
denotes the cumulative distribution of ij Conditional distributions are denoted in the natural way: for example
F:f (\ 93) denotes the joint distribution of 6_ z conditional on GJ Since no integrals are taken over subsets of the

range of integration, we also conserve space and write [, h () dF (0) rather than [,_g. h () dF (9) when integrating

a function h over 6 and similarly for integrals over various components of 6.
Consider a simple anonymous incentive feasible mechanism g. For k € {1,..., M!} let P, : J — J be the k-th
-1 -1
permutation of J and Hf’“ = (95"‘ (1), e 95"‘ (M)> € O be the permutation of 8; when the goods are permuted
according to Py. Let 07+ = (Gf’“, e 95"‘) € O™ denote the corresponding permutation of .! For each k € {1, ..., M!}

define mechanism g, = ({pff} , {ni} ,tr), where for every 6 € O™;
je j€T

'To illustrate, suppose n = 2, M = 3, and 6 = (01,02) = ((1,2,0),(3,2,1)) . Consider, for example, purmutation k given
-1 —1 -1
by Pe(1) =2, P, (2) = 1,P (3) = 3. Then P' (1) =2, P (2) = 1, P, (3) = 3 and 07+ = (efk W gl @ ghy “”) =

—1 —1 —1
(2.1,0), 605" = (ei’k NN (‘”) = (2,3,1),0™ = (67*,05) = ((2,1,0),(2.3,1)).

3



1. pl () = pP ' O) (gpk) for every j € J;°
2. 77?; (6;) = nPEl(j) (9?’6) for every j € J;?
5.t (0) =t (07).

By construction, each gy is simple. Each gy is also anonymous by the anonymity of g. Using the definition of

g and manipulating the result by observing that the labeling of the variables is irrelevant, we get:*

B 0000 = [ A O 0)0dR 0) factot g = [ "D (97 g0 (01) olar o)

ocon

_ /ej [/9] pP,jl(j) <0Pk) nPk’l(j) (9?«) gng*j (9—]’{ 'gj)} dFJ (,9]') (B13)

gpk_l(j) dFJ (ng_l(j)>

j-th argument

/relabel/

/Pfl, / - pP,;l(j) (a)nP,jl(j) (Qi)ﬁf)’“— @) i (G,j)Pk
oFr () (9,]) "

where we recall,

(0= = (91’51(1), 0P U gPTGED 9”1?1(")) . (B14)
By exchangeability, we have
dFi [ (677)"™ ore ') (B15)
N——

j-th (vector) argument

—1

= JF~/ (HP’ZI(I), ...,9P’:1(j71),9p’;1(j+1), o OFk (")\j—th (vector) argument = lesl(j))

= dF~7 (G_j |7-th (vector) argument = prgl(j)>

dF—F:'0) <9_P’;1(j)\Pk_1 (j) -th (vector) argument = Opfgl(j)> ;

and
dF (91’? 1<J’>) — gp? (91’15 1<J‘>) . (B16)

Using (B13), (B15) and (B16), we have that

Ep}, (0) m}(9:)6] (B17)
_ PoG) (9ypFe ) (. gf[l(j)dF—j AN B ©)) dF7 (9Pr @)
/OP,T(J‘) /(gj)Pk P OLE (6:) 0; (G S P ( k )
L j-th argument
- / B / pPr 1 0) () P D) (9)) ngl(j)dF—Pgl(j) Q*PEI(J‘)| 9Fc () dFPk=_1<f> (ep,;l(j))
9Pk =) (e—j)Pk ) ——
L P, " (j)-th argument
= [ )00 067 VaE (6) = B0 () D 00l
6

Moreover, exchangeability implies that Ety (6;) = Et (953 ’“) = Et (0;) . The ex ante utility,

. . . —1,. _1,. Pl
Bl S, oL 0)n600 0 6)] = [ S, B0 @0 Dionels D]~ Br (0

= [ XM, B0 )0 (006]] — Bt (61, (B13)

2This implies that ka" 2 (HPk) = p’ (0) for every j € J.
1, _
3This implies that nkP"' @ (011.3’“) =1’ (0;) for every j € J.
4Tt is important to point out that, in reaching the fourth equality in (B13), we can relabel the integrating varibles (since

they are dummies) but not the integrating functions.



is thus unchanged when changing from g to gx. The same steps as in (B13) through (B17) (only somewhat simpler)
establishes that Ep) (§) = Ep's ") for every j, implying that

B[ S A0 )~ T, 4] = [COE T, pl(0)- ¥, Bt (6)] (B19)
= [CmE TN, PO~ X Be)] = B[S P O)Cm) - T, t6)],

so the feasibility constraint is unaffected when changing from g to gi. Next, write Write U(0;,0; g) and U(6;,6’; gr.)
for the expected utility from announcing 6, when the true type is 6; in mechanisms g and gj, respectively. Next,

by a calculation in the same spirit as (B13) through (B17):
Boip] (0-0,07) = / Pk (0-1.60) AP (0-,) faefof g1/ = /9 (0 0)™ ) R0

o [ o) o) e o) -

[relabel/ = /Glj,;:lm l/ezf’klm pPk (G_I’G/Pk) dF:? ((H—OP’C 91—3}2:1“)>

/exchangeability/, = /93;1“) [/e_fklo‘) pP;Zl(j) (9_1',.9;1’19) dF:fk-— L) (9 Pt J)’ o0 J))

_ / pPk’l(j) (9—i70;Pk> dF_; (0_;) = E_ipple(j) (9_1‘, 9;Pk>

aw’, (07)

dF? (91_3,510))

That is, the perceived probability of getting j when announcing #; in mechanism g is the same as the perceived

probability of getting good Py " (j) when announcing (6;)" , so that
U(0:,059:) = Boi S0, ph (6-4,60) ml(6))6] — t (6)) (B21)
-1/
S e (@) eE O (0,07 ) — 1 ((0)),

whereas
U0:.03:9) = Y i (0)0]E_ip}, (0-:,07) — £ (6;) = (B22)
j=1
U:053.9)] g _gre =Sy nl(0)™)07 VR (0-5,07 ) ¢ ((6)™)

9’_9””@
=2 (@) ™MeE Y (00 ) 1 ((0)™) = U:,090),

which establishes that type 6; who announces € in mechanism g gets the same utility as type 921») ¥ who announces

“

Z)Pk in mechanism g. Hence incentive compatibility and individual rationality of g follows from incentive com-

patibility and individual rationality of g. Now, construct a new mechanism g = ({ﬁj } , {ﬁj } ,1) by letting
jeT JjET

PO = Xl 0)= g il e (ef’k) (B23)
j Py k (J) Py
W) = )y 11\72[1'@( DE_ip (0) Sl ' (6 )_E iP (9 )
LE_ipl (9) MUE_phi @) (ng)
[0:) = Fte(0:) = 5t (07%)
let P:J — J be an arbitrary perturbation of the set of goods. Then,
1. -1 —1/: Py, ~7
;5P v (GP) = ﬁ 2/[:!1 pPk (P@) <(9P> > = M| Zk 1P (ng) =7 (), (B24)

5



I P\ ) M! o M!
since the sets {PP’“ (PT) ((9P> k)} and {,OPk 2 (QP’“> }k , are identical. Furthermore
k=1 =

. PrY(P) “H(P1) ,
770 (o) = Ztl e et ()
n i) = MUE ot Pl (P) ((GP)Pk) (B25)
ZZVI:! npk—l(j) Oik E_ip k (j) oFk s
= = M! ( p)fl(‘) P, ( ) = 77j (91)
ML EoipTh T (07x)

for the same reason. It is obvious that f(@f) =t (6;), which together with (B24) and (B25) establishes that § is
symmetric. To complete the proof we need to show that g is incentive feasible and generates the same surplus as
g. We note that

B (0)7 (0:) 0] = 77 0, ol (0) Zie 1@(9}1;{;;(9)63

= o, AL [Ban) (0) gl Qe @ol] = [l o 006} (0) 0]
= EXN, [7 07 001 -10)] = 7 Qi’lE[Zﬁilnkwnpk(ewzftsz-)}
= B[S 0007 (0)8] - (6]

where the last equality follows from (B17) and (B18), which establishes that the ex ante utility from g and g are

the same for all agents. Moreover,

E[SiL 7 (0)C9 () = Sy 80 =B [C () Ly 3 Sl oh (0) = Sy Xl st (00)]
=S B[O T oL 0) - Xy 6 (0)
= 3 DAL E [0 6 (0)C () - X, (60 = B[S0 47 (0)C7 (n) = 1, £(6))]

where the third equality follows from (B19). So the budget balance constraint is unaffected. All incentive compat-

ibility constraints hold since,

U(Q’H 7,79)

z DOTE_ 7 (0-:.0) ~ (6]
- Ef"lgﬂ SR [ Tl ol (6-0,80)] — 2 ALt (60)

ML E_ipl(6-4,65) M! M1 i

= il [ (6) B (9%, 0%) — ti (65)]

= 1\}[1 k= 1U(92,0wgk < - ZU 9 gk (9§§)'

where the third equality follows from (B21). By the same calculation, U(0;g) = 1 k 4 U(Q;gk) > 0, since all

participation constraints hold for each k. This completes the proof. [

PROOF OF LEMMA 1: The only variables that are not automatically in a compact set are the transfers. However,
t; (1) < Ml < Mh and t; (6;) — t; (0i]l) < m(0;) h+[M —m(6;)]l < Mh. Recursive application of (15) therefore
implies that we may bound ¢; (6;) from above by M?h. Since this is also an upper bound for the difference between
t; (0;) and t; (0;|Ix), it follows from (11) that we may bound ¢; (§;) from below by —M?2h. Hence, existence of a
solution to (14) follows from Weierstrass maximum theorem. ]

PROOF OF LEMMA 2: Let m(6;) =m (@) =m, let \; (6;,6;) denote the multiplier associated with one of the

iy Vg
-~
m — 1 downwards adjacent constraints for type 6; and let \; <0i, 91') denote the multiplier associated with one of

the m — 1 downwards adjacent constraints for type /éz Proposition 2 ensures that provision and inclusion rules

are symmetric and by use of strong duality in linear programming we find that it is without loss to assume that

i (0:,0)) = \; (@iﬁ;). .



PROOF OF LEMMA 3: Fix m and let 6; € © with m (6;) = m{1,..., M — 1} . Consider the incentive constraints
that involves 0; :

M M
0<Y B (0-)Y 07 (O)m] (0:)67 —t; (0:) = > B (0-0) D> 0" (0, 0ulli) n (Balli) 6] — t: (illx)  (B26)
0_i j=1 0_i j=1
Term A Term B

There are m different adjacent downward deviations from 6; (i.e. to replace a single high-value coordinate in
0; with a low-value); thus ¢; (6;) enters in Term A for m conditions. From Lemma 2, the multiplier associated with
each of these conditions is A (m) . Moreover, there are M —m types of 8; with m (#;) = m+1 such that an adjacent
downward deviation from 6 can “turn into” type 6;; thus t; (6;) enters in Term B for M — m downwards incentive
constraints for types with m + 1 high valuations. Again from Lemma 2, the multiplier associated with each of these
conditions is A (m + 1) . Finally, ¢; (6;) appears in the balanced budget constraint (11). The first order condition

with respect to ¢; (6;) can thus be written as

—mA(m) + (M —m) A (m + 1) + AB; (6;) (B27)

'(M —m)!
= —mA(m)+ (M —m)A(m+1)+ AT T ( T m) 8, =0,
where we used (7) for the first equality.
When m (6;) = 0, i.e. when §; =1=(1,...,1), there is no adjacent downward deviation from 6;; instead, ¢; (1)
appears in the individual rationality constraint (10) for type-l. Thus the optimality condition with respect to ¢; (1)

| “A(0) + A (1) M + AB, (1) = 0.

Similarly, the optimality condition with respect to ¢; (h) where h = (h,....,h) is
—MMN(M) + AB; (h) =0.

For m = M, condition (B27) reads M A (M) = AB;;, implying that Lemma 3 is also true for m = M. Now
suppose that A (m) is given by the expression in (16) for some m < M . The optimality condition (B27) with
respect to t; (6;) where m (6;) = m — 1 then reads:

0 = —(m— DA 1)+ (M —m ot A+ D AEZm D,
= —(m—l))\(m—l)—i—w_iTZMm)\(m)-i-(m_l)!(ﬁ!_m—i—l)!ﬁm,l
M
_ _(m_l))\(m_l)+(M—n:”n-l—l)m!(]\]/.\fm—m)!AZﬁj_'_(m—l)!(%!—mﬁ-l)!ﬁmil
M
_ 7(m71)>\(m71)+(mil)!(?\f[!ierl)!A 3 8,

j=m-—1

where the third equality follows from induction hypothesis. Thus, (16) holds also for m — 1. The result follows from

induction. [ ]

PROOF OF LEMMA 7: [Part 1] Consider types 6; and 6] with m (6;) = m and m (#;) = m + 1. For ease of
notation, define U (m, m) and U (m + 1,m + 1) as the payoff of truth-telling for type m and m + 1; and denote the
payoff from a type with m + 1 high valuations to announce a type with m high valuations as U (m + 1,m), and
the payoff from a type with m high valuations to announce m + 1 high valuations as U (m,m+1). U (m + 1,m)

and U (m, m + 1) are respectively given as:

Um+1,m) = > B_;(0-){P"(0—i,m)mh+ P (0_s,m)n(m)[(M —m—1)1+h]} —t(m),
0_,€0_;

U(m,m+1) = Y B, (0-)[P"(0—,m+1)(mh+1)+P (0_;m+1)n(m+1)(M-m—1)1] —t(m+1).
0_;€0_;



We then have that

U (m, m)—U(m m+ 1)

= > B (0-) P (0_i,m)mh+ P (6_i,m)n (m) (M —m)l—t(m)
0_;,€0_;
Z B_;(0_;) [P" (0_iym+1)[mh+1]+ P (0_;,m+1)n(m+1) (M —m—1)1] —t(m+1)
_i€O_;
= Z B_; (0_5) P"(6_s,m)mh+ P (6_;,m)n(m) {(M —m — 1)1+ h} —t(m)
0_,€0_;
=U(m+1,m)
+ Y B (0-) P (s, m)n(m)(I—h)
0_,c0_;
= Y B0 [P (0, m A1) (mA 1) h+ PLO_i,m+ 1)y (m+ 1) (M —m—1)1] —t(m+1)
0_,c0_;
=U(m+1,m+1)

+ Y B (0-) [PM(O_i,m+1) [h—1]]
6_,€0_;
= Um+1m)—-U(m+1m+1)+ Z B_; (0 {Ph H_L,m+1)—Pl(0_i,m)77(m)}[h—l]
_i€0_;

=0 by hypothesis

>0 as Ph(0_;,m+1)—P'(0_;,m)n(m)>0

v
o

[Part 2] [Downward Incentive Constraints] The proof is by induction. Pick an arbitrary m. Assume that
there is some K < m such that a type with m high valuations has no incentives to pretend to be of any type with
k€ {m —1,..., K} high valuations. It follows that

U(m,m) = Y B (0=i) [P" (0—im)mh+ P (0_i,m)n (m) (M —m)l] —t(m) (B28)
0_,€0_;
> Y B (0-) [PM(0-i, k) Kt PH(6-i, K) 0 (K) (M = m) U+ (m — K) h] —t (K)
0_,€c0_;
= U(m,K)

is satisfied by hypothesis. By assumption the downwards adjacent incentive constraint for type K holds, implying
that

UK K) = Z By (0-:) [P"(0_i, K) Kh+ P (0_;, K)n(K) (M — K)1] —t(K) (B29)
_i€0_;
> > B (0-) [PM(0-i, K —1)(K—1)h+ P (0_;, K—1)n(K —1)(M—K)l+h] —t(K-1)
0_;,€0_;
= U(K,K—1)



But, the payoff of announcing type K — 1 for type m is

> B (0-) [PM(0-i, K 1) (K — 1)h+ P (0_;, K)n(K — 1) (M —m)l+ (m— K +1)h] —t (K — 1)
o Z Bi(0=i) [P" (0-s, K = 1) (K = 1) h+ P (0, K) i (K — 1) (M — K) L+ h] —t (K ~1)
— RHS in (B29)
+ Y BLi(0-) PY (O, K = 1)n(K —1) (m = K)(h—1)
/(B29)/ < Zﬁ@ﬁ i) [P (0, K) Kh+ P (0_;, K)n(K) (M — K)1] —t(K)
0 o,
+02(:) B_i(0-i) P'(0-s, K = 1)n (K —1) (m — K) (h—1)
- Z B, (6 )G[P_h(ﬁ_z, K)Kh+ P (0_;, K)n(K) (M —m)l+ (m— K)h] —t(K)
0_ic0_;

— S B (0-) PO K)n(K) (m— K) (h—1)

6_,€0_;
+ > B (0—) PO, K —1)n(K—1)(m—K)(h—1)
9_€0_;
(B28) and
/Pl(g_i7K—1)n(K Z B_; Ph(G_L7 )mh—!—Pl(H_i,m)n(m)(M—m)l]—t(m),
< PI(O_;, K)n(K) 0-ic0

implying that m has no incentive to mimic K — 1. By induction it follows that all downwards constraints are
satisfied. [

[Upward Incentive Constraints] The proof is by induction. Let K > m and assume that

U(m,m) = Z B_; ) {P" (0_i,m)mh + P (0_;,m)n (m) (M —m) 1} —t(m
_i€O_;
> > B (0-) {P"(0-i, k) [mh+ (k—m) 1]+ P (0_s, k) n (k) (M — k) 1} —t (k)
0_,€0_;
= U(m,k)

forallk e {m+1,...,K}.If K = M, all upwards constraint hold by assumption. If K < M, the upwards adjacent
constraint for type K implies that

UK,K) = Y B,(0-)P"(0_;,K)Kh+P'(0_;, K)n(K)(M—K)l—t(K) (B30)
0_;cO_;
> > B0 )P (O K+ 1) [Kh+1+P (0, K+1)n(K+1)(M—-K—1)I—t(K+1)
0_,€0_;
= U(K,K+1).



We then note that

Um,m)-U(m,K+1) > U(m,K)—-U(m,K+1)
=Y B O [P (O K) I+ (K = m) 1)+ P (0, K ) () (M — K) 1) — £ (K)

0_,€c0_;
— Y B0 )P (O K+ 1) [mh+ (K+1—m)l|+ P (0, K+1)n(K+1)(M—-K—1)l—t(K+1)
0_;€0_;
= Y B0 ){P" (0 K)Kh+ P (0, K)n(K)(M - K)I} —t(K
0_,c0_;
+ D B0 {P" (0= K) (K —m) (1 - h)}
0_;€0_,
— Y B0 )P (O, K+ 1) [Kh+1]+P (0_;, K+ 1)n(K+1)(M—-K-1)1—t(K +1)
6_,€0_;
+ > B (0_) P (0_;, K +1) (K —m)(h—1)
_,€0_;
- U(K,K)—U(K,K+ + > B (0) [PM(0_i K +1) = P"(0_;, K)] (K —m) (h—1),
>0 by (B30) 0-i€0—
>0 by monotonicity of P
implying that type m has no incentive to mis-report as type K + 1. [

[Part 3] The solution to (14) violates an incentive constraint in (8) if there exists 6;,6; such that

M
Z B_; Zp] 6] —ti( Z Boi(0=) Y p' (0-i.05) ] (07) 0] —t: (6).  (B3L)
_i€O_; _,EO_; 7j=1

Since 6; is exchangeable and costs are identical for all goods, we can apply Proposition 2 (in conjunction with Lemma
4) to conclude that it is without loss of generality to assume that there exists {n (m), P" (6_;,m), P' (0_;,m) ,t (m)}
such that:

M

m=0"

e 77} (8;) = 1 (m) for every (6;,7) such that 6/ = for good j and m (8;) = m;

o pl (6_;,0;) = P"(6_;,m) for every (6;,) such that 07 = h for good j and m (6;) = k;
o pl (6_;,0;) = P'(6_;,m) for every (6;,j) such that 6/ =1 for good j and m (6;) = k;
e t;(0;) =t (m) for every 6; such that 65 = h and m (6;) = k.

Consider an arbitrary announcement 6] with m (6;) = m/. Let r < min {m’,m} be the number of coordinates
such that 6] = 07 = h; and let s < min {M —m’, M — m} be the number of coordinates such that §] = 67 = I.

We can then express the failure of an incentive constraint for the full problem in (B31) as

X ) [Py PO (-] ) (B32)
_i€6_;

< Z B (0_) {P" (0_i,m/) [rh+ (m/ — 7)1 + P (0_;,m)n (m/) [sl + (M —m' — s)h]} — t(m).
_i€6_;

We note that if 7 < m’ and s < M — m/, then it is possible to announce a type ¢; (that differs from 6}) with
m (0)) =m (6;) = m’, but there are r + 1 coordinates with 07 =07 = h and s+ 1 coordinates with 7 = /7 = 1.

3 (3 (3
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The utility for agent 7 with type 6 from announcing 6/ is, using the mechanism described above,

ST B O-) [P O_m) [+ Dt () — = 1)1+ POy (m) [(s + 1) U+ (M —m — s — 1) h]}

0_,€0_;

= Z B_; (0_; {P O_s,m) [rh+ (m/ — 7)1+ P (0_;,m')n(m!) [sl + (M —m' — s) R} —t(m)

—i€0_;

+ Z B (0=5) [P" (0—s,m") = P (6—i,m")n (m")] (h = 1)

_i€O_;

> Z By (0-3) {P"(0_i,m!) [rh+ (m/ —r) 1] + P (0_s,m")n (m/) [sl + (M —m/ — s)h]} —t(m/)
0_;€0_;
where the inequality follows from the assumed monotonicity [i.e. P" (0_;,m’) > P'(0_;,m')] and n(m') < 1.
This is a violation of the upwards incentive constraints, a contradiction to the postulate of the Lemma that all
upwards incentive constraints hold. Thus, we conclude that a failure of an incentive constraint implies that either
r=m<m' and s = M —m/, in which case an upwards incentive constraint fails or r =m’ <m and s=M —m

in which case a downwards incentive constraint fails. [ ]

PROOF OF LEMMA 9: To prove this lemma, it turns out to be useful to consider a related auxiliary problem
which aims to maximize the average probability of provision (instead of social welfare) under the same constraints

as the relaxed problem (14):

M
max B0 B33
B 2 O 20 (559
s.t. (15), (10), (11).
We first show in Claim B3 below that the characterization of the solution to (B33) is qualitatively similar to the

constrained welfare problem (14):
Claim B3 Let (p,7,t) be an optimal solution to (B33) and assume that Y5, o  B_; (0-i)p’ (0:,0_;) > 0. Then,

1. conditional on provision, all consumers get access to all their high valuation goods and the inclusion rule for

low valuation goods is given by:
0 if G (1) <0
i (0i) =n(m)=9 z€[0,1] ifGn(1)=0 (B34)
1 if G (1) > 0;

2. there exists some A > 0 such that the provision rule for good j satisfies

0 if 1+ Ao | H(0,m) h + L7 (0,m) 2dem Db — en| <0

m

PO)={ z€[0,1] f1+A0 [H (6,m)h+ L7 (0,m) 25l —en| =0 (B35)
1 ifl—l—AZ%:O Hj(H,m)h—&—Lj(H,m)%—cn >0

Proof of Claim B3: The derivation of the inclusion rules follow the analysis of the constrained welfare problem step
by step and is omitted.
To derive the provision rule, note that the optimality conditions for p? () associated with the problem (B33)

may be written as

M
BO)+ Y Alm)m [H7 (6,m) B_; (0—:) h+ L7 (6,m)n (m)]]
m=0
M-1
= > Am+ 1) {H (0,m) B_; (0—i) (M —m)h+ L7 (0,m) 5_; (6—:)n (m) [(M —m) L+ (h = )]}
m=0

~AB(0)en+~7 (8) — ¢’ () = 0,

11
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together with the complementary slackness conditions. By noting that B‘ﬂ"’éz; ) ﬁ, we can write the condition

as

M
1+ Z)\(m) [Hj(ﬂ,m) m', h+ L7 (,m) L:n(m)l

m=0

_ m J mM j m 1 m . -
3 2 {9 0m) GG 1 0m) g () (1 —m) 01
e s PO =50

S TR

Collecting terms, we get

M
1+ ZHj (G,m){ﬂi?ai) A(m)m—X(m+1) (M—m)]}

m=0
*Z” ™ 3

e PO =5 O)
Aent =55 =0

Using the difference equation for the multipliers in (17), we can simplify this further to:

(m)ml—X(m+1)[(M—m)l+ (h—=1)]}

M M (m)
1+ 3" 1 @,m)hA+ S LI (0,m) {An(m)l— gi(oi)/\(m—i—l)(h—l)} — Aen+ 2

m=0 m=0

Using (A11), we can eliminate A (m + 1) and get

ﬂm (M - j=m+1

m=0 m=0

M M J(9) — ¢’
1+ZHJ (0, m) hA—&-ZLJ Hm){/\n(m)l—n(m)(h_ng/\ Z ﬂj}—Acn—l—M = 0.

Furthermore,
-n (m) (h—1) - I An (m) m)l— (h— 7[\ max
An(m)t=5 =™ 2 5= 5 - [ﬁ (r=mt= b=t ;H'B ] 1 =y " (0,Gn (D)

where G, (+) is defined in (20). Substituting this back into (A10) gives

M . .
oy 1 0oy P0G )] 20— 0)
1+AZ[H (0.t 1 (0,m) % )¢ )

m=0

which, by combining with the complementary slackness conditions, gives the result. [
Before getting into the details of the proof, it is also useful to observe that (B35) can be rewritten as

0 if1+A[", Z9(0;) —en] <0
pPO)=< z2€0,1] f1+A[>1,27(0;)—cn] =0
1 if 1+ A >0, Z7(0;) — en] > 0,

where

(Hi) _ h if ¢ =
= % if 6’{ =] and Hf = h for exactly m goods k € J.

The point with this formulation is that {Z7 (6") }?:1 is a sequence of i.i.d. random variables. Observe that Z7 (")
is bounded below by 0 and above by h, so the variance is bounded. This allows us to use the central limit theorem

to establish a “generalized paradox of voting”, which simply states the intuitively obvious fact that the influence of

12



a single agent approaches zero as the number of agents goes out of bounds. To state this, we will now need to be
careful about the fact that the solution depends on the number of agents in the economy, and a mechanism with n
agents will therefore now be denoted by (p,,,n,,,t») and the multiplier on the resource constraint will be denoted
by A,.

(Proof of Lemma 9, continued): Consider a mechanism that solves (B33) first. As Z7 (Gl) € [0, h] for every 6 € ©,
it follows that for any pair (9’ 9”) we have

1771

E[p} (0)[0]) —E[p), 0)[6]] < Pr|l+Ay|h+> Z7(0k)| —en>0| =Pr |1+ A, [0+ Z7(0x) ] —en >0
i ki ki
= Pr Qk
i k;é1

Let o = VAR (Z7 (6")) . We can then rewrite the probability statement as

73 (0,) —EZ7 (6,
pe g, < S 200 B2 G o n ]
ovn—1 ovn—1

where k, = Ani\/csi a\/% E?/Jr As o is finite, E{Z7 (6x) — EZ7 (6;)} = 0, agd {z (Qi)}?zl is an
Zk;ﬁi Zj(gk)_EZJ(ei)

i.i.d. sequence, we know that the central limit theorem is applicable, thus

is asymptotically

ov/n—1
distributed as a standard normal distribution. Moreover, U\/% — 0, which together with the convergence in

distribution implies that for every real number k£ and any € > 0, there exists N < oo such that

i Z] 9 — EZ] 97 h 1 k+e 2
Pr kSZH ) ( )§k+ < / exp<y)dy+e
for n > N. But, the standard normal is symmetric and single-peaked, so for n > N,
Dok 27 (Ok) —EZ7 (6;) h 1 phete 2
Pr |k, < <k 4| < / exo (2 dy + =
rl"‘ ovn—1 S ovn—1| T Ver Xp(z)y

f/;exp< >dy+s%0

IN

as € — 0. The result follows.
For the case in which {p,,,7n,,, s }.o, is a sequence from the solution to (14), we replace Z7 (;) above with

7 (0:) = h if 67 =
mU T el @all i ) = L and if 0 = h and m (6;) = m.

m

By choice of subsequences such that G, (®,) — G, we can approximate ma;fno(ﬁﬁg)”)} with rgax({]& GT';;)} The rest

of the argument follows the one above step by step. ]
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