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PROOF OF PROPOSITION 1: The proposition follows from the following Claims B1 and B2 below.

Claim B1 For any incentive feasible mechanism G of the form (3), there exist an incentive feasible mechanism

G =

��
�j ; �j1; :::; �

j
n

�
j2J

; (ti)i2I

�
; (B1)

that generates the same social surplus, where �j : �n ! [0; 1] is the provision rule for good j; �ji : �! [0; 1] is the

inclusion rule for agent i and good j;and ti : �! R is the transfer rule for agent i:

To see this, consider an incentive feasible mechanism G. Pick any k 2 [0; 1] and de�ne, for each � 2 �n; j 2 J
and i 2 I;
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Z
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� (�) dF (��i) :

This is a mechanism of the form in (B1), and we will call it G. Use of the law of iterated expectations on �j (�) and

ti (�i) shows that (BB) is una¤ected when switching from G to G: It remains to show that the surplus is unchanged,
and that (IC) and (IR) continue to hold under G: The utility of agent i of type �i 2 � who announces �̂i 2 � is
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R 1
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�
d#dF (��i) = 0; we trivially have that the payo¤s in (B3) and (B4) are identical, whereas
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E�i�
j
�
�̂i; ��i

�
�ji

�
�̂i

�
�i = E�i�

j
�
�̂i; ��i; #

� E�i!ji ��̂i; ��i; #� �j ��̂i; ��i; #�
E�i�

j
�
�̂i; ��i; #

� (B5)
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Trivially, E�iti (�i) = ti (�i) = E�i� (�) ; which combined with (B5) implies that the payo¤s in (B3) and (B4) are

identical. Since the equality between (B3) and (B4) were established for any i; �i and �̂i; it follows that all incentive

and participation constraints (IC) and (IR) hold for mechanism G given that they are satis�ed in mechanism G.
Moreover, [again by (B5)]
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so it follows by integration over � and summation over i that
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By construction, we also have that �j (�) = E��
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Hence, G and G generate the same social surplus.

Claim B2 For every incentive feasible mechanism of the form (B1), there exists an anonymous simple incentive

feasible mechanism g of the form (5) that generates the same surplus.

To see this, consider an incentive feasible simple mechanism G on form (B1). For k 2 f1; ::::; n!g ; let Pk : I ! I
denote the k-th permutation of the set of agents I. Note that P�1k (i) gives the index of the agent who takes agent

i0s position in permutation Pk: Moreover, for any given � 2 �n; let �PK =
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k (n)
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(�i) 8 �i 2 �; j 2 J ; i 2 I;

tki (�i) = tP�1
k (i)(�i) 8 �i 2 �; i 2 I;

and let g =
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i; i0 2 I;e�ji (�) = e�ji0 (�) : That is, the inclusion rules are the same for all agents. To see this, consider agent i and
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are identical. Together, (1), (2) and (3) establishes that g is anonymous

and simple.

Now we show that g is incentive feasible and generates the same expected surplus as G. First, since G and Gk
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where the last equality follows from (B10). Hence the surplus generated by g is identical to that by original

mechanism G: To show that g is incentive feasible we �rst note that E�jk (�) = E�j (�) and E
P

i2I tki (�i) =

E
P

i2I ti (�i) for all k, since the agents�valuations are drawn from identical distributions and Gk and G only di¤er

in the index of the agents. Thus
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so g satis�es (BB) if G does. Second, (IC) holds for any permuted mechanism, that is,
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where the inequality follows from (B11). Hence g is satis�es (IC). Finally, g also satis�es the (IR) because (see

the second line in (B12)) all the permuted mechanisms satisfy participation constraints. Proposition 1 follows by

combining Claims B1 and B2.

PROOF OF PROPOSITION 2: This proof requires us to be explicit about the coordinates of the vector � when

permuting J . We therefore need some extra notation for this proof (only).

Notation B1 We will, with some abuse of notation, write F (�) � �i2IF (�i) and F (��i) � �k2IniF (�k) as the
joint distribution of � and ��i respectively. We write �

�j
i =

�
�1i ; :::; �

j�1
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denotes the cumulative distribution of ��j�i : Conditional distributions are denoted in the natural way: for example
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1. �jk (�) = �P
�1
k (j)

�
�Pk
�
for every j 2 J ;2
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�1
k (j)
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�
for every j 2 J ;3

3. tk (�i) = t
�
�Pki

�
:

By construction, each gk is simple. Each gk is also anonymous by the anonymity of g: Using the de�nition of

gk and manipulating the result by observing that the labeling of the variables is irrelevant, we get:4
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Using (B13), (B15) and (B16), we have that
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Moreover, exchangeability implies that Etk (�i) = Et
�
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E
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3This implies that �
P�1
k

(j)
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4 It is important to point out that, in reaching the fourth equality in (B13), we can relabel the integrating varibles (since

they are dummies) but not the integrating functions.
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is thus unchanged when changing from g to gk. The same steps as in (B13) through (B17) (only somewhat simpler)

establishes that E�jk (�) = E�
P�1
k (j) for every j, implying that

E
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j=1 �jk (�)C
j (n)�

P
i tk (�i)

i
=

h
C (n) E

PM
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;

so the feasibility constraint is una¤ected when changing from g to gk: Next, write Write U(�i; �
0
i; g) and U(�i; �

0
i; gk)

for the expected utility from announcing �0i when the true type is �i in mechanisms g and gk respectively. Next,

by a calculation in the same spirit as (B13) through (B17):
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That is, the perceived probability of getting j when announcing �0i in mechanism gk is the same as the perceived

probability of getting good P�1k (j) when announcing
�
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�Pk ; so that
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�0i
�
) (B22)

U(�i; �
0
i; g)

��
�i=�

Pk
i

�0i=�
0Pk
i

=
PM

j=1 �
j
k(
�
�0i
�Pk)�P�1

k (j)
i E�i�

j
k

�
��i; �

0Pk
i

�
� t
��
�0i
�Pk�

=
PM

j=1 �
P�1
k (j)

k (
�
�0i
�Pk)�jiE�i�P�1

k (j)

k

�
��i; �

0Pk
i

�
� t
��
�0i
�Pk�

= U(�i; �
0
i; gk);

which establishes that type �i who announces �
0
i in mechanism gk gets the same utility as type �

Pk
i who announces�

�0i
�Pk in mechanism g: Hence incentive compatibility and individual rationality of gk follows from incentive com-

patibility and individual rationality of g: Now, construct a new mechanism eg = (ne�jo
j2J

;
ne�jo

j2J
;et) by letting

e�j (�) = 1
M !

PM !
k=1 �

j
k (�) =

1
M !

PM !
k=1 �

P�1
k (j)

�
�Pk
�

(B23)

e�j (�i) =

PM !
k=1 �

j
k (�i) E�i�

j
k (�)PM !

k=1 E�i�
j
k (�)

=

PM !
k=1 �

P�1
k (j)

�
�Pki

�
E�i�

P�1
k (j)

�
�Pk
�

PM !
k=1 E�i�

P�1
k (j)

�
�Pk
�

et (�i) = 1
M ! tk (�i) =

1
M ! t

�
�Pki

�
let P : J ! J be an arbitrary perturbation of the set of goods. Then,

e�P�1(j)
�
�P
�
= 1

M !

PM !
k=1 �

P�1
k (P�1(j))

��
�P
�Pk�

= 1
M !

PM !
k=1 �

P�1
k (j)

�
�Pk
�
= e�j (�) ; (B24)
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since the sets
�
�P

�1
k (P�1(j))

��
�P
�Pk��M !

k=1

and
n
�P

�1
k (j)

�
�Pk
�oM !

k=1
are identical. Furthermore

e�P�1(j)
�
�Pi

�
=

PM!
k=1 �

P
�1
k (P�1(j))

k

�
(�Pi )

Pk
�
E�i�

P
�1
k (P�1(j))

k

�
(�P )

Pk
�

PM!
k=1 E�i�

P
�1
k (P�1(j))

k

�
(�P )

Pk
�

=

PM!
k=1 �

P
�1
k

(j)
�
�
Pk
i

�
E�i�

P
�1
k

(j)(�Pk)PM!
k=1 E�i�

P
�1
k

(j)(�Pk)
= e�j (�i)

(B25)

for the same reason. It is obvious that et��Pi � = et (�i) ; which together with (B24) and (B25) establishes that eg is
symmetric. To complete the proof we need to show that eg is incentive feasible and generates the same surplus as
g: We note that

Ee�j (�)e�j (�i) �ji = 1
M !

PM !
k=1 E�

j
k (�)

PM!
k=1 �

j
k(�i)E�i�

j
k(�)PM!

k=1 E�i�
j
k(�)

�ji

= 1
M !E�i

PM !
k=1

h
E�i�

j
k (�)

PM!
k=1 �

j
k(�i)E�i�

j
k(�)PM!

k=1 E�i�
j
k(�)

�ji

i
= 1

M !E
hPM !

k=1 �
j
k (�i) �

j
k (�) �

j
i

i
) E

PM
j=1

he�j (�)e�j (�i) �ji � et (�i)i = 1
M !

PM !
k=1 E

hPM
j=1 �

j
k (�i) �

j
k (�) �

j
i � tk (�i)

i
= E

hPM
j=1 �

j (�i) �
j (�) �ji � t (�i)

i
;

where the last equality follows from (B17) and (B18), which establishes that the ex ante utility from eg and g are
the same for all agents. Moreover,

E
hPM

j=1 e�j (�)Cj (n)�Pn
i=1
et (�i)i = E hC (n)PM

j=1
1
M !

PM !
k=1 �

j
k (�)�

Pn
i=1

PM !
k=1

1
M ! tk (�i)

i
=
PM !

k=1 E
h
C (n)

PM
j=1 �

j
k (�)�

Pn
i=1 tk (�i)

i
= 1

M !

PM !
k=1 E

hPM
j=1 �

j (�)C (n)�
Pn

i=1 t (�i)
i
= E

hPM
j=1 �

j (�)Cj (n)�
Pn

i=1 t (�i)
i
;

where the third equality follows from (B19). So the budget balance constraint is una¤ected. All incentive compat-

ibility constraints hold since,

U(�i; �
0
i; eg) =

MX
j=1

e�j(�0i)�jiE�ie�j ���i; �0i�� et ��0i�
=

PM!
k=1 �

j
k(�

0
i)E�i�

j
k(��i;�

0
i)PM!

k=1 E�i�
j
k(��i;�0i)

E�i

h
1
M !

PM !
k=1 �

j
k

�
��i; �

0
i

�i
� 1

M !

PM !
k=1 tk

�
�0i
�

= 1
M !

PM !
k=1

h
�jk
�
�0i
�
E�i�

j
k

�
��i; �

0
i

�
� tk

�
�0i
�i

= 1
M !

PM !
k=1 U(�i; �

0
i; gk) � 1

M !

M !X
k=1

U (�; gk) = U(�; eg):
where the third equality follows from (B21). By the same calculation, U(�; eg) = 1

M !

PM !
k=1 U(�; gk) � 0; since all

participation constraints hold for each k: This completes the proof.

PROOF OF LEMMA 1: The only variables that are not automatically in a compact set are the transfers. However,

ti (l) � Ml < Mh and ti (�i)� ti (�ijlk) � m (�i)h+ [M �m (�i)] l < Mh. Recursive application of (15) therefore

implies that we may bound ti (�i) from above by M2h: Since this is also an upper bound for the di¤erence between

ti (�i) and ti (�ijlk) ; it follows from (11) that we may bound ti (�i) from below by �M2h: Hence, existence of a

solution to (14) follows from Weierstrass maximum theorem.

PROOF OF LEMMA 2: Let m (�i) = m
�b�i� = m, let �i

�
�i; �

0
i

�
denote the multiplier associated with one of the

m � 1 downwards adjacent constraints for type �i and let �i
�b�i;b�0i� denote the multiplier associated with one of

the m � 1 downwards adjacent constraints for type b�i. Proposition 2 ensures that provision and inclusion rules
are symmetric and by use of strong duality in linear programming we �nd that it is without loss to assume that

�i
�
�i; �

0
i

�
= �i

�b�i;b�0i�.
6



PROOF OF LEMMA 3: Fix m and let �i 2 � with m (�i) = m f1; :::;M � 1g : Consider the incentive constraints
that involves �i :

0 �
X
��i

��i (��i)
MX
j=1

�j (�) �ji (�i) �
j
i � ti (�i)| {z }

Term A

�
X
��i

��i (��i)
MX
j=1

�j (��i; �ijlk) �ji (�ijlk) �
j
i � ti (�ijlk)| {z }

Term B

(B26)

There are m di¤erent adjacent downward deviations from �i (i.e. to replace a single high-value coordinate in

�i with a low-value); thus ti (�i) enters in Term A for m conditions. From Lemma 2, the multiplier associated with

each of these conditions is � (m) : Moreover, there areM �m types of �0i with m
�
�0i
�
= m+1 such that an adjacent

downward deviation from �0i can �turn into�type �i; thus ti (�i) enters in Term B for M �m downwards incentive

constraints for types with m+1 high valuations. Again from Lemma 2, the multiplier associated with each of these

conditions is � (m+ 1) : Finally, ti (�i) appears in the balanced budget constraint (11). The �rst order condition

with respect to ti (�i) can thus be written as

�m� (m) + (M �m)� (m+ 1) + ��i (�i) (B27)

= �m� (m) + (M �m)� (m+ 1) + �m! (M �m)!
M !

�m = 0;

where we used (7) for the �rst equality.

When m (�i) = 0; i.e. when �i = l=(l; :::; l) ; there is no adjacent downward deviation from �i; instead, ti (1)

appears in the individual rationality constraint (10) for type-l: Thus the optimality condition with respect to ti (l)

is:

�� (0) + � (1)M + ��i (l) = 0:

Similarly, the optimality condition with respect to ti (h) where h = (h; ::::; h) is

�M� (M) + ��i (h) = 0:

For m = M; condition (B27) reads M� (M) = ��M , implying that Lemma 3 is also true for m = M: Now

suppose that � (m) is given by the expression in (16) for some m � M . The optimality condition (B27) with

respect to ti
�
�0i
�
where m

�
�0i
�
= m� 1 then reads:

0 = � (m� 1)� (m� 1) + (M �m+ 1)� (m) + (m� 1)! (M �m+ 1)!

M !
�m�1

= � (m� 1)� (m� 1) + (M �m+ 1)
m

m� (m) +
(m� 1)! (M �m+ 1)!

M !
�m�1

= � (m� 1)� (m� 1) + (M �m+ 1)
m

m! (M �m)!
M !

�
MX
j=m

�j +
(m� 1)! (M �m+ 1)!

M !
�m�1

= � (m� 1)� (m� 1) + (m� 1)! (M �m+ 1)!
M !

�
MX

j=m�1
�j ;

where the third equality follows from induction hypothesis. Thus, (16) holds also for m�1: The result follows from
induction.

PROOF OF LEMMA 7: [Part 1] Consider types �i and �0i with m (�i) = m and m
�
�0i
�
= m + 1: For ease of

notation, de�ne U (m;m) and U (m+ 1;m+ 1) as the payo¤ of truth-telling for type m and m+1; and denote the

payo¤ from a type with m + 1 high valuations to announce a type with m high valuations as U (m+ 1;m) ; and

the payo¤ from a type with m high valuations to announce m + 1 high valuations as U (m;m+ 1) : U (m+ 1;m)

and U (m;m+ 1) are respectively given as:

U (m+ 1;m) =
X

��i2��i

��i (��i)
�
Ph (��i;m)mh+ P

l (��i;m) � (m) [(M �m� 1) l + h]
	
� t (m) ;

U (m;m+ 1) =
X

��i2��i

��i (��i)
�
Ph (��i;m+ 1) (mh+ l) + P l (��i;m+ 1) � (m+ 1) (M �m� 1) l

�
� t (m+ 1) :

7



We then have that

U (m;m)� U (m;m+ 1)

=
X

��i2��i

��i (��i)P
h (��i;m)mh+ P

l (��i;m) � (m) (M �m) l � t (m)

�
X

��i2��i

��i (��i)
�
Ph (��i;m+ 1) [mh+ l] + P l (��i;m+ 1) � (m+ 1) (M �m� 1) l

�
� t (m+ 1)

=
X

��i2��i

��i (��i)P
h (��i;m)mh+ P

l (��i;m) � (m) f(M �m� 1) l + hg � t (m)

| {z }
=U(m+1;m)

+
X

��i2��i

��i (��i)P
l (��i;m) � (m) (l � h)

�
X

��i2��i

��i (��i)
�
Ph (��i;m+ 1) (m+ 1)h+ P l (��i;m+ 1) � (m+ 1) (M �m� 1) l

�
� t (m+ 1)

| {z }
=U(m+1;m+1)

+
X

��i2��i

��i (��i)
�
Ph (��i;m+ 1) [h� l]

�
= U(m+ 1;m)� U (m+ 1;m+ 1)| {z }

=0 by hypothesis

+
X

��i2��i

��i (��i)
�
Ph (��i;m+ 1)� P l (��i;m) � (m)

	
[h� l]

| {z }
�0 as Ph(��i;m+1)�P l(��i;m)�(m)�0

� 0:

[Part 2] [Downward Incentive Constraints] The proof is by induction. Pick an arbitrary m. Assume that
there is some K < m such that a type with m high valuations has no incentives to pretend to be of any type with

k 2 fm� 1; :::;Kg high valuations. It follows that

U (m;m) =
X

��i2��i

��i (��i)
�
Ph (��i;m)mh+ P

l (��i;m) � (m) (M �m) l
�
� t (m) (B28)

�
X

��i2��i

��i (��i)
�
Ph (��i; k)Kh+ P

l (��i;K) � (K) (M �m) l + (m�K)h
�
� t (K)

= U (m;K)

is satis�ed by hypothesis. By assumption the downwards adjacent incentive constraint for type K holds, implying

that

U (K;K) =
X

��i2��i

��i (��i)
�
Ph (��i;K)Kh+ P

l (��i;K) � (K) (M �K) l
�
� t (K) (B29)

�
X

��i2��i

��i (��i)
�
Ph (��i;K � 1) (K � 1)h+ P l (��i;K � 1) � (K � 1) (M �K) l + h

�
� t (K � 1)

= U (K;K � 1)

8



But, the payo¤ of announcing type K � 1 for type m isX
��i2��i

��i (��i)
�
Ph (��i;K � 1) (K � 1)h+ P l (��i;K) � (K � 1) (M �m) l + (m�K + 1)h

�
� t (K � 1)

=
X

��i2��i

��i (��i)
�
Ph (��i;K � 1) (K � 1)h+ P l (��i;K) � (K � 1) (M �K) l + h

�
� t (K � 1)

| {z }
RHS in (B29)

+
X

��i2��i

��i (��i)P
l (��i;K � 1) � (K � 1) (m�K) (h� l)

/(B29)/ �
X

��i2��i

��i (��i)
�
Ph (��i;K)Kh+ P

l (��i;K) � (K) (M �K) l
�
� t (K)

+
X

��i2��i

��i (��i)P
l (��i;K � 1) � (K � 1) (m�K) (h� l)

=
X

��i2��i

��i (��i)
�
Ph (��i;K)Kh+ P

l (��i;K) � (K) (M �m) l + (m�K)h
�
� t (K)

�
X

��i2��i

��i (��i)P
l (��i;K) � (K) (m�K) (h� l)

+
X

��i2��i

��i (��i)P
l (��i;K � 1) � (K � 1) (m�K) (h� l)

, (B28) and

P l(��i;K � 1)�(K � 1)
� P l(��i;K)�(K)

,
�

X
��i2��i

��i (��i)
�
Ph (��i;m)mh+ P

l (��i;m) � (m) (M �m) l
�
� t (m) ;

implying that m has no incentive to mimic K � 1: By induction it follows that all downwards constraints are
satis�ed.

[Upward Incentive Constraints] The proof is by induction. Let K > m and assume that

U (m;m) =
X

��i2��i

��i (��i)
�
Ph (��i;m)mh+ P

l (��i;m) � (m) (M �m) l
	
� t (m)

�
X

��i2��i

��i (��i)
�
Ph (��i; k) [mh+ (k �m) l] + P l (��i; k) � (k) (M � k) l

	
� t (k)

= U (m; k)

for all k 2 fm+ 1; :::;Kg : If K =M; all upwards constraint hold by assumption. If K < M; the upwards adjacent

constraint for type K implies that

U (K;K) =
X

��i2��i

��i (��i)P
h (��i;K)Kh+ P

l (��i;K) � (K) (M �K) l � t (K) (B30)

�
X

��i2��i

��i (��i)P
h (��i;K + 1) [Kh+ l] + P l (��i;K + 1) � (K + 1) (M �K � 1) l � t (K + 1)

= U (K;K + 1) :

9



We then note that

U (m;m)� U (m;K + 1) � U (m;K)� U (m;K + 1)

=
X

��i2��i

��i (��i)
�
Ph (��i;K) [mh+ (K �m) l] + P l (��i;K) � (K) (M �K) l

	
� t (K)

�
X

��i2��i

��i (��i)P
h (��i;K + 1) [mh+ (K + 1�m) l] + P l (��i;K + 1) � (K + 1) (M �K � 1) l � t (K + 1)

=
X

��i2��i

��i (��i)
�
Ph (��i;K)Kh+ P

l (��i;K) � (K) (M �K) l
	
� t (K)

+
X

��i2��i

��i (��i)
�
Ph (��i;K) (K �m) (l � h)

	
�

X
��i2��i

��i (��i)P
h (��i;K + 1) [Kh+ l] + P l (��i;K + 1) � (K + 1) (M �K � 1) l � t (K + 1)

+
X

��i2��i

��i (��i)P
h (��i;K + 1) (K �m) (h� l)

= U (K;K)� U (K;K + 1)| {z }
�0 by (B30)

+
X

��i2��i

��i (��i)
�
Ph (��i;K + 1)� Ph (��i;K)

�
(K �m) (h� l)

| {z }
�0 by monotonicity of Ph

;

implying that type m has no incentive to mis-report as type K + 1:

[Part 3] The solution to (14) violates an incentive constraint in (8) if there exists �i; �0i such that

X
��i2��i

��i (��i)
MX
j=1

�j (�) �ji (�i) �
j
i � ti (�i) <

X
��i2��i

��i (��i)
MX
j=1

�j
�
��i; �

0
i

�
�ji
�
�0i
�
�ji � ti

�
�0i
�
: (B31)

Since �i is exchangeable and costs are identical for all goods, we can apply Proposition 2 (in conjunction with Lemma

4) to conclude that it is without loss of generality to assume that there exists
�
� (m) ; Ph (��i;m) ; P

l (��i;m) ; t (m)
	M
m=0

;

such that:

� �ji (�i) = � (m) for every (�i; j) such that �
j
i = l for good j and m (�i) = m;

� �j
�
��i; �

0
i

�
= Ph (��i;m) for every (�i; j) such that �

j
i = h for good j and m (�i) = k;

� �j
�
��i; �

0
i

�
= P l (��i;m) for every (�i; j) such that �

j
i = l for good j and m (�i) = k;

� ti (�i) = t (m) for every �i such that �
k
i = h and m (�i) = k:

Consider an arbitrary announcement �0i with m
�
�0i
�
= m0. Let r � min fm0;mg be the number of coordinates

such that �ji = �0ji = h; and let s � min fM �m0;M �mg be the number of coordinates such that �ji = �0ji = l:

We can then express the failure of an incentive constraint for the full problem in (B31) asX
��i2��i

��i (��i)
�
Ph (��i;m)mh+ P

l (��i;m) � (m) (M �m) l
�
� t (m) (B32)

<
X

��i2��i

��i (��i)
�
Ph (��i;m

0) [rh+ (m0 � r) l] + P l (��i;m0) � (m0) [sl + (M �m0 � s)h]
	
� t (m0) :

We note that if r < m0 and s < M � m0; then it is possible to announce a type �00i (that di¤ers from �0i) with

m
�
�00i
�
= m

�
�0i
�
= m0, but there are r+1 coordinates with �0ji = �00ji = h and s+1 coordinates with �0ji = �00ji = l:

10



The utility for agent i with type �0i from announcing �00i is, using the mechanism described above,X
��i2��i

��i (��i)
�
Ph (��i;m

0) [(r + 1)h+ (m0 � r � 1) l] + P l (��i;m0) � (m0) [(s+ 1) l + (M �m0 � s� 1)h]
	
� t (m0)

=
X

��i2��i

��i (��i)
�
Ph (��i;m

0) [rh+ (m0 � r) l] + P l (��i;m0) � (m0) [sl + (M �m0 � s)h]
	
� t (m0)

+
X

��i2��i

��i (��i)
�
Ph (��i;m

0)� P l (��i;m0) � (m0)
�
(h� l)

�
X

��i2��i

��i (��i)
�
Ph (��i;m

0) [rh+ (m0 � r) l] + P l (��i;m0) � (m0) [sl + (M �m0 � s)h]
	
� t (m0)

where the inequality follows from the assumed monotonicity [i.e. Ph (��i;m
0) � P l (��i;m

0)] and � (m0) � 1:

This is a violation of the upwards incentive constraints, a contradiction to the postulate of the Lemma that all

upwards incentive constraints hold. Thus, we conclude that a failure of an incentive constraint implies that either

r = m < m0 and s =M �m0; in which case an upwards incentive constraint fails or r = m0 < m and s =M �m
in which case a downwards incentive constraint fails.

PROOF OF LEMMA 9: To prove this lemma, it turns out to be useful to consider a related auxiliary problem

which aims to maximize the average probability of provision (instead of social welfare) under the same constraints

as the relaxed problem (14):

max
f�;�;tg

X
�2�n

� (�)
MX
j=1

�j (�) (B33)

s.t. (15), (10), (11).

We �rst show in Claim B3 below that the characterization of the solution to (B33) is qualitatively similar to the

constrained welfare problem (14):

Claim B3 Let (�; �; t) be an optimal solution to (B33) and assume that
P

��i2��i
��i (��i) �

j (�i; ��i) > 0. Then,

1. conditional on provision, all consumers get access to all their high valuation goods and the inclusion rule for

low valuation goods is given by:

�ji (�i) = � (m) �

8><>:
0 if Gm (1) < 0

z 2 [0; 1] if Gm (1) = 0

1 if Gm (1) > 0;

(B34)

2. there exists some � � 0 such that the provision rule for good j satis�es

�j (�) =

8>>><>>>:
0 if 1 + �

PM
m=0

h
Hj (�;m)h+ Lj (�;m) maxf0;Gm(1)g

�m(M�m) � cn
i
< 0

z 2 [0; 1] if 1 + �
PM

m=0

h
Hj (�;m)h+ Lj (�;m) maxf0;Gm(1)g

�m(M�m) � cn
i
= 0

1 if 1 + �
PM

m=0

h
Hj (�;m)h+ Lj (�;m) maxf0;Gm(1)g

�m(M�m) � cn
i
> 0

(B35)

Proof of Claim B3: The derivation of the inclusion rules follow the analysis of the constrained welfare problem step

by step and is omitted.

To derive the provision rule, note that the optimality conditions for �j (�) associated with the problem (B33)

may be written as

� (�) +
MX
m=0

� (m)m
�
Hj (�;m)��i (��i)h+ L

j (�;m) � (m) l
�

�
M�1X
m=0

� (m+ 1)
�
Hj (�;m)��i (��i) (M �m)h+ Lj (�;m)��i (��i) � (m) [(M �m) l + (h� l)]

	
��� (�) cn+ 
j (�)� �j (�) = 0;

11



together with the complementary slackness conditions. By noting that
��i(��i)

�(�) = 1
�i(�i)

; we can write the condition

as

1 +
MX
m=0

� (m)

�
Hj (�;m)

m

�i (�i)
h+ Lj (�;m)

m

�i (�i)
� (m) l

�

�
M�1X
m=0

� (m+ 1)

�
Hj (�;m)

(M �m)
�i (�i)

h+ Lj (�;m)
1

�i (�i)
� (m) [(M �m) l + (h� l)]

�

��cn+ 
j (�)� �j (�)
� (�)

= 0:

Collecting terms, we get

1+
MX
m=0

Hj (�;m)

�
h

�i (�i)
[� (m)m� � (m+ 1) (M �m)]

�

+
MX
m=0

Lj (�;m)
� (m)

�i (�i)
f� (m)ml � � (m+ 1) [(M �m) l + (h� l)]g

��cn+ 
j (�)� �j (�)
� (�)

= 0:

Using the di¤erence equation for the multipliers in (17), we can simplify this further to:

1 +
MX
m=0

Hj (�;m)h� +
MX
m=0

Lj (�;m)

�
�� (m) l � � (m)

�i (�i)
� (m+ 1) (h� l)

�
� �cn+ 
j (�)� �j (�)

� (�)
= 0:

Using (A11), we can eliminate � (m+ 1) and get

1 +
MX
m=0

Hj (�;m)h� +
MX
m=0

Lj (�;m)

8<:�� (m) l � � (m) (h� l)
�m (M �m)�

MX
j=m+1

�j

9=;� �cn+ 
j (�)� �j (�)
� (�)

= 0:

Furthermore,

�� (m) l� � (m) (h� l)
�m (M �m)�

MX
j=m+1

�j =
�� (m)

�m (M �m)

24�m (M �m) l � (h� l)
MX

j=m+1

�j

35 = �

�m (M �m) max f0; Gm (1)g ;

where Gm (�) is de�ned in (20). Substituting this back into (A10) gives

1 + �
MX
m=0

�
Hj (�;m)h+ Lj (�;m)

max f0; Gm (1)g
�m (M �m) � cn

�
+

j (�)� �j (�)

� (�)
= 0:

which, by combining with the complementary slackness conditions, gives the result.

Before getting into the details of the proof, it is also useful to observe that (B35) can be rewritten as

�j (�) =

8><>:
0 if 1 + �

�Pn
i=1 Z

j (�i)� cn
�
< 0

z 2 [0; 1] if 1 + �
�Pn

i=1 Z
j (�i)� cn

�
= 0

1 if 1 + �
�Pn

i=1 Z
j (�i)� cn

�
> 0;

where

Zj
�
�i
�
=

(
h if �ji = h

maxf0;Gm(1)g
�m(M�m) if �ji = l and �ki = h for exactly m goods k 2 J :

The point with this formulation is that
�
Zj
�
�i
�	n
i=1

is a sequence of i.i.d. random variables. Observe that Zj
�
�i
�

is bounded below by 0 and above by h, so the variance is bounded. This allows us to use the central limit theorem

to establish a �generalized paradox of voting�, which simply states the intuitively obvious fact that the in�uence of

12



a single agent approaches zero as the number of agents goes out of bounds. To state this, we will now need to be

careful about the fact that the solution depends on the number of agents in the economy, and a mechanism with n

agents will therefore now be denoted by (�n; �n; tn) and the multiplier on the resource constraint will be denoted

by �n:

(Proof of Lemma 9, continued): Consider a mechanism that solves (B33) �rst. As Zj
�
�i
�
2 [0; h] for every �i 2 �;

it follows that for any pair
�
�0i; �

00
i

�
we have

E
�
�jn (�) j�0i

�
� E

�
�jn (�) j�00i

�
� Pr

241 + �n
0@h+X

k 6=i
Zj (�k)

1A� cn � 0
35� Pr

241 + �n
0@0 +X

k 6=i
Zj (�k)

1A� cn > 0
35

= Pr

241� cn
�n

� h �
X
k 6=i

Zj (�k) �
1� cn
�n

35 :
Let � = VAR

�
Zj
�
�i
��
: We can then rewrite the probability statement as

Pr

"
kn �

P
k 6=i Z

j (�k)� EZj (�i)
�
p
n� 1

� kn +
h

�
p
n� 1

#
;

where kn � 1�cn
�n�

p
n�1 �

h
�
p
n�1 �

EZj(�i)

�
p
n�1 : As � is �nite, E

�
Zj (�k)� EZj (�i)

	
= 0; and

�
Zj
�
�i
�	n
i=1

is an

i.i.d. sequence, we know that the central limit theorem is applicable, thus
P

k 6=i Z
j(�k)�EZj(�i)
�
p
n�1 is asymptotically

distributed as a standard normal distribution. Moreover, h
�
p
n�1 ! 0; which together with the convergence in

distribution implies that for every real number k and any " > 0; there exists N <1 such that

Pr

"
k �

P
k 6=i Z

j (�k)� EZj (�i)
�
p
n� 1

� k +
h

�
p
n� 1

#
� 1p

2�

Z k+"

k

exp

�
y2

2

�
dy + "

for n � N: But, the standard normal is symmetric and single-peaked, so for n � N;

Pr

"
kn �

P
k 6=i Z

j (�k)� EZj (�i)
�
p
n� 1

� kn +
h

�
p
n� 1

#
� 1p

2�

Z kn+"

kn

exp

�
y2

2

�
dy + "

� 1p
2�

Z "
2

� "
2

exp

�
y2

2

�
dy + "! 0

as "! 0: The result follows.

For the case in which f�n; �n; tng
1
n=1 is a sequence from the solution to (14), we replace Zj (�i) above with

Zjn (�i) =

(
h if �ji = h

maxf0;Gm(�n)g
�m(M�m) if �ji = l and if �ki = h and m (�i) = m:

By choice of subsequences such that Gm (�n)! G�m; we can approximate
maxf0;Gm(�n)g
�m(M�m) with maxf0;G�

mg
�m(M�m) : The rest

of the argument follows the one above step by step.
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