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ABSTRACT. A class of tests for the detection of deviations from random-walk behavior in observed time
series is examined. The tests are based on the variance-time function, which maps integers k into the
variance of k-th differences of a time series. Both simple and joint null hypotheses are considered, and
exact finite-sample critical values are tabulated. The power of the tests against fracuonally-integrated
alternatives, which are argued to have interesting variance-time function interpretations and potenual
importance in economics, is evaluated.

1. Introduction
Consider an observed time series (x)lo. Denote the variances of the k-th differenced series

(Arx}, (Agx).....[Aex),...,(Agkx) by of.0i..... oi.....0%. respectively. Then, under the
random walk null hypothesis, we have:
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It is well known that if a time series follows a random walk, then the variance of its k-th difference
is a linear function of k, i.e., the variance-time function grows linearly. Conversely, if a time series
is white noise, then the variance-time function is horizontal at 2¢*. It may also be shown that the
properties of the variance-time functions of random walk and white noise processes also hold for
I(1) and 1(0) processes, respectively, for large &, as emphasized in Cochrane (1988).! In other
words, I(1) (e.g., ARIMA) processes have variance-time functions which eventually grow linearly
in k, and 1(0) (e.g., ARMA) processes have variance-time functions which become flat.

These facts have been exploited at least since Working (1949) in attempts to determine the
nature of asset price fluctuations. More recently, authors such as Campbell and Mankiw (1987),
Cochrane (1988), Fama and French (1988), Huizinga (1986), Lo and MacKinlay (1988), and
Poterba and Summers (1987) have used the variance-time function or closely related constructs to
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examine long-run mean reversion in both real and financial variables. Explicit hypothesis tests
regarding the shape of this function have been proposed and used. The tests are nondirectional, in
that they are not directed against a particular altemative, and the null hypotheses are simple, as
opposed to composite. It is hoped that the nondirectional nature of the tests will yield power
against a variety of (unspecified) altemnatives.

The goals of this paper are modest. We focus on the random walk null hypothesis, as opposed
to the more general null hypothesis of a unit root in a higher-ordered autoregressive lag-operator
polynomial. While the random walk null is obviously too restrictive for some applications (e.g..
explorations of the properties of aggregate output fluctuations), it may be quite appropriate for
others, particularly those related to asset-price dynamics. We focus on similarly simple
alternative hypotheses of fractional integration.

In Section 2 we introduce the class of fractionally-integrated time-series processes and study its
properties in terms of the variance-time function, which can grow at increasing or decreasing
rates. We motivate this result from a number of perspectives, note that it cannot be achieved with
finite ARIMA representations, and argue that the fractionally-integrated process may be useful in
macroeconomics and financial economics. In Section 3 we propose a joint test for random-walk
behavior, which makes use of multiple points of the variance-time function, and we contrast it to
the non-joint tests that have appeared in the literature. Exact finite-sample fractiles are tabulated
under a normality assumption. It is hoped, of course, that the joint test will have greater power
than its non-joint counterparts; this is investigated in Section 4, where the power properties of the
various simple and joint tests are evaluated against a range of fractionally-integrated alternatives.
The paper therefore extends the work of Lo and MacKinlay (1987), by providing a power
evaluation of new as well as existing tests against what may prove to be a useful class of
alternatves. In Section 5 we offer our conclusions.

2. Fractionally-Integrated ARIMA Processes

In this section we introduce the class of fractionally-integrated time-series models and provide a
brief review of their properties in order to fix ideas and establish notation.? In the subsequent
Monte Carlo power comparisons of scalar and joint tests of the variance-time function, the
alternatives are fractionally integrated. This choice is not accidental; we argue that such processes
possess long-memory properties likely to make them useful for modeling both real economic
series — like aggregate output, and asset prices — like exchange rates. They provide generalized
approximations to low-frequency components in economic time series; in particular, the knife-
edged ‘unit root’ phenomenon arises as a special, and potentially restrictive, case. Consider a
simple generalization of a random walk:

(1-LYx,=¢,, (1)

where d takes values in the real, as opposed to integer, numbers. The process is stationary and
invertible if de (-1/2, 1/2); since d need not take integer value, we refer to the process as
fractionally integrated. Clearly d =1 yields a random walk, while d =0 corresponds t0 white
s 3
noise.
We call the process (1) a pure fractional noise, in order to distinguish it from its natural
generalization - the fractionally integrated ARIMA (ARFIMA) process:

D(L)Y(1-L)*x = O(L)E, (2)






