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Abstract
This appendix provides details of some of the proofs in the main paper
Proposition 4: Let outside options (U°"(y))yey € [w,w] and B < 1 <
R by given. Further suppose that condition 1 in the main text is satisfied.

Then, an optimal contract for (U (y))yey,w, ®) exists and has the following
properties.

1. V(y,w) is strictly convex, strictly increasing, continuous and differentiable
m w.

2. The decision rules are unique and continuous.

3. The decision rules and the solution to the dynamic programming problem
satisfy the first order conditions and the envelope condition
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where X and p(y') are the Lagrange multipliers on the first and second
constraints.

4. The decision rule h(y,w) is strictly increasing in w. The decision rule
w'(y, w;y') is weakly increasing in w, and strictly so, if the continuing
participation constraint w'(y,w;y’) > U (y') — v(y') is not binding.



5. If the income process is iid, then V(y,w) depends on w alone, V(y,w) =
V(w). If additionally U°"*(y') — v(y') is weakly increasing in y', then
w' (y, w;y') is weakly increasing in y’.

Proof. While the proof draws on fairly standard techniques as in Stokey,
Lucas with Prescott (1989), some points require particular attention.

1. Condition 1 assures that the equation

w=(1-0 h+ﬂz W' ly)w

y' ey

subject to w'(y’) > U Out( ") — v(y') always has a solution. Existence
and convexity of V follows from a standard contraction argument. The
contraction argument also shows that V(y, -) is strictly increasing.

To prove that V(y,-) is strictly convex we make use of the fact that
under our assumptions the value function from the sequential and the
recursive problem of the principal coincide. Now consider some y and
wy, # we and, for each w;, consider a stochastic sequence of optimal
choices (Yt.i, Wi, bt i) 720 from iterating the solution to the dynamic pro-
gramming problem forward, starting with yo; = y and wp; = w;. Note
that we do not require at this point that there is a unique solution. Note
that w — fw < hy < w— Bw. This implies convergence of discounted sums
of the h;; and, per iteration,
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A similar iteration for V(y,w;) and observing the upper bound V (y,w) <
V(y,w)) < C(w) < oo yields
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Consider now the convex combination wy = Aw; + (1 — A)ws. A feasible
plan is given by the convex combination of (wy;, he )52, with costs given
by
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where hy x = A1 + (1 — A)he 2 and the inequality follows from the strict
convexity of the cost function C. Obviously V (y,wy) < V) < AV (y,w1) +
(1 =2V (y,w2).



2. Now we want to show that the value function is differentiable. Rewrite
the Bellman equation in the main text in operator form

1
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We want to show that the fixed point V* of the operator T is differentiable,
conditional on having established that it is unique (contraction mapping
theorem), and that it is strictly convex. Define the sequence of functions

{Vn}i’i’:l as
Vo(y,w) = C(w)
Vas1(y,w) = T [Va(y,w)]

We now note the following

e 1, — V* uniformly (by the contraction mapping theorem)

e Since by assumption C'is strictly convex, all V,, are strictly convex
(this follows from simple induction).

e For each n, the associated policy correspondences h.,,w, (y') are
single-valued, continuous functions, since the V,, are strictly convex.
e Again by induction one shows that each V,, is continuously differen-
tiable: clearly Vj is, then by the envelope theorem
1
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and thus V; is continuously differentiable (since hy is continuous).
Continue the induction to show that all V,, are continuously differ-
entiable, with
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e V" is strictly convex

e w € [w,w], a compact set. Now we can apply Stokey, Lucas with
Prescott (1989), Theorem 3.8., which guarantees that h,,w!,(y’) con-
verge uniformly to (h, w’(y")), the optimal policies associated with the
fixed point V*. This implies that

aVn+1(y’ ”LU) _ oT [Vn(y’ ”LU)] N (1 % ) C'(h
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uniformly. But since V,, — V* uniformly, the expression uC’ w))
is the derivative of V* at (y,w). Uniqueness of the dec1s10n rules now



follows from strict convexity of the objective function in the operator
equation.!

3. Deriving the first-order conditions is standard.

4. The monotonicity properties in w follow from the first order conditions,
the fact, that V(y,w) is strictly convex in w and the strict convexity of
the cost function ¢ = C(h).

5. The fact that V' does not depend on y in the iid case follows from the fact
that y appears in the Bellman equation within the conditional probabilities
7(y'|y), which are independent of y in the iid case. The properties for
w' (w,y;y') follow from the first order conditions, the fact that U Out (y)—
v(y) is increasing in y and strict convexity of V.

|
Proposition 5: Let condition 1 be satisfied. Then an optimal contract and
outside options {Uout(y)}yey satisfying (13) in the main text exist. If the

income process is iid (or w'(y,w;y’) associated with {U°"*(y)} is weakly

ey
increasing in y), then an equilibrium exists. !

Proof. We will prove this proposition for v(y) = 0; equivalent arguments
prove existence for the general case. We first prove that there exists outside
options UPU = (U9 (y,),...,U%"(y,,)) and associated value and policy func-
tions Viyout, hyyout, Wy ou (y') of the principals solving Viyout(y, U9 (y)) = a(y)
for all y. Then we prove that the Markov transition function induced by 7 and
wioue (y') has a stationary distribution.

For the first part define the function f : [w, @]™ — [w, @]™ by

£ (U] = min{w € [w, @] : Vyour (y;, @) > aly;)} forall j =1,....m

We need to show three things: 1) The function f is well defined on all of
[w, @)™, 2) The function f is continuous, 3) Any fixed point w* of f satisfies
Vi (yj,wy) = a(y;) for all j =1,...,m. We discuss each point in turn

1. If the set {w € [w,w] : Vyour(y;,@w) > a(y;)} is non-empty for all j,
then the function f is well-defined since the minimization over w is a
minimization of a continuous function over a compact set. To show that
the set is non-empty for all j and all U°* € [w,w]™ it suffices to show
that Vi (y;, @) > a(y;) for all j, since Vi, (y;, w) is strictly increasing in w
and Vi, (y;, w) < Vgour(yj, w) for all UPUt € [w, w]™ and all w € U €
[w, w]. Let V denote the cost function of a principal that does not face the
competition constraints. But then

Vus(yj, ) 2 V(y;,) = a = maxa(y;) > a(y;)

where the first equality follows from the definition of @ in the main text.
This proves the first point in our list.

IThe main parts of this proof stem from Krueger (1999), which in turn adopts the proof
strategy of Atkeson and Lucas (1995).



2. In order to prove that f is continuous in U% € [w,w]™ it is useful to

rewrite f as

f' [UOut] =w if VUOUI (ijw) > a’(y])
J solves Vyrout (35, f5 [U9"]) = aly;)  if Viyou (y;,w) < a(y;)

In the first case f; [U O”to] is independent of U%, in the second case it
moves continuously in U%%! as long as Viout(.,.) is uniformly continuous
in U9, Furthermore the switching point between the two cases moves
continuously with U if Vijout(.,.) is uniformly continuous in UOut.
Thus it suffices to show uniform continuity of Vijout(.,.) in U, Take
a sequence {UZ"}2 in [w, w]™ converging to U9 Let |.|| denote the
sup-norm and Tyout the operator associated with the Bellman equation
(7) for outside options US%. Let TF Uout denote the Tyoue operator being
applied k times. Note that by the trlangle inequality
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Since Tyout is a contraction mapping for all Uout,

)VUQM — Tl Viour H
converges to 0 as n — oo. Again by the triangle inequality and the fact
that Tyou is a contraction mapping with modulus % we have
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where the last equality follows from the fact that Vyour is a fixed point of

Tout. Since ZZ;& R~F converges, if we can show that ||TUr?ut Viout — Tirout Vijout ||
converges to 0 in n we have demonstrated that ||VUr?ut — Vyour || converges

to 0 in n, that is, Vyour converges to Vyour uniformly. Consider the func-

tion

P00 = i (1) C S Voo (0 0)

h{w (y')} €D (y,wUCUL) ey
with constraint set
Iy, w,U%) = {h,w'(y/)|h € D,w'(y') € [w, @], (8) and (9) of main text}.

on Y x [w,w]™* . Since for all (y,w,U%") € Y x [w, w]™ ! the objective
function is continuous and the constraint set is continuous, non-empty and



compact-valued, by the theorem of the maximum 1 is continuous, and
thus continuous in particular with respect to U9%. Uniformity follows
from the compactness of the space Y x [w, w]™ 1, so that Vyour converges
to Vyour uniformly. From points 1. and 2. it follows that the function f
defined above is well-defined and continuous on the compact space [w, w]™.
Brouwer’s fixed point theorem now guaranties existence of a w* € [w, w]™
such that w* = f(w*). In point 3. we now argue that this fixed point has
the desired property that V- (y;, w}) = a(y;).

. Suppose not. Then there is some non-empty index set 7, so that Vi, (y;, w;‘) =
a(y;) for all j ¢ J and Vi« (y;, w}) > a(y;) as well as wj = w for j € J.
We will now show that V,,« cannot be the solution to its Bellman equa-
tion. Let A = max; (Vi (y;, w}) — a(y;)): by assumption in this proof by
contradiction, A > 0. Let T be large enough so that

-7
%(g - mjinyj) + %A <0

Such a T exists, since we have assumed in our definition of the lower bound
w that y —min; y; < 0. We will now construct sequential allocations that
attain utility promises w*(yo) at lower cost than Vi« (yo, w*(y0)), contra-
dicting the fact that Vi« (.,.) is the cost function associated with outside
options w*. Let Vieq(y, w) denote the cost function from the sequential
allocation to be constructed now. Let o; = (wq, jo, . - ., j:) be the history
of income states until date ¢, including the initial promise wy € [w, @].
A sequential decision rule must specify choices (h(oy), (w'(y}; 0¢))7%,) for
any t and any history o;. Consider the following allocation: for a given ¢
and oy :

o Ift < T andif js € J for all s <t and if wg = w*(yo), provide utility
ht = h (where h is specified below). Furthermore, set the promises
(w'(y};00))7Lq equal to the fixed point w*.

elft >Torift < T andif j; ¢ J for some s < t or if wy #
w*(yo), provide utility hj, and promises (w'(y}; 0¢))7L; according to
the decision rule of the proposed solution V- (y,w), where y = y,
and w = w (yg;0¢-1), if t > 0, and w = wy, if t = 0.

We need to check that a) the continuation promise is always at least as
large as the outside option w*, b) the realized utility w(o¢) to the agent is
always equal to the promise w = w'(ys; 0¢-1), if t > 0, and w = wq if t = 0.
and c) the resulting cost function V., is nowhere higher than the candidate
solution Vi« i.e. Vieq(yo,wo) < Vi (Yo, wo). Furthermore, the costs are
not larger than a(y;) for all j and all initial states (yo = y;, w*(y0)). Then,
since the costs exceed a(y;) for some j in the proposed solution V.« to the
Bellman equation, this then renders a contradiction that V- is a solution
to the Bellman equation. Let us check each of the items a) - ¢) above.



a. Continuation promise is always is at least as large as the outside
options w*. True by construction, since it is true for the decision rules of
V= and since it is also true at the changed decisions under the first bullet
point.

b. Realized utility w(o;) of agent equals the promise w = w'(y;; o¢—1),
if t >0, and w = wy if t = 0. Since this must be true along histories
simply following the decision rules given by the candidate solution V-,
we only need to check this for the case that t < T, j, € J for all s <t and
wp = w*(yo). But along these paths, wy = w for t = 0 and w'(y;;0¢-1) =
w*(y’) for t > 0. The claim follows with

w = (1=Bh+p8Y «y|y)w(y)

y' ey
> (1—f)inf (D) + fw

Note that condition 1 in the main text assures that the h required by this
equation lies in D and that consequently there exists a ¢ € (0, y] such that
h = u(c). The fact that ¢ < y follows from the fact that w*(gj) > w and
the definition of y in the main text.

c. Resulting cost function is nowhere higher than the candidate
solution V-, i.e. Vieq(yo,wo) < Vi (yo,wo). Furthermore, the
costs are not larger than a(y;) for all j and all initial states (y, =
yj,w*(yo)). The claim is true by construction if the sequential decisions
just follows along the decision rules of the candidate solution V,«, since
in particular, Vi (y;,w}) = a(y;) for all j ¢ J. Consider now j € J,
the initial state yo = y; and the initial promise w*(yo) = w. Consider all
possible histories o until date T' and define the stopping time 7(o7) to
be the earliest date t = 1,...,T, at which j, ¢ J, and set 7(or) =T, if
all j;,t =1,...,T belong to the set J. Let 7w(or,t) the probability of the
history, truncated at date t. The costs can now be calculated directly as

V:seq(y()aw)
1 7(o1)—1 1
= (7)) B mrene] + grmrenren e o )

7(o1)—1
1 1 *
< (1-3) S0 X g tn ) + g e Var tiow 020)

oT t=0

where the inequality follows from the fact that ¢ < y.Now note the fol-
lowing. For any history or, for which j; ¢ J for some ¢t < T, we have
V (Yje w* (y5.)) = a(y;.) at t = 7(or)) and we have costs no larger than
y <miny; for ¢ < (o)), so that costs conditional on these paths are no
higher than the net present value a(yo, or) of the income, conditional on



these paths, where

T-1
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Finally consider the histories op, for which j, € J for all t = 0,...,T.
For these paths, the contribution (o) to the costs are
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by our assumption about T'. This finishes the check of point ¢), thus part
3. and therefore the entire proof of the existence of equilibrium outside
options U™ = w*. It remains to be shown that a stationary distribution
associated with the optimal decision rules for equilibrium outside options
w* exist.

From now on let (h,w'(y")) denote the optimal policies of the principal
associated with the equilibrium outside options U9 = w*, whose existence
was established above. We know that {w'(y,w;y’)}, ey are continuous func-
tions on Z. Let Q : Z x B(Z) — [0,1] denote the Markov transition function
as defined in the main text. Since the policy functions are continuous and
hence measurable, by theorem 9.13 of Stokey et al. (1989) @ is indeed a well-
defined transition function. Furthermore, by their theorem 8.2. the operator
T : MZ x B(Z)) — A(Z x B(Z)) mapping the space of probability measures
on (Z x B(Z)) into itself and defined as

T*®(A) = / Qz, A)d(d2)

is well-defined. Showing that there exists an invariant probability measure ®
associated with ) amounts to showing the existence of a fixed point of the op-
erator T*. Theorem 12.10 of Stockey and Lucas (1989) guarantees the existence
of a fixed point if the state space is compact (which is satisfied in our case) and
@ satisfies the Feller property, that is, for all bounded continuous functions f
the function

Tf(y,w) = / ) Qy,w, dy x du)



is continuous. But by definition of Q) we have

Tf(yw) = [ 16 0)QU.w.dy’ x dw) = 3 F/sw! (g wiy)(ylo)

y'ey

which is obviously continuous in (y, w), since w’(y, w;y’) is continuous in w. M

Proposition 18: Any contract equilibrium V (y, w), w'(y, w;y’), c(y, w) and
{UO“t(y)}yGY can be implemented as a solution W (y,b), b/'(y,b;y’), C(y,b) to
the consumption-savings problem above with borrowing constraint given by

by) = = (V(y, U () — () — a(y)) (7)

R—-1
Conversely, for given borrowing constraints b(y) < 0 and associated solution to
the consumption-saving problem W (y,b),V (y,b;y’),C(y,b) there exist moving
costs
v(y) = W(y,0) = W(y,b(y)) = 0

such that the solution to the consumption-savings problem can be implemented
as a contract equilibrium V (y, w), w' (y, w;y"), c(y, w) and {UO“t(y)}yey. The
moving costs satisfy

U2 (y) — v(y) = W(y,b(y)) for all y € Y (8)

Proof. In the contract economy the state variables of a contract are (y, w),
in the consumption-savings problem they are (y, b). Define the mapping between
state variables as

Hyw) = e (Vg w) - aly) )

w(y,b) = W(y,b) (10)

where both functions are strictly increasing in their second arguments and thus
invertible. We denote the inverse of b(y,w) by w = b=1(y, b): it is that lifetime
utility level w which requires initial bond holdings b to realize that level in the
bond economy. Let b = w™!(y,w) be similarly defined. Furthermore define
b=w"'(y,w) and b = w'(y,w).? Finally define the map between policies and
value functions in the two problems as

c(y,b) = C(h(y,w(y,b))) (11)
Viy,by') = by, w'(y,w(y,b);y"))
W(y,b) = b '(yb)

2When mapping the bond economy into the contract economy bounds on bond holdings
[b, b] map into utility bounds [w, W] in a similar fashion. A lower bound on bond holdings is
always guaranteed via the borrowing constraints; when we start with the bond economy we
assume the existence of an upper bound on bond holdings. Under fairly general conditions this
upper bound can be chosen without imposing additional binding restrictions on the problem
(although this is not crucial for the equivalence result).



and

My,w) = ul(c(y,bly,w))) (12)
w'(y,wiy') = wy, Y (y, by, w);y'))
Vig,w) = w'(y,w)

With policies so defined it is straightforward to verify that (W, ¢, b') con-
structed from the contract problem as in (11) satisfy the Bellman equation of
the consumption problem (since the underlying (V) h,w') satisfy the promise
keeping constraint in the contract problem) and the budget constraint (since
(V, h,w') satisfy the Bellman equation of the contract problem). Reversely, one
can equally easily verify that (V, h,w') constructed from the consumption prob-
lem as in (12) satisfy the Bellman equation of the contract problem (since the
underlying (W, ¢, b') satisfy the budget constraint in the contract problem) and
the promise keeping constraint (since (W, ¢, b’) satisfy the Bellman equation of
the consumption problem).

Now we show that any feasible contract satisfies the borrowing constraint
in the savings problem and that any consumption allocation satisfies the utility
constraints in the contract problem. First we show that the bond holdings

R

V(y,b(w.y)iy) = 57— (V{0 (y, b (5, 0);9)) — a(y')) (13)

derived from the contract problem satisfy the short-sale constraints

by) = o (VW UP) ~ o)) — aly)

in the consumption problem. Since V is strictly increasing in its second argu-
ment and the function w’(y,w;y’) satisfies

w'(y, wiy') 2 U (Y) = v(y)

we have
R _
V(g b(w,p)iy) = 7= (V0 (5,07 (5, 0);9) — ay))
R w
> = (VU ) — o) — afy)
= by)
Second we show that the future utility promises
w'(y,wiy') =WV (y,b:9)) (14)

derived from the savings problem satisfy the contract enforcement constraints.
‘We note, since

V(y,biy') > b(y)

10



that

w'(y,wiy') =Wy 0 (y.b:9) = W b)) = W', 0) —v@y)  (15)

using that the function W is strictly increasing in its second argument and
the definition of v(y’). Now we note that in the consumption problem lifetime
utility w = W(y,b) can be delivered at lifetime cost b + %a_%z. Thus V(y,w) =

V [y, W(y,b)] = a(y) + £572b is the cost in per-period terms. From this it follows
that

VI, W(/,0)]=aly) =V, U{))
and thus
W(y',0)=U"(y) (16)

Combining (14)-(16) yields

W' (y,w;y) = U (y') — v(y)

that is, the utility promises derived from the consumption problem satisfy the
enforcement constraint. From W (y’,0) = U%%(y') also (8) immediately follows.

These results imply that consumption-bond policies and value function (W, ¢, V')
derived from the contract policies are feasible for the consumption problem and
the value function satisfies the Bellman recursion. It remains to be shown that
for the given value function W on the right hand side of Bellman’s equation
for the consumption problem, the policies (¢, b’) are indeed optimal. Reversely,
it remains to be shown that for the given value function V' on the right hand
side of the contract minimization problem (h,w’) are the optimal policies. Since
both directions follow exactly the same logic we shall only prove the direction
that (c,b’) are indeed optimal.

We will do so by arguing that if (¢, b’) weren’t optimal one can construct a
contract policy from the superior consumption policy that yields lower costs than
the optimal contract allocation, a contradiction. This argument is most simply
made in the sequential analogue of the recursive formulation. Let {h¢(wo,y")}
denote the utility allocation that solves the contract cost minimization problem
for (yo,wo) € Y x [w,w] and define the corresponding consumption allocation
by

ce(bo, y') = C(he(wo, y"))

where by and wg are related by by = w~*(yo,wp). Now suppose there exist
(y3,b5) € Y x [b,b] such that {c;(b§,y*)} does not solve the consumer maxi-
mization problem; denote by {¢; (b, ")} the allocation that beats it. Now find
wy = by, by) and define

he(wg, y') = u(@ (b5, y"))

and the new utility allocation hy by

ilt(wavyt) = Et(wavyt) for >0

ho(whyg) = hol(ws, yg) —¢

11



for & > 0 and small. The allocation {A;} (and thus the allocation {h;}) satisfies
the sequential analogues of the no-moving constraints because {c¢;} (that is, the
implied asset holdings) satisfy the borrowing constraints of the consumption
problem. Furthermore

wy = ho(wg, o ‘*‘ZZW Yhe(ws, y')

t>1 yt
< ho(wg, yo) +Zz7ft Y (w5, )
t>1 yt
= h wo,yo +€+ZZTH ht wo, )
t>1 yt

where the first inequality comes from the fact that the consumption allocation
{ct} associated with the optimal contract allocation {h:} is beaten by {¢} in
lifetime utility terms. Thus we can choose € > 0 such that

o(wo, ¥o) +ZZM Ve (w, y')

t>1 yt

Note that allocations {h;} and {h;} have the same expected discounted costs,
since the associated {c¢;} and {é} both satisfy the intertemporal budget con-
straint of the consumption problem. But then by construction {Bt} costs less
than {h:} and also delivers lifetime utility w(, a contradiction to the fact that
{h¢} is the optimal allocation for the contract minimization problem. m
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