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Arrow-Debreu is the basic underlying model. Sequence of markets (SME) is an extension that allows
trade in each spot, with assets being the only way to transfer resources between spots. But it has loans
which are never exercised in equilibrium. Since they are redundant, SMEE gets rid of loans. However, it
keeps the price of loans, as it is equal to the rate of return on capital. Interest rates give macroeconomists
warm fuzzy feelings, so use those instead of stupid asexual rates of return. SMEE is complicated because
the optimization is a huge infinite-dimensional pain. Recursive competitive equilibrium uses the standard
Bellman equation trick to reduce a huge infinite-dimensional problem into a single-dimensional one. Also, it
restricts attention to stationary equilibria, which have the advantage of giving a unique answer to questions
like “if wealth goes up, what happens to labor supply?”

Definition 0.1 (Commodity space). L = (£3)
Definition 0.2 (Dual space). If (X, ||-||) is a normed space, then its dual (X*, ||||o) s
X* ={feC%X): f is linear}.
I will write prices as elements of L*.

Definition 0.3 (Investment consumption set). The investment consumption set with depreciation 6 on
capital 1s

X (ko) = {x € L : there exists ¢,k € loo such that
¢t 20,k 20,21 + (1 —0)ky = ¢ + kg1, w2 € [—kyt, 0], 23, € [-1,0]}.
Definition 0.4 (Production set). Y =[[;2, Y, where Y; = {y € R® : y1; < F(—yar, —y3t) }-

TODO: when are these compact? (Under which topologies?)
TODO: this is a representative agent version. Should generalize notation.

Definition 0.5 (Arrow Debreu Equilibrium). Suppose X, Y C L. Then (z*,y*,p*) € X XY x L* is an
ADE if

e Representative agent maximizes:
z* € argmax u(x).
{zeX:p*(x)=0}
o Firm mazimizes:
y* € arg max p*(y).
yeYy

o Market clears: x* = y*.

Definition 0.6 (Steady state). An Arrow-Debreu equilibrium (x*,y*,p*) is a steady state if x7, | = x}
for allt € N.

Definition 0.7 (Allocation). An H-household allocation is a tuple (x*,y*) € L x L.



Definition 0.8 (Feasible allocation). An allocation is feasible if

Zx;;:y*.

heH
Note that we usually assume H = {1}.

Definition 0.9 (Representative agent Pareto optimal). An allocation (x*,y*) € L¥ x L is Pareto
optimal if

1. (x*,y*) is feasible.

2. There is no (Z,7) such that w(&n) > u(x}) for all households h € H, and there is a household h' such
that w(&p ) > u(x},).

Theorem 0.10 (First Welfare Theorem). If u is locally non-satiated and (z*,y*,p*) is a weak Arrow-
Debreu equilibrium, then x* is Pareto optimal.

Proof. Suppose otherwise, that there is another feasible allocation (&,¢) with & = § such that w(Zp) >

Consider the households H= with u(&,) = u(z}). By local non-satiation, they must have p*z;, = pz;j.
(Otherwise, the =} must be in the interior of the budget set, and cannot be optimal.)

Similarly, the households H~ with u(&;) > u(x),) must have p*z, > p*xj.

Summing up, p* Y g @ > P* Y e - S0 DY ucm h = p*Y > p*y*, contradicting the condition
that firms profit maximize. O

Theorem 0.11 (Hahn-Banach Theorem). Let L is a normed vector space and A, B C L be convex. If
either

1. B has an interior point and A Nint(B) =, or
2. L is finite dimensional and AN B =)
then there is some ¢ € L*\0 and some ¢ € R such that ¢(b) < c < ¢(a) for alla € A and all b € B.

Theorem 0.12 (Second welfare theorem). Suppose u is continuous, increasing' and strictly-quasiconcave,
X is convex, Y is convex and either finite-dimensional or has non-empty interior. If (z*,y*) is a Pareto
optimal allocation, there exists p* € L* such that (z*,y*,p*) is an Arrow-Debreu equilibrium with transfers.

Proof. Step 1 (Quasi-equilibrium): Let Z = 3, _, U(xz};). This convex by the assumption that u is
strictly quasiconcave. Moreover, since « is increasing, x* € bd Z.

By the Hahn-Banach theorem, there is p* € L* and ¢ € R such that p*y < ¢ < p*z for all y € Y and
x € Z. So, if u(z) > u(x*), then p*& > ¢. Similarly, if y € Y, then p*y < ¢. So p*& > p*y, and («*, y*,p*) is
a quasi-equilibrium.

Step 2: By the duality theorem, (z*, y*, p*) is an Arrow-Debreu equilibrium. O

e SBWT. FIXME: transfers? using interior crap on X to apply the duality theorems.

e Conditions for continuous linear functionals.

Second welfare theorem gives us continuous prices under fairly strong assumptions. But we need more
to get a dot-product representation. (TODO)

IWe only need this for one household. Since we’re doing representative agents, this observation isn’t worth much.



hh firm hh hh
rents ko, produces chooses rents k4,
chooses hg F(kg, hg) = Rkg+ w (co, ky) chooses h;

I I
t=0 ) t=1

Figure 1: The growth model without profits.

Definition 0.13 (Arrow Debreu Social Planner’s Problem).

oo
arg max Z ﬁtu(ct),
key1€[0,F (ke,1)] 31—

where ¢, = F(ki, 1) — kig1.

Existence: SPP has a unique solution. So Pareto set is a singleton. PO = ADE, since SBWT imples PO
subset ADE and FBWT implies ADE subset PO.
TODO: talk about ¢* being linear. TODO: define an SME model in which loans need to be paid back.

Definition 0.14 (Sequence of Markets Equilibrium). (z*, ¢*, y*,1*, R*) is an SME if

o (z3,l;,,) € argmax ), Btu(cy) such that ¢y + kiv1 + L1 = Rily + Gorky + Gae for all t, where Gy =
4/ @it

o y* € max,ecy ¢* - Y.

o lf =0 forallt.

Definition 0.15 (SME (Easy)). (¢}, ki 1, w;, Rf) is an SMEE given kg if
1. ¢f kiyy € argmax ., >, Bru(er) such that c; 4 kip1 = Rike +wy.
2. (ki,1) € arg max y, ,,, f(ke, ) — Riky — wing.
3. ¢t + kiy1 = F(ki,1). [Can be dropped with Walras’ law.]

Figure 1 indicates how these should be interpreted. Note that the equality Rk; + wy = f(ke, he) is only
true when there are zero profits.

Definition 0.16 (Recursive Competitive Equilibrium). (¢*, G*,h*, H*, R*, w*)

o Consumer’s problem: V(K,a;G) = maxnq [u(c,n) + BV (K',a';G)] such that ¢ + o = w*(K)n +
R*(K)a and K' = G(K). (g*,h*) = argmax ./, . ...

e Firm’s problem:

(Id(K),N(K)) € (z;;";gNn,l)zz)éz(l,R*(K),w*(K)) -(F(K',N"),—K',—N").

e Representative agents: g*(K,K;G*) = G*(K) and h*(K,K; N) = H*(K), for all K and N.



o Market clearing: h*(K) = N(K), F(K,N(K))=c+ad'.
Definition 0.17 (Recursive Competitive Equilibrium (Victor)). (¢*,G*, h*, H*)

o Consumer’s problem: Let V (K, a;G) = maxe n o [u(c,n) + BV (K',d'; G)| such that ¢+ o’ = R(K)a +
w(K)n and K' = G(K) where R(K) = Fx(K,N), w(K) = Fx(K,N) and N = H(K).

Then (g*,h*) = arg max 4/, .. ..
e Representative agents: ¢g*(K, K;G*) = G*(K) and h*(K,K;N) = H*(K), for all K and N.
Note that V*(K,a) = V(K, a; G*).
Definition 0.18 (State space). Let Z = {z1,...,2n.} be any finite set.
Definition 0.19 (History set). Let H; = Z' and H = U2 H;.
Definition 0.20 (Commodity space). L = (R3),

Definition 0.21 (Investment Consumption Set (with shocks)). The investment consumption set with
depreciation § on capital is

X (ko) = {x € L : there exists c,k € RY such that
ct(he) 2 0,ki(he) = 0,214(he) + (1 = 0)ke(he—1) = cr(he) + ki1 (he), 220 (he) € [=ki(he—1),0], w3 (he) € [-1,0]}.
Definition 0.22 (Production Function). Y =[[.2,Y;, where Y; = {y € R3 : y1r < F(—yat, —y3¢) }-
TODO: T for transition, 7 for history.
Definition 0.23 (AD model with production shocks). e The consumption set is

X (ko) = {l € L : there exists kiy1(ht) and ci(hy) such that for all hy € H,
ct(he) + ki1 (he) = lig(he), w2 € [—ke(he), 0], 23 € [0,1], ce(he) > 0, kg1 (he) > 0}

o The production set is Y = {l € L: for all hy € H,l1,(hy) < F(=lat(he), —lse(he), ze(he)) }-

Definition 0.24 (AD with shocks social planner’s problem).

oo

arg max Z Z I(hs) B u(ci(he)),

kit (he) €0, F (ke (he), 1,2e(he))] =0 1, c H,
where Ct(ht) = F(kt(htfl), 1, Zt(ht)) — kt+1(ht).
Definition 0.25 (ADE with production shocks). Suppose X, Y C L. Then (z*,y*,p*) € X xY x L*
is an ADE if

e Representative agent maximizes:

oo

z* € arg max Z Z (he) B ulce(hy)).
{zeX:p*(2)=0} ;o he€H,

o Firms mazximize:

y* € arg max p*(y).
yey

FIXME: need to formalize change in z;.

e Market clearing:



Definition 0.26 (SMEE with production shocks and bonds). (b*,c*, k*, ¢*, w*, R*) is an SMEE given
ko if

1.
by, ¢y, kiyy € arg max Z Z (he) B u(ci(hy))

t7(/t1kt+1 t=0 h,c H,
such that

Ct(ht) + kt+1(ht) + Z q:(ht, Z)b:(ht, Z) = R:kt + ’LU;K + b: (ht—la Zt(ht))
2€Z

2. (ki (he),1) € arg max g,y n, (n,) 25 (ke(he), ne(he)) — Ry (he) ke (he) — wy (he)ne(he).
3. bi(ht) =0.
4. ct(ht) + kiy1(he) = zeF(ke(he), 1). [Can be dropped with Walras’ law.]

Note that in SMEE with shocks and bonds, b (h:) = 0 for all ¢ and all h; € H;.
TODO: z*,y* is the same as ADE.

Definition 0.27 (SMEE with shocks and no bonds). (¢*, k*,¢*,w*, R*) is an SMEEFE given ko if

1.
ci(he), kii1(he,2) € arg max E E I(he) B u(ce ()
ce(he)ske1(hes2) 10 b, e 1,
such that

ci(he) + D af (e, 2) kg (b, 2) = By (ho)ke(hi1, 20) 4w (he).

z€Z
2. (ki(he),1) € arg max y, () n, (ny) £ (ke(he), ne(he)) — By (he )k (he) — wi (he)ne(he).
3. ci(he) + kip1(he) = F(ke(ht),1). [Can be dropped with Walras’ law.]

Theorem 0.28. If (x*,y*, p*) is an ADE, then there exists (¢*,w*, R*) such that (c*,k*,q*,w*, R*) is an
SMEE with shocks and bonds.
Proof. ADE is equivalent to the SPP. The social planner’s problem is,

oo

arg max Z Z I(he) B u(ce(he)),

ki1 (he) €0, F (ke (he),1,2e(he))] s =0 1, c H,

where Ct(ht) = F(kt(ht_l), 1, Zt(ht)) — I{?t+1(ht).
The FOC wrt ki1 (he) is

M(hs)B' Du(ce(he)) = > T(hy, 2) 3" Du(ceya (he, 2)) Dy F (ki (he), 1, 2)

z2€Z

Du(cy(he) = BY Tayny),-Dulceri (he, 2) DiF (ke (he), 1, 2)
z2€Z

Similarly, the individual’s objective in SMEE is:

arg max Zﬂt Z II(he)u(ce(he))

kiv1(he,2) =0 n,eH,



where

cr(he) = R*(ha)ki (he) +w*(he) = > ¢ (he, 2)kga (e, 2).

z€Z

The FOC is wrt kt+1(ht, Z) is

BI(he) Du(ce(he))qi (he, 2) = B (e, 2) Du(ceqr (he, 2)) R (he)
Du(er(he))gf (he, 2) = BTz, = Du(ceya(he, 2)) R (he)

A mno arbitrage condition is that ) ., ¢; (ht, 2) = 1. It follows that

Du(ci(he)) = 8 T2, .Du(crya(he, 2))R* (he).

z€Z

Substituting R*(h:) = Fy(kiy1(he, 2),1, z) gives the same condition as the SPP’s FOC. So the problems
are equivalent. O

Definition 0.29 (Recursive Competitive Equilibrium with Shocks and no bonds). (¢*, G*, ¢*)

o Consumer’s problem: Let
V(K,a,2G) =max[u(c,n) + 8 Y T.V(G(K,2'),d., 2 G)]
&8z z'eZ

such that
c+ Z q¢*(z')al, = R(K, z)a +w(K, z)
Z2'eZ

where R(K,z) = zFN(K,N), w(K,z) = 2Fx(K,N) and N = H(K).
Then (g*,h*) = arg max 4/, .. ..

e Representative agents: g*(z, K, K; G*) = G*(z,K) and for all K.



