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Abstract

We analyze the ex ante incentive compatible core for replicated private information econ
We show that any allocation in the core when the economy is replicated sufficiently often is a
imately Walrasian for the associated Arrow–Debreu economy.
 2004 Elsevier Inc. All rights reserved.
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1. Introduction

The Debreu–Scarf core convergence theorem (Debreu and Scarf, 1972) is a funda
result in general equilibrium analysis: under suitable convexity assumptions, any allocati
that is not an Arrow–Debreu equilibrium will be blocked in a sufficiently large rep
economy. The theorem suggests why trade among many agents will lead to a sys
prices that agents take as given when minimal assumptions on the stability of alloc
are imposed.

Our aim in this paper is to prove a core convergence theorem for exchange eco
in the presence of asymmetric information. The particular manner in which we m
the asymmetry of information follows the development in McLean and Postlew
(2002a, 2003). Agents’ utility functions will depend on anunderlying but unobserved sta
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of natureθ , and each agent will receive a private signal that is correlated with the st
nature. A replication of this initial economy consists of a set of agents whose utility func
tions and initial endowments are the same asthose in the underlying initial economy, b
whose private signals are independent conditional onθ . No agent’s information is redun
dant in this replication procedure: regardless of the number of replications, each age
has information that can not be inferred from the aggregate information of other age

If the stateθ on which the agents’ utilities depend were observable prior to consump
then agents could exchange state contingent goods prior to the realization ofθ . However, in
our modelθ is not observable; all information about the realization ofθ is embodied in the
vector of agents’ types. Consequently, agents can trade bundles contingent on the
vector of types but not contingent onθ . Since agents’ types are independent conditio
on θ , by the law of large numbers, the vector of agents’ types will (with high probab
provide a highly accurate prediction of the realizedθ when the number of agents gets lar
Hence, in this case one might hope that allocations contingent on the agents’ inform
might approximate desirable allocations contingent onθ .

The main difficulty in formalizing this idea arises from the observation that alloca
contingent on agents’ information may not be incentive compatible. There are several c
concepts one might employ. In this paper, we study theex ante incentive compatible core,
in which decisions are made at the ex ante stage and incentive constraints are taken in
account. Our main theorem shows that if an asymmetric information exchange eco
is replicated sufficiently many times, any ex ante incentive compatible core allocat
approximately competitive in the sense that, for almost all agents, the utility from the
allocation is close to the utility they receive at a certain complete information compe
equilibrium allocation. Thus, asymmetric information economies asymptotically beha
like complete information economies as far as core-type stability is concerned.

Several complications arise in the analysis of the core when an economy with
metrically informed agents is replicated. First, while the core with complete informat
nonempty under quite general circumstances, Vohra (1999) and Forges et al. (2002
that the ex ante incentive compatible core may be empty in well-behaved pure exc
economies. However, in McLean and Postlewaite (2003), we showed that when age
sufficiently “informationally small,” the ex ante incentive compatible core is nonem
Further, they show that the informational size of agents will converge to zero when
metric information economies are replicatedin a natural manner, and, consequently, the
ante incentive compatibleε-core will be nonempty after a suitable number of replicatio

The second complication in investigating the ex ante incentive compatible core
replication is technical. A key step in the proof of the Debreu–Scarf theorem is th
gument that any core allocation must satisfy an “equal treatment” property. The
treatment property states that all replicasof a given type must receive the same bundle
any core allocation. This property greatly simplifies the analysis since the dimensio
of the space of allocations goes to infinity when the number of replications goes to in
but attention can be restricted to allocations that are feasible for the initial economy.
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When agents are asymmetrically informed, the argument for equal treatment of diffe
ent agents of the same type breaks down.1 Consequently, analysis cannot be restricted
feasible allocations for the initial economy. Weshow, however, that ex ante incentive co
patible core allocations satisfy an “asymptotic equal treatment property.” This pro
states (approximately) the following. Givenε > 0, there exists a sufficiently large rep
cated economy such that, for each type of agent, all but a fractionε of the replications
of that type must receive bundles that differ in utility by no more thanε in any ex ante
incentive compatible core allocation.

To prove our main results, we first associate with each asymmetric information economy
the complete information Arrow–Debreu economyE1 with state contingent commoditie
in which the stateθ is observed prior to consumption. Ther-replication of this complete in
formation economy is denotedEr . We use the approximate equal treatment equal prop
to prove our main result in the following steps:

(1) The asymptotic equal treatment property assures that for sufficiently larger, an ex
ante incentive compatible core allocation of ther-replicated asymmetric informatio
economy can be approximated in utility by a certain equal treatment allocationxr for
the economy ofEr .

(2) Next we show that, for sufficiently larger, the special equal treatment allocationxr

will be an allocation in theε-core ofEr .
(3) Finally, we show that, for sufficiently larger, ε-core allocations ofEr are close in

utility to a Walrasian allocation ofE1.

Our proof relies on the increasing numbers of agents in four different ways. Firs
need large numbers to assure that core allocations of the asymmetric information ec
satisfy an approximately equal treatment property. Second, as in the complete infor
case, large numbers of agents are necessaryto form the coalitions that block noncompe
itive allocations. Third, we need large numbers to assure that allocations conting
agents’ information can be approximated by allocations contingent on the true sta
nally, large numbers are necessary that agents in the asymmetric information econo
informationally small, ensuring that any blocking allocation ignoring incentive constr
can be approximated by an incentive compatible blocking allocation.

2. Basic notation

Our notation follows that in McLean and Postlewaite (2003) whenever pos
Throughout the paper, letJq = {1, . . . , q} for each positive integerq and let‖ · ‖ denote
the 1-norm unless specified otherwise. LetN = {1,2, . . . , n} denote the set ofeconomic
agents. Let Θ = {θ1, . . . , θm} denote the (finite)state space and letT1, T2, . . . , Tn be finite
sets whereTi represents the set of possiblesignals that agenti might receive. For eac

1 Forges et al. (2001) analyze the ex ante incentive compatible core in a model that differs somewhat f
model in this paper. In their model, they provide an example that shows that allocations in the ex ante in
compatible core may not exhibit equal treatment.
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S ⊆ N , let TS ≡ ∏
i∈S Ti . Elements ofTS will be written tS . For notational simplicity, we

will simply write T for TN andt for tN . If t ∈ T , then we will often writet = (tN\S, tS).
If X is a finite set, define

∆X :=
{
ρ ∈ �|X| | ρ(x) � 0,

∑
x∈X

ρ(x) = 1

}

and

∆0
X :=

{
ρ ∈ �|X| | ρ(x) > 0,

∑
x∈X

ρ(x) = 1

}
.

In our model, nature chooses an elementθ ∈ Θ. The state of nature is unobservab
but each agenti receives a “signal”ti that is correlated with nature’s choice ofθ . More
formally, let (θ̃ , t̃1, t̃2, . . . , t̃n) be an(n + 1)-dimensional random vector taking values
Θ × T with associated distributionP ∈ ∆Θ×T where

P(θ, t1, . . . , tn) = Prob
{
θ̃ = θ, t̃1 = t1, . . . , t̃n = tn

}
.

We will make the following assumption regarding the marginal distributions:2

For eachθ ∈ Θ,

P(θ) = Prob
{
θ̃ = θ

}
> 0,

and for eacht = (t1, . . . , tn) ∈ T ,

P(t) = Prob
{
t̃1 = t1, . . . , t̃n = tn

}
> 0.

If t ∈ T , let PΘ(·|t) ∈ ∆Θ denote the induced conditional probability measure onΘ.
Let χθ ∈ ∆Θ denote the degenerate measure that assigns probability one to stateθ .

2.1. Economies

The consumption set of each agent is��+ and for eachθ ∈ Θ,wi ∈ ��++ denotes the
(state independent) initial endowment of agenti in stateθ . The preferences of agenti are
given by a utility functionui :��+ ×Θ → � whereui(·, θ) is the utility function of agenti
in stateθ .3 The following assumptions are maintained throughout the paper:

(i) ui(·, θ) is continuous and strictly concave,
(ii) ui(0, θ) = 0,
(iii) ui(·, θ) is (strongly) monotonic: ifx, y ∈ ��+, x � y and x �= y, then ui(x, θ) >

ui(y, θ).

The collection({ui,wi}i∈N, θ̃ , t̃, P ) will be called aprivate information economy (PIE
for short). It will be assumed that the datadefining the PIE is common knowledge. Apri-
vate information economy allocation z = (z1, z2, . . . , zn) for the PIE is a collection o

2 The assumption thatP (t) > 0 for all t ∈ T is relaxed in McLean and Postlewaite (2002b).
3 We note that this formulation differs from that of Forges et al. (2001), who also investigate convergence

the ex ante core. We discuss their paper in the section on related literature at the end of this paper.
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functionszi :T → ��+ satisfying
∑

i∈N(zi(t) − wi) � 0 for all t ∈ T . We will not distin-
guish betweenwi ∈ ��++ and the constant allocation that assigns the bundlewi to agenti
for all t ∈ T .

For eachπ ∈ ∆Θ , the collection(π, {ui,wi}i∈N) defines an associated Arrow–Debr
economy with state contingent commodities. A commodity vector for agenti in this
Arrow–Debreu economy is a vector of state contingent bundles in��m+ and is written as(

xi(θ1), . . . , xi(θm)
)
.

The initial endowment of agenti is the vectorŵi = (wi, . . . ,wi) ∈ R�m++ and the utility
of agenti is the functionvi :��m+ → � defined for each(xi(θ1), . . . , xi(θm)) ∈ ��m+ as
follows:

vi

(
xi(θ1), . . . , xi(θm)

) :=
m∑

k=1

ui

(
xi(θk); θk

)
π(θk).

The Arrow–Debreu economy with commodity bundles, endowments and utilities d
fined in this manner will be denotedE(π). As discussed in the introduction, this econo
is of interest because if the stateθ were observable after it is realized, agents could
change state contingent goods prior to realization. However, in our modelθ is not observ-
able; all information about the realization ofθ is embodied in the vector of agents’ type
t . Consequently, agents can trade bundles contingent on the realized vector of typet , but
not contingent onθ .

We will refer toE(π) as theπ -auxiliary economy, or auxiliary economy for short. In
addition, each PIE({ui,wi}i∈N, θ̃ , t̃ , P ) gives rise to a natural auxiliary economyE(PΘ)

wherePΘ is the marginal ofP on Θ. Since eachui is concave, a standard argume
establishes that the auxiliary economy has a nonempty core.

For eachε � 0, we defineε-blocking in the auxiliary economyE(π). An allocation
(yi)i∈S is feasible forS in E(π) if

∑
i∈S yi(θ) = ∑

i∈S wi for eachθ ∈ Θ. A coalition
S ⊆ N canε-block the allocation(xi)i∈N if there exists an allocation(yi)i∈S that is feasible
for S satisfying the condition∑

θ∈Θ

ui

(
yi(θ), θ

)
π(θ) >

∑
θ∈Θ

ui

(
xi(θ), θ

)
π(θ) + ε

for all i ∈ S. Theε-core ofE(π) consists of those allocations that are efficient and wh
are notε-blocked by anyS ⊆ N with S �= N .

3. Incentive compatible cores

3.1. Notions of blocking

Let e = ({ui,wi}i∈N, θ̃ , t̃, P ) be a PIE. In order to define the core of an economy w
incomplete information, it is necessary to define “improve upon” or “block” taking inc
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tive compatibility into account. For eachS ⊆ N , let the set ofS-feasible allocations for the
PIE e be defined as

AS =
{
(zi)i∈S | zi :TS → ��+ and

∑
i∈S

(
zi(tS) − wi

)
� 0 for all tS ∈ TS

}
.

An S-feasible allocation(zi)i∈S is incentive compatible if∑
θ∈Θ

∑
tS\i∈TS\i

ui

(
zi(tS\i , ti), θ

)
P(θ, tS\i | ti)

�
∑
θ∈Θ

∑
tS\i∈TS\i

ui

(
zi

(
tS\i, t ′i

)
, θ

)
P(θ, tS\i | ti )

for eachti , t ′i ∈ Ti andi ∈ S.
The set of incentive compatible,S-feasible allocations will be denotedA∗

S .

Definition 1. Let e = ({ui,wi}i∈N, θ̃ , t̃ , P ) be a PIE and let(zi)i∈N ∈ AN .

(i) (Ex ante blocking) A coalitionS ⊆ N canX-block(zi)i∈N if there exists(xi)i∈S ∈ AS

satisfying the following condition:∑
tS∈TS

∑
θ∈Θ

ui

(
xi(tS), θ

)
P(θ, tS)

>
∑
tS∈TS

∑
tN\S∈TN\S

∑
θ∈Θ

ui

(
zi(tN\S, tS), θ

)
P(θ, tN\S, tS)

for all i ∈ S.
(ii) (Ex ante incentive compatible blocking) A coalitionS ⊆ N canICX-block (zi)i∈N if

there exists(xi)i∈S ∈ A∗
S satisfying the following condition:∑

tS∈TS

∑
θ∈Θ

ui

(
xi(tS), θ

)
P(θ, tS)

>
∑
tS∈TS

∑
tN\S∈TN\S

∑
θ∈Θ

ui

(
zi(tN\S, tS), θ

)
P(θ, tN\S, tS)

for all i ∈ S.
(iii) ( Ex ante incentive compatible ε-blocking) Supposeε � 0. A coalition S ⊆ N can

εICX-block (zi)i∈N if there exists(xi)i∈S ∈ A∗
S satisfying the following condition:∑

tS∈TS

∑
θ∈Θ

ui

(
xi(tS), θ

)
P(θ, tS)

>
∑
tS∈TS

∑
tN\S∈TN\S

∑
θ∈Θ

ui

(
zi(tN\S, tS), θ

)
P(θ, tN\S, tS) + ε

for all i ∈ S.

Definition 2. Let e = ({ui,wi}i∈N, θ̃ , t̃ , P ) be a PIE.
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(i) An N -feasible, incentive compatible allocation(zi)i∈N ∈ A∗
N is anex ante incentive

compatible core allocation for e if (zi)i∈N cannot beICX-blocked by anyS ⊆ N .
(ii) An N -feasible, incentive compatible allocation(zi)i∈N ∈ A∗

N is anex ante incentive
compatible ε-core allocation for e if (zi)i∈N cannot beICX-blocked byN and(zi)i∈N

cannot beεICX-blocked by anyS �= N .

4. The replica problem: notation and definitions

Recall thatJr = {1,2, . . . , r} and defineNr = N × Jr . Given the collection{wi,ui}i∈N

and a positive integerr, let {wis, uis}(i,s)∈Nr denote ther replication of{wi,ui}i∈N satis-
fying:

(1) wis = wi for all i ∈ N and alls ∈ Jr ,
(2) uis(z, θ) = ui(z, θ) for all z ∈ ��+, i ∈ N ands ∈ Jr .

For any positive integerr, let T r = T × · · · × T denote ther-fold Cartesian prod
uct and let tr = (tr (1), . . . , tr (r)) denote a generic element ofT r where tr (s) =
(tr1(s), . . . , trn(s)) ∈ T . If P r ∈ ∆Θ×T r , then er = ({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ) is a PIE
with nr agents.

Definition 3. A sequence of replica economies{({wis, uis}(i,s)∈Nr , θ̃, t̃ r ,P r )}∞r=1 is a
strongly conditionally independent sequence if there exists aP ∈ ∆∗

Θ×T such that

(a) For eachr, eachs ∈ Jr and each(θ, t1, . . . , tn) ∈ Θ × T ,

Prob
{
θ̃ = θ, t̃ r

1 (s) = t1, t̃
r
2 (s) = t2, . . . , t̃

r
n (s) = tn

} = P(θ, t1, t2, . . . , tn).

(b) For eachr and eachθ , thenr random variables

t̃ r1(1), t̃ r2(1), . . . , t̃ rn(1), . . . , t̃ r1(r), t̃ r2(r), . . . , t̃ rn(r)

are independent giveñθ = θ .
(c) For everyθ, θ̂ with θ �= θ̂ , there exists at ∈ T such thatP(t | θ) �= P(t | θ̂ ).

A strongly conditionally independentsequence is a sequence of PIEs withnr agents
containingr “copies” of each agenti ∈ N . Each copy of an agenti is identical, i.e.,
has the same endowment and the same utility function. Furthermore, the realiz
of agents’ types are independent given the true value ofθ̃ . Given a profile of types
(t1(1), . . . , tn(1), . . . , t1(r), . . . , tn(r)) ∈ T r , it follows that

Prob
{
t̃ r
i (s) = ti(s),∀i ∈ N,∀s ∈ Jr | θ̃ = θ

}
= P r

(
t1(1), . . . , tn(1), . . . , t1(r), . . . , tn(r) | θ)

=
∏
i∈N

∏
s∈Jr

P
(
ti(s) | θ)

.

As r increases, each agent is becoming “small” inthe economy in terms of endowment, a
we can show that each agent is also becoming informationally small in the sense of McLea
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and Postlewaite (2002a). Note that, for larger, an agent may have a small amount of priv
information regarding the preferences of everyone through his information aboutθ̃ .

Given an auxiliary economyE(π), we can also define ther-replicated auxiliary econ-
omy Er(π) consisting ofr replicas of typei where agent(i, s) has endowmentwi and
utility

vi,s

(
xi,s (θ1), . . . , xi,s (θm)

) :=
m∑

k=1

ui

(
xi,s (θk); θk

)
π(θk).

Note that, in this notation,E1(π) = E(π) and we will use these interchangeably. T
ε-core of ther-replicated auxiliary economy is defined in the obvious way. Note that th
Debreu–Scarf theorem can be applied to ther-replicated auxiliary economy: core alloc
tions ofEr(π) are equal treatment allocations and theintersection of the “projections” o
the cores of the replications coincides with the set of Walrasian equilibria of the aux
economyE1(π).

5. The core convergence results

5.1. Walrasian allocations of the auxiliary economy are close in utility to ε-core
allocations in a large replica economy

In McLean and Postlewaite (2003) (see the proof of Theorem 3 in that paper), it is s
that, for large replica economies, the ex ante incentive compatibleε-core is nonempty. In
particular, they prove the following result:4

Theorem A. Let {({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r )}∞r=1 be a strongly conditionally indepen-
dent sequence with P r

Θ ≡ π and let (xi)i∈N be a Walrasian equilibrium allocation of the
auxiliary economy E(π). Then for every ε > 0, there exists an integer r̂ > 0 such that
for all r > r̂ there exists an allocation (ξr

is )(i,s)∈Nr in the ex ante IC ε-core of the PIE
({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ), satisfying∣∣∣∣ ∑

t r∈T r

∑
θ∈Θ

ui

(
ξr
i,s

(
tr

)
, θ

)
P r

(
θ, tr

) −
∑
θ∈Θ

ui

(
xi(θ), θ

)
π(θ)

∣∣∣∣ � ε

for all (i, s) ∈ Nr .

Theorem A is the first step toward a core convergence result. We must now investiga
the extent to which an incentive compatible core allocation of a large replica PIE is
in utility to some Walrasian allocation of theunderlying auxiliary economy. We break th
analysis into two parts that are presented in the next two subsections.

4 Actually, we proved the theorem under the weaker hypothesis that the sequence is aconditionally independen
sequence. See McLean and Postlewaite (2003) for definitions and details.



66 R. McLean, A. Postlewaite / Games and Economic Behavior 50 (2005) 58–78

e

l not
at, for
5.2. Core allocations in a large replica economy are close in utility to ε-core allocations
of the replicated auxiliary economy

Theorem B. Let {({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r )}∞r=1 be a strongly conditionally indepen-
dent sequence with P r

Θ ≡ π . Then for every ε > 0, there exists an integer r̂ > 0 such
that for all r > r̂ and for each allocation (ξr

is )(i,s)∈Nr in the ex ante IC core of the PIE
({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ), there exists an equal treatment allocation (xr

is )(i,s)∈Nr in the
ε-core of the r-replicated auxiliary economy Er(π) satisfying

#

{
s ∈ Jr | �

∣∣∣∣ ∑
t r∈T r

∑
θ∈Θ

ui

(
ξr
i,s

(
tr

)
, θ

)
P r

(
θ, tr

) −
∑
θ∈Θ

ui

(
xr
is (θ), θ

)
π(θ)

∣∣∣∣ � ε

}

� (1− ε)r

for each i ∈ N .

Theorem B is an immediate consequence of the following two propositions whos
proofs are found in Section 7.

Proposition 1 (Asymptotic equal treatment for most agents). Let {({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,

P r )}∞r=1 be a strongly conditionally independent sequence with P r
Θ ≡ π . For every ε > 0

there exists an r̂ such that, for all r > r̂ and for each allocation (xr
is)(i,s)∈Nr in the incentive

compatible core of the PIE ({wis, uis}(i,s)∈Nr , θ̃, t̃ r ,P r ) the following holds: if

x̄r
i (θ) := 1

r

∑
s∈Jr

∑
t r∈T r

xr
is

(
tr

)
P r

(
tr |θ)

then

#

{
s ∈ Jr :

∣∣∣∣ ∑
t r∈T r

∑
θ∈Θ

ui

(
xr
i,s

(
tr

)
, θ

)
P r

(
θ, tr

) −
∑
θ∈Θ

ui

(
x̄r
i (θ), θ

)
P(θ)

∣∣∣∣ � ε

}

� (1− ε)r

for each i ∈ N .

Proposition 2. Let {({wis, uis}(i,s)∈Nr , θ̃, t̃ r ,P r )}∞r=1 be a strongly conditionally indepen-
dent sequence with P r

Θ ≡ π . For every ε > 0 there exists an r̂ such that, for all r > r̂

and for each allocation (xr
is)(i,s)∈Nr in the ex ante incentive compatible core of the PIE

({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ) the following holds: if

ξr
is (θ) := 1

r

∑
s∈Jr

∑
t r∈T r

xr
is

(
tr

)
P r

(
tr |θ)

for each (i, s) ∈ Nr , then the (equal treatment) allocation (ξr
is )(i,s)∈Nr belongs to the ε-core

of the r-replicated auxiliary economy Er(π).

As we mentioned in the introduction, incentive compatible core allocations wil
necessarily satisfy an equal treatment property. However, Proposition 1 states th
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sufficiently large replica economies, incentive compatible core allocations will satis
approximate equal treatment property for most agents. The proof is somewhat involv
we will explain the main ideas here.

In the complete information case, one demonstrates that a core allocationx in a replica
economy is an equal treatment allocation by first constructing the coalition of the w
off agent of each typei ∈ N . The typei agent in this coalition is then given the avera
of the bundles of all typei agents in the allocationx. Strict concavity guarantees that f
any type for which different agents of that typereceived different bundles, the average
strictly preferred to the least preferred bundle for agents of that type. In the enviro
with asymmetric information, it is not sufficient to construct such an average allocatio
the coalition of the worst-off agents, since the allocation may not be incentive comp

To solve this problem, we consider a coalition consisting of theεr agents of each typ
who are the worst-off of that type (wherer is the number of replicas). For any fixedε, the
number of agents in this coalition will be large but a small proportion of all agents. If
of theεr agents of some type get utility from an incentive compatible core allocationx that
is more than the average utility for that type minusε, then we can construct an allocati
for the coalition consisting of theεr worst-off agents of each type that yields higher util
then the allocationx. Since this coalition consists of a large number of agents, we
use the approximation theorem in McLean and Postlewaite (2003) to find an inc
compatible allocation with which this coalition can blockx.

This shows that for sufficiently many replications, we can ensure that the set of age
whose utility in a core allocationx is more than the average of the utilities for their ty
minusε will be small. What remains is to show that the set of agents of some type w
utility is more thanε above the average of the utilities for their type is also small. We sh
that givenε, if there are more thanεr agents whose utility is more thanε above the average
of the utilities for their type, then there must beε3r agents whose utility is more thanε3r

below the average of utility for that type. It then follows from the first part of the proof
the allocationx is blocked.

5.3. Core allocations in a large replica economy are close in utility to Walrasian alloca-
tions of the auxiliary economy

Suppose we replicate a private information economyr times. From Theorem B w
know that for any ex ante incentivecompatible core allocation of ther-replicated econ
omy, there is an equal treatment allocationx in the ε-core of ther-replicated auxiliary
economyEr(π) that gives(1 − ε)r agents utility withinε of the utility they get in the
incentive compatiblecore allocation. As mentioned above, the auxiliary economyE(π)

is, in a sense, the Arrow–Debreu economy of interest; if it were possible, agents
trade bundles contingent on the stateθ . The Debreu–Scarf theorem applies to replicati
of the auxiliary economyE(π), hence allocations in the core for ther-replicated econ
omyEr(π) will be approximately Walrasian for this economy. For smallε, allocations in
theε-core ofEr(π) will also be approximately Walrasian. Combining these observat
we conclude that, whenr is large, allocations in the ex ante incentive compatible core
the r-replicated private information economy will give most agents utility that is close to
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that of some Walrasian equilibriumallocation for the auxiliary economyE(π). The next
theorem formalizes this.

Theorem C. Let {({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r )}∞r=1 be a strongly conditionally indepen-
dent sequence with P r

Θ ≡ π . Then for every ε > 0, there exists an integer r̂ > 0 such that
for all r > r̂ and for each allocation (ξr

is )(i,s)∈N×Jr in the ex ante IC core of the PIE
({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ), there exists a Walrasian equilibrium allocation (xr

i )i∈N of
the auxiliary economy E(π) satisfying

#

{
s ∈ Jr | �

∣∣∣∣∑
t∈T

∑
θ∈Θ

ui

(
ξr
i,s

(
tr

)
, θ

)
P r

(
θ, tr

) −
∑
θ∈Θ

ui

(
xr
i (θ), θ

)
π(θ)

∣∣∣∣ � ε

}

� (1− ε)r

for each i ∈ N .

6. Related literature

Forges et al. (2001) (hereafter FHM) examine the ex ante incentive compatible c
a model that is related to the model in this paper. FHM uses the information structu
replication process in Gul and Postlewaite (1992). In this framework, there is no st
the worldθ , and in the initial economy before replication, each agent’s utility depends o
the types of all agents in the economy. Whenthe economy is replicated, the utilities o
agents in any cohort, depend only on the types of the agents in their cohort, and th
of the agents in different cohorts are independent. In this model, FHM show that equ
treatment may fail, and that there will be noncompetitive allocations that are in the c
all replicated economies. They then show that if one restrict each agent’s utility to depe
only on his own type, then a core convergence theorem obtains.

The model in this paper differs from that in FHM is several ways. First, our model i
sentially a “common value” model in that agents’ types are purely informational. Ag
utilities depend on the bundle they get and the state of the world; an agent’s type
all other agents’ types, are of interest only insofar as they provide information abo
stateθ . This paper and FHM can then be seen as complements in that we show core c
gence in “common value” economies while FHM shows core convergence in private
economies.

In addition, there is an important technical difference in the models in FHM and i
present paper. Feasibility is FHM is defined on average across the realizations of a
types. While FHM show that asymptotically the ex post infeasibility of the allocat
they consider goes to zero, full feasibility is likely to fail for any finitely replication. T
allocations we consider, on the other hand, are fully feasible for all replications a
realizations of agents’ types.

Serrano et al. (2001) consider an interim core concept where evaluation takes pla
agents receive their private information. They show that whenthe true state of the world i
verifiable ex post, core convergence may fail.One can also consider ex post replication, t
is, replicating an economyafter agents’ types have been realized. Such replication lead
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convergence of the core with ex post replication.

These are the papers that are closest to the present work. In addition, there is
literature that studies the core in the presence of asymmetric information. Forges
(2002) survey this literature and the interestedreader is directed to that paper for a revi
of various notions of the core in economies with asymmetrically informed agents, and
employing alternative core concepts.

7. Proofs

7.1. A preliminary lemma

Lemma 1. Let {({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r )}∞r=1 be a strongly conditionally independent
sequence with P r

Θ ≡ π and let (ζi)i∈N be an allocation of the auxiliary economy E(π).
Then for every ε > 0, there exists an integer r̂ > 0 such that, for all r > r̂ , there exists
an incentive compatible allocation (zr

is)(i,s)∈Nr for the PIE ({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r )

which satisfies∑
t r∈T r

∑
θ∈Θ

ui

(
zr
is

(
tr

); θ
)
P r

(
θ, tr

)
�

∑
θ∈Θ

ui

(
ζi(θ); θ

)
π(θ) − ε

for each (i, s) ∈ Nr .

Proof. The proof is a synthesis of results found in our earlier papers McLean and P
waite (2002a, 2003). After noting that a strongly conditionally independent sequence is
conditionally independent sequence as defined in those papers, the proof of Lemma 1
identical to that of Steps 1 and 2 in the proof of Theorem 3 in McLean and Postlewa
(2003). While the proof of Theorem 3 in that paper assumes that(ζi)i∈N is a Walrasian
equilibrium of E(π), the conclusion at Step 2 is valid for any allocation(ζi)i∈N of the
auxiliary economyE(π). �
7.2. Proof of Proposition 1

To prove Proposition 1, we will prove Lemma 2 below from which Proposition 1
mediately follows. First we introduce some notation. An allocation(ζ r

is)(i,s)∈Nr for the
PIE ({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ) will be written simply as(ζ r

is ) andUi(ζ
r
is ) will denote

the utility to agent(i, s) associated with the bundleζ r
is . That is,

Ui

(
ζ r
is

) =
∑

t r∈T r

∑
θ∈Θ

ui

(
ζ r
is

(
tr

); θ
)
P r

(
θ, tr

)
.

Similarly, an allocation(ξr
is )(i,s)∈Nr for the PIEEr(π) will be written simply as(ξr

is ) and
vi(ζ

r
is) will denote the utility to agent(i, s) associated with the bundleξr

is . That is,

vi

(
ξr
is

) =
∑
θ∈Θ

ui

(
ξr
is (θ), θ

)
π(θ).
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Lemma 2. Suppose that 0 < ε < 1/2. Let {({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r )}∞r=1 be a strongly
conditionally independent sequence with P r

Θ ≡ π . Then there exists an r̂ such that, for
all r > r̂ and for each allocation (xr

is) in the ex ante incentive compatible core of the
PIE ({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ) the following holds: if (x̄r

i )i∈N is the allocation for E(π)

defined as

x̄r
i (θ) = 1

r

∑
t r∈T r

∑
s∈Jr

xr
is

(
tr

)
P r

(
tr |θ)

for each θ ∈ Θ , then

#
{
s ∈ Jr | vi

(
(1− ε)x̄r

i

)
� Ui

(
xr
is

)
� (1+ ε)vi

(
x̄r
i

)}
� (1− 2ε)r

for each i ∈ N .

Proof. Part 1. In this part of the proof, we will show that, for eachε > 0, exists an̂r such
that, for allr > r̂ ,

#
{
s ∈ Jr | vi

(
(1− ε)x̄r

i

)
> Ui

(
xr
is

)}
< εr

for eachi ∈ N . Suppose not. Then there existsε > 0 and a subsequence of positive integ
{rk} such that, for eachk, there exists anirk ∈ N and an IC core allocation(xrk

is ) of the PIE
({wis, uis}(i,s)∈Nrk

, θ̃ , t̃ rk ,P rk ) such that

#
{
s ∈ Jrk | virk

(
(1− ε)x̄

rk
irk

)
> Ui

(
x

rk
irk ,s

)}
� εrk.

For sufficiently largek, we will construct a coalitionCrk and a feasible allocation forCrk

that blocks the PIE allocation(xr
is) in the ex ante incentive compatible sense. Since(xr

is)

is an ex ante incentive compatible core allocation, this contradiction then yields the
We will abuse notation slightly and simply writer instead ofrk . SinceN is finite, we

will assume w.l.o.g. thatir = 1 for all r. Furthermore, we assume that the agents of e
typej ∈ N are numbered so thatUj(x

r
js) � Uj(x

r
js ′) for s′ > s.

The allocation(x̄r
i ) is a feasible allocation forE(π). Since(xr

i,s ) is an ex ante IC core
allocation, the concavity assumption implies that(x̄r

i ) is individually rational forE(π) and
wi �= 0 implies thatvi(x̄

r
i ) � vi(wi) > 0 for eachi ∈ N . Choosing a (second) subsequen

if necessary, we will assume thatx̄r
i (θ) → x∗

i (θ) for eachi and θ . Note that(x∗
i ) is a

feasible, individually rational allocation for the auxiliary economyE(π) so thatvi(x
∗
i ) �

vi(wi) > 0 for eachi ∈ N .5 For i = 1 in particular, this means that∑
θ∈Θ

u1
(
x∗

1(θ), θ
)
π(θ) = v1

(
x∗

1

)
> 0.

Hence, the normalization and monotonicity assumptions imply that there exists aθ̂ ∈ Θ

such thatx∗
1(θ̂ ) �= 0 andπ(θ̂) > 0. Therefore, monotonicity implies that[

uj

(
x∗
j

(
θ̂
) + x∗

1

(
θ̂
)
, θ̂

) − uj

(
x∗
j

(
θ̂
)
, θ̂

)]
π

(
θ̂
)
> 0

5 The monotonicity and normalization assumptions imply thatvi (wi) = ∑
θ ui (wi , θ)π(θ) > 0 for eachi ∈ N .
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for eachj �= 1, and we conclude thatvj (x
∗
j + x∗

1) − vj (x
∗
j ) > 0 for eachj �= 1. Suppose

that 0< η < 1. Then strict concavity and the normalization assumption imply that

vj

(
x∗
j

) = vj

(
1− η

1− η
x∗
j

)
� (1− η)vj

(
1

1− η
x∗
j

)

so that

vj

(
1

1− η
x∗
j

)
� vj

(
x∗
j

) + η

1− η
vj

(
x∗
j

)
.

Applying concavity again, we obtain

vj

(
x∗
j + ε

2(n − 1)
x∗

1

)
� ε

2(n − 1)
vj

(
x∗
j + x∗

1

) +
(

1− ε

2(n − 1)

)
vj

(
x∗
j

)
so that

vj

(
x∗
j

) + ε

2(n − 1)

[
vj

(
x∗
j + x∗

1

) − vj

(
x∗
j

)]
� vj

(
x∗
j + ε

2(n − 1)
x∗
i

)
.

Hence, there existsη∗ > 0 such thatη∗ < ε and

η∗

1− η∗ vj

(
x∗
j

)
<

ε

2(n − 1)

[
vj

(
x∗
j + x∗

1

) − vj

(
x∗
j

)]
for eachj �= 1, from which it follows that

vj

(
1

1− η∗ x∗
j

)
< vj

(
x∗
j + ε

2(n − 1)
x∗

1

)
.

Note thatη∗ does not depend onr.
Now consider the coalitionCr = {(i, s) | i ∈ N,s � �η∗r
} consisting of the�η∗r


“worst-off” agents of each type. (Here,�x
 denotes the largest integer less than or eq
to x.) Define an allocation for the auxiliary economyE(π) as follows: for eachθ ∈ Θ,

y1(θ) =
(

1− ε

2

)
x∗

1(θ)

and

yj (θ) = x∗
j (θ) + ε

2(n − 1)
x∗

1(θ)

if j �= 1. We now apply the approximation Lemma 1 to the auxiliary economy alloca
(yi)i∈N and the strongly conditionally independent sequence of PIEs in which the stagr
PIE consists of then�η∗r
 agents inCr . In particular, there exists an̂r such that, for all
r > r̂ , there exists an incentive compatible allocation(zr

i,s )(i,s)∈Cr for the PIE consisting o
then�η∗r
 agents inCr such that, for each(i, s) ∈ Cr ,

Ui

(
zr
i,s

)
> vi(yi) − γ,

whereγ is chosen so that
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0 < γ � min

{
v1((1− ε

2)x∗
1) − v1((1− ε)x∗

1)

2
,

min
j �=i

{
vj (x

∗
j + ε

2(n−1)
x∗

1) − vj (
1

1−η∗ x∗
j )

2

}}
.

Sinceη∗ < ε, it follows thatU1(x
r
1s) < v1((1 − ε)x̄r

1) if 1 � s � �η∗r
. We conclude
that for all sufficiently larger and for each(1, s) ∈ Cr ,

U1
(
xr

1s

)
< v1

(
(1− ε)x̄r

1

)
<

v1((1− ε
2)x∗

1) + v1((1− ε)x∗
1)

2

� v1

((
1− ε

2

)
x∗

1

)
− γ

< U1
(
zr

1s

)
.

To complete the proof, fixr and letm = �η∗r
. For eachj �= 1 and for eachs � m + 1,
recall thatUj(x

r
j,m+1) � Uj(x

r
j,s). Therefore, monotonicity and concavity imply that

Uj

(
xr
j,m+1

)
� 1

r − m

∑
s�m+1

Uj

(
xr
js + 1

r − m

∑
σ�m

xr
jσ

)

� Uj

(
1

r − m

∑
s∈Jr

xr
js

)

� vj

(
r

r − m
x̄r
j

)

� vj

(
1

1− η∗ x̄r
j

)
.

If j �= 1, then for sufficiently larger and for each(j, s) ∈ Cr , it follows that

Uj

(
xr
js

)
� Uj

(
xr
j,�η∗r
+1

)
� vj

(
1

1− η∗ x̄r
j

)

<
vj (

1
1−η∗ x∗

j ) + vj (x
∗
j + ε

2(n−1)
x∗

1)

2

� vj

(
x∗
j + ε

2(n − 1)
x∗

1

)
− γ

< Uj

(
zr
js

)
.

In summary, the PIE allocation(zr
is ) is feasible forCr and allowsCr to block (xr

is)

in the ex ante incentive compatible sense. This contradicts the assumption that(xr
is) is

an ex ante incentive compatible core allocation of the PIE({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ).
Hence, for everyε > 0, there exists an̂r such that, for allr > r̂ ,
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#
{
s ∈ Jr | vi

(
(1− ε)x̄r

i

)
> Ui

(
xr
is

)}
< εr

for eachi ∈ N .

Part 2. In this part of the proof, we will show that, for eachε > 0, exists an̂r such that,
for all r > r̂ ,

#
{
s ∈ Jr | Ui

(
xr
is

)
> (1+ ε)vi

(
x̄r
i

)}
< εr

for eachi ∈ N . Suppose that there existsε > 0 and a subsequence of positive integers{rk}
such that, for eachk, there exists anirk ∈ N such that

#
{
s ∈ Jrk | Uirk

(
x

rk
irk ,s

)
> (1+ ε)virk

(
x̄

rk
irk

)}
� εrk.

We will again abuse notation slightly and simply writer instead ofrk . SinceN is finite,
we will assume w.l.o.g. thatir = 1 for all r. Furthermore, we again assume that the ag
of each typej are numbered so thatUj(x

r
js) � Uj (x

r
js ′) for s′ > s. To begin, fixr and

define the sets

L = {
(1, s) | U1

(
xr

1s

)
< v1

((
1− ε3)x̄r

1

)}
,

M = {
(1, s) | v1

((
1− ε3)x̄r

1

)
� U1

(
xr

1s

)
� (1+ ε)v1

(
x̄r

1

)}
,

H = {
(1, s) | U1

(
xr

1s

)
> (1+ ε)v1

(
x̄r

1

)}
,

and let|S| = number of agents inS = L,M,H .

Claim. If |H | > εr , then |L| � ε3r .

Proof. Denote byx̄r
i (S) the average bundle for groupS, that is,

x̄r
1(S)(θ) = 1

|S|
∑
s∈S

[ ∑
t r∈T r

xr
1,s

(
tr

)
P r

(
tr |θ)]

.

In the remainder of the proof, we will suppress the superscriptr. Therefore,

v1(x̄1) = v1

( |L|
r

x̄1(L) + |M|
r

x̄1(M) + |H |
r

x̄1(H)

)

>
|L|
r

v1
(
x̄1(L)

) + |M|
r

v1
(
x̄1(M)

) + |H |
r

v1
(
x̄1(H)

)
.

The strict inequality is a consequence of strict concavity and the fact that not all thex1,s are
the same. SinceU1(x1,s) � v1((1− ε3)x̄1) for all (1, s) ∈ M andU1(x

r
1s) > (1+ ε)v1(x̄

r
1)

for all (1, s) ∈ H , concavity implies thatv1(x̄1(M)) � v1((1 − ε3)x̄1) andv1(x̄1(H)) >

(1+ ε)v1(x̄
r
1). Therefore,

|L|
r

v1
(
x̄1(L)

) + |M|
r

v1
(
x̄1(M)

) + |H |
r

v1
(
x̄1(H)

)
>

|L|
r

v1
(
x̄1(L)

) + |M|
r

v1
((

1− ε3)x̄1
) + (1+ ε)

|H |
r

v1(x̄1)

� |L|
r

v1
(
x̄1(L)

) + |M|
r

(
1− ε3)v1(x̄1) + |H |

r
v1(x̄1) + ε

|H |
r

v1(x̄1)

= |L|
v1

(
x̄1(L)

) + |M|
v1(x̄1) + |H |

v1(x̄1) +
[
ε
|H | − ε3 |M|]

v1(x̄1).

r r r r r
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e

Combining these observations, it follows that

v1(x̄1) >
|L|
r

v1
(
x̄1(L)

) + |M|
r

v1(x̄1) + |H |
r

v1(x̄1) +
[
ε
|H |
r

− ε3 |M|
r

]
v1(x̄1).

Now suppose that|L| < ε3r and|H | > εr. Then

ε
|H |
r

> ε2 >
|L|
rε

.

Sinceε < 1/2, it follows that 1/ε − |M|/r > 1 so that

|L|
r

v1
(
x̄1(L)

) + |M|
r

v1(x̄1) + |H |
r

v1(x̄1) +
[
ε
|H |
r

− ε3 |M|
r

]
v1(x̄1)

>
|L|
r

v1
(
x̄1(L)

) + |M|
r

v1(x̄1) + |H |
r

v1(x̄1) +
[
ε2 − ε3 |M|

r

]
v1(x̄1)

= |L|
r

v1
(
x̄1(L)

) + |M|
r

v1(x̄1) + |H |
r

v1(x̄1) + ε2v1(x̄1)

[
1− ε

|M|
r

]

� |L|
r

v1
(
x̄1(L)

) + |M|
r

v1(x̄1) + |H |
r

v1(x̄1) + |L|
r

v1(x̄1)

[
1

ε
− |M|

r

]

� |L|
r

v1
(
x̄1(L)

) + |M|
r

v1(x̄1) + |H |
r

v1(x̄1) + |L|
r

v1(x̄1)

> vi(x̄i);
a contradiction. Hence,|H | > εr implies that|L| � ε3r and the proof of the claim i
complete. �

From the claim, we now conclude the following: there exists anε > 0 and a sequenc
of positive integers{r} such that, for eachr,

#
{
s ∈ Jr | v1

((
1− ε3)x̄r

1

)
> U1

(
xr

1s

)}
� ε3r.

We can now duplicate the proof of Part 1 (withε3 in place ofε) and, for sufficiently larger,
construct a coalition that can block(xis), contradicting the assumption that(xis) is an ex
ante incentive compatible core allocation of the PIE({wis, uis}(i,s)∈Nr , θ̃ , t̃ r ,P r ). Hence,
for everyε > 0, exists an̂r such that, for allr > r̂ ,

#
{
s ∈ Jr | Ui

(
xr
is

)
> (1+ ε)vi

(
x̄r
i

)}
< εr

for eachi ∈ N .

Part 3. Combining the conclusions of Parts 1 and 2, it follows that, for everyε > 0,
there exists an̂r such that, for allr > r̂ ,

#
{
s ∈ Jr | vi

(
(1− ε)x̄r

i

)
� Ui

(
xr
is

)}
� (1− ε)r

and

#
{
s ∈ Jr | Ui

(
xr
is

)
� (1+ ε)vi

(
x̄r
i

)}
� (1− ε)r

for eachi ∈ N . Therefore, for allr > r̂ ,

#
{
s ∈ Jr | vi

(
(1− ε)x̄r

i

)
� Ui

(
xr
is

)
� (1+ ε)vi

(
x̄r
i

)}
� (1− 2ε)r. �



R. McLean, A. Postlewaite / Games and Economic Behavior 50 (2005) 58–78 75

nce

e exist

r

7.3. Proof of Proposition 2

Let

ξr
is (θ) = 1

r

∑
t r∈T r

∑
s∈Jr

xr
is

(
tr

)
P r

(
tr |θ) := xr

i (θ)

for eachi ands. We claim that(ξr
is )(i,s)∈Nr belongs to theε-core of ther-replicated aux-

iliary economyEr(π) for all sufficiently larger. Suppose not. Extracting a subseque
if necessary, there exists for eachr a coalitionCr ⊆ N × Jr and an allocation(yr

is)(i,s)∈Cr

that is feasible forCr such that∑
θ

ui

(
yr
i,s (θ), θ

)
π(θ) �

∑
θ

ui

(
ξr
i,s (θ), θ

)
π(θ) + ε

=
∑
θ

ui

(
xr
i (θ), θ

)
π(θ) + ε

for each(i, s) ∈ Cr . Let I r = {i ∈ N | (i, s) ∈ Cr } for somes ∈ Jr . SinceN is finite, we
will assume (extracting another subsequence if necessary) that there exists aQ ⊆ N such
thatI r = Q for all r. For eachi ∈ Q, let Kr

i = {s ∈ Jr | (i, s) ∈ Cr }. Next, for eachi ∈ Q,
define

yr
i (θ) = 1

|Kr
i |

∑
s∈Kr

i

yr
i,s(θ)

and note that∑
i∈Q

yr
i (θ) = 1

|Kr
i |

∑
i∈Q

∑
s∈Kr

i

yr
i,s(θ) =

∑
i∈Q

wi.

Concavity implies that∑
θ

ui

(
yr
i (θ), θ

)
π(θ) �

∑
θ

ui

(
xr
i (θ), θ

)
π(θ) + ε

for eachi ∈ Q. Extracting further subsequences if necessary, we conclude that ther
allocations(y∗

i ) and(x∗
i ) such that(yr

i ) → (y∗
i ) and(xr

i ) → (x∗
i ) from which it follows

that for eachi ∈ Q,∑
θ

ui

(
y∗
i (θ), θ

)
π(θ) �

∑
θ

ui

(
x∗
i (θ), θ

)
π(θ) + ε.

Applying Proposition 1, it follows that for sufficiently larger and for eachi ∈ Q, there
existsZr

i ⊆ Jr such that|Zr
i | = �(1− ε)r� and∣∣∣∣ ∑

t r∈T r

∑
θ∈Θ

ui

(
xr
i,s

(
tr

)
, θ

)
P r

(
θ, tr

) −
∑
θ∈Θ

ui

(
xr
i (θ), θ

)
P(θ)

∣∣∣∣ � ε

8

for eachs ∈ Zr
i . Now (renumbering the agents of each type inQ if necessary), conside

a strongly conditionally independent sequence where the set of agents in therth replica is
given by

Πr =
⋃{

(i, s) | s ∈ Zr
i

}
.

i∈Q
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of
ca-

i-
n

Since(y∗
i ) is an allocation forE(π), we can apply Lemma 1 to this special sequenc

restricted PIEs and find incentive compatible PIE allocations(zr
is )(i,s)∈Πr such that for all

sufficiently larger and for each(i, s) ∈ Πr ,∑
t∈T

∑
θ∈Θ

ui

(
zr
i,s (t), θ

)
P(θ, t) �

∑
θ

ui

(
y∗
i (θ), θ

)
π(θ) − ε

2
.

�
∑
θ

ui

(
x∗
i (θ), θ

)
π(θ) + ε

2
.

Therefore, continuity implies that∑
t∈T

∑
θ∈Θ

ui

(
zr
i,s (t), θ

)
P(θ, t) �

∑
θ∈Θ

uj

(
xr
i (θ), θ

)
P(θ, t) + ε

4

for each(i, s) ∈ Πr and for sufficiently larger. From the definition ofZr
i , we conclude

that ∑
t∈T

∑
θ∈Θ

ui

(
zr
i,s (t), θ

)
P(θ, t) �

∑
t∈T

∑
θ∈Θ

uj

(
xr
i,s (t), θ

)
P(θ, t) + ε

8

for each(i, s) ∈ Πr and for sufficiently larger. This contradicts the assumption that(xr
i,s )

is an allocation in the ex ante incentive compatible core of the PIEer .

7.4. Proof of Theorem C

Theorem C is a consequence of Theorem B and the following claim.

Claim. For every α > 0, there exists an η > 0 and an integer r̂ such that, for all r > r̂ and
for each equal treatment allocation (xr

is) in the η-core of Er(π), there exists a Walrasian
equilibrium (yi) of the auxiliary economy E1(π) satisfying∣∣vi

(
xr
is

) − vi(yi)
∣∣ < α

for each (i, s) ∈ Nr .

Proof. Suppose not. Then there exists anα > 0 and a strictly increasing sequence
positive integers(rk)k�1 such that, for eachk, there exists an equal treatment allo
tion (x

rk
is ) in the 1

k
-core ofErk (π) with x

rk
is = x

rk
i for eachi and s, and an typeik such

|vik (x
rk
ik

) − vik (yik )| � α for all Walrasian equilibria(yi) of the auxiliary economyE(π).

Let Ak denote the “projection” of the set of equal treatment allocations in the1
k
-core of

Erk (π) onto the space of feasible allocations ofE(π). Therefore,(xrk
i ) ∈ Ak for eachk.

Choosing a subsequence if necessary, we may assume that(x
rk
i ) → (x∗

i ) where(x∗
i ) is

a feasible allocation forE(π). SinceAk+1 ⊆ Ak, it follows that, for each m,(xrk
i ) ∈ Am

wheneverk � m. Hence,(x∗
i ) ∈ Am sinceAm is closed. Therefore,(x∗

i ) ∈ ⋂∞
m=1 Am. Next,

we show that(x∗
i ) is a Walrasian equilibrium ofE(π). This requires only a slight mod

fication of the proof of the Debreu–Scarf theorem and we will follow Proposition 5.2 i
Hildenbrand and Kirman (1988). Let

ψ(i) = {
z ∈ ��m | vi(z + wi) > vi

(
x∗
i

)}
.
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conv

[ ⋃
i∈N

ψ(i)

]
∩ int ��m− �= ∅,

then there exists a positive integerM, positive integersβ1, . . . , βK summing toM, types
i1, . . . , iK in N , and bundlesζ1, . . . , ζK with ζj ∈ ψ(ij ) for eachj , such that

vij (ζj + wij ) > vij

(
x∗
ij

)
for eachj , and

K∑
j=1

βj (ζj + wij ) =
K∑

j=1

βjwij .

Choosek large enough so that

vij (ζj + wij ) > vij

(
x∗
ij

) + 1

k

for eachj . Since
∑K

j=1(rkβj )(ζj +wij ) = ∑K
j=1(rkβj )wij , it follows that a coalition con

sisting ofrkβj agents of typeij for eachj = 1, . . . ,K can 1
k
-block the (rk-replication of)

allocation(x∗
i ). This contradicts the conclusion that(x∗

i ) ∈ ⋂∞
m=1 Am and we conclude

thatconv[⋃i∈N ψ(i)] ∩ int ��m− = ∅. Completing the proof of the Debreu–Scarf theore
it follows that (x∗

i ) is a Walrasian equilibrium ofE(π). Since(x
rk
i )−→

k→∞(x∗
i ), this contra-

dicts the assumption that for eachk there is an agentik such that|vik (x
r
ik
) − vik (yi)| � α

for all Walrasian equilibria(yi) of the auxiliary economyE(π). This completes the proo
of the claim. �
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