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Abstract

We analyze the ex ante incentive compatible core for replicated private information economies.
We show that any allocation in the core when the economy is replicated sufficiently often is approx-
imately Walrasian for the associated Arrow—Debreu economy.
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1. Introduction

The Debreu—Scarf core convergence theorem (Debreu and Scarf, 1972) is a fundamental
result in general equilibrium analysis: undeitable convexity assumptions, any allocation
that is not an Arrow—Debreu equilibrium will be blocked in a sufficiently large replica
economy. The theorem suggests why trade among many agents will lead to a system of
prices that agents take as given when minimal assumptions on the stability of allocations
are imposed.

Our aim in this paper is to prove a core convergence theorem for exchange economies
in the presence of asymmetric information. The particular manner in which we model
the asymmetry of information follows the development in McLean and Postlewaite
(20024, 2003). Agents'tility functions will depend on amnderlying but unobserved state
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of natured, and each agent will receive a private signal that is correlated with the state of
nature. A replication of this initial econontonsists of a set of a&mts whose utility func-

tions and initial endowments are the samehase in the underlying initial economy, but
whose private signals are independent conditionad .ddo agent’s information is redun-
dant in this replication procedure: regardless of the number of replications, each agent still
has information that can not be inferred from the aggregate information of other agents.

If the stated on which the agents’ utilities depend were observable prior to consumption,
then agents could exchange state contingent goods prior to the realizatiddafever, in
our modeb is not observable; all information about the realizatioa$ embodied in the
vector of agents’ types. Consequently, agents can trade bundles contingent on the realized
vector of types but not contingent @n Since agents’ types are independent conditional
oné, by the law of large numbers, the vector of agents’ types will (with high probability)
provide a highly accurate prediction of the realizeghen the number of agents gets large.
Hence, in this case one might hope that allocations contingent on the agents’ information
might approximate desirabdhllocations contingent ah

The main difficulty in formalizing this idea arises from the observation that allocations
contingent on agents’ information may not beéntive compatible. There are several core
concepts one might employ. In this paper, we studyehante incentive compatible core,
in which decisions are made at the ex ante stagd incentive constraints are taken into
account. Our main theorem shows that if an asymmetric information exchange economy
is replicated sufficiently many times, any ex ante incentive compatible core allocation is
approximately competitive in the sense that, for almost all agents, the utility from the core
allocation is close to the utility they receive at a certain complete information competitive
equilibrium allocation. Thus, asymmetricfarmation economies asymptotically behave
like complete information economies a8 fis core-type stability is concerned.

Several complications arise in the analysis of the core when an economy with asym-
metrically informed agents is replicated. First, while the core with complete information is
nonempty under quite general circumstances, Vohra (1999) and Forges et al. (2002) show
that the ex ante incentive compatible core may be empty in well-behaved pure exchange
economies. However, in McLean and Postlewaite (2003), we showed that when agents are
sufficiently “informationally small,” the ex ante incentive compatible core is nonempty.
Further, they show that the informational size of agents will converge to zero when asym-
metric information economies are replicatad natural manner, and, consequently, the ex
ante incentive compatibke-core will be nonempty after a suitable number of replications.

The second complication in investigating the ex ante incentive compatible core with
replication is technical. A key step in the proof of the Debreu—Scarf theorem is the ar-
gument that any core allocation must satisfy an “equal treatment” property. The equal
treatment property states that all replicds given type must receive the same bundle in
any core allocation. This property greatly simplifies the analysis since the dimensionality
of the space of allocations goes to infinity when the number of replications goes to infinity,
but attention can be restricted to alloceus that are feasible for the initial economy.
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When agents are asymmetiiganformed, the argument for equal treatment of differ-
ent agents of the same type breaks dév@onsequently, analysis cannot be restricted to
feasible allocations for the initial economy. \&keow, however, that ex ante incentive com-
patible core allocations satisfy an “asymptotic equal treatment property.” This property
states (approximately) the following. Given> 0, there exists a sufficiently large repli-
cated economy such that, for each type of agent, all but a fraetiminthe replications
of that type must receive bundlesathdiffer in utility by no more thare in any ex ante
incentive compatible core allocation.

To prove our main results, we first associatéeach asymmetric formation economy
the complete information Arrow—Debreu econoiiy with state contingent commodities
in which the stat@ is observed prior to consumption. Theeplication of this complete in-
formation economy is denotdd . We use the approximate equal treatment equal property
to prove our main result in the following steps:

(1) The asymptotic equal treatment property assures that for sufficiently Aa@e ex
ante incentive compatible core allocation of theeplicated asymmetric information
economy can be approximaltén utility by a certain equal treatment allocatiehfor
the economy of".

(2) Next we show that, for sufficiently large the special equal treatment allocatioh
will be an allocation in the-core of E”.

(3) Finally, we show that, for sufficiently large e-core allocations of£” are close in
utility to a Walrasian allocation of L.

Our proof relies on the increasing numbers of agents in four different ways. First, we
need large numbers to assure that core allocations of the asymmetric information economy
satisfy an approximately equal treatment property. Second, as in the complete information
case, large numbers of agents are necegsdigrm the coalitions that block noncompet-
itive allocations. Third, we need large numbers to assure that allocations contingent on
agents’ information can be approximated by allocations contingent on the true state. Fi-
nally, large numbers are necessary that agents in the asymmetric information economy are
informationally small, ensuring that any blocking allocation ignoring incentive constraints
can be approximated by an incentive compatible blocking allocation.

2. Basic notation

Our notation follows that in McLean and Postlewaite (2003) whenever possible.
Throughout the paper, let, = {1, ..., g} for each positive integey and let| - || denote
the 1-norm unless specified otherwise. ét= {1, 2, ..., n} denote the set ofconomic
agents. Let® = {61, ..., 6,,} denote the (finitejtate space and letTy, T», ..., T, be finite
sets wherdl; represents the set of possildgnals that agent might receive. For each

1 Forges et al. (2001) analyze the ex ante incentive compatible core in a model that differs somewhat from the
model in this paper. In their model, they provide an example that shows that allocations in the ex ante incentive
compatible core may not exhibit equal treatment.
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SC N, letTs =], T:. Elements off’s will be written zg. For notational simplicity, we
will simply write T for Ty and: for ty. If t € T, then we will often writer = (ty\s, ).
If X is a finite set, define

Ax = {p e o) =0, Y p)= 1}

xeX

and

Ag:{pemx|mn>o,z:mm=1}

xeX

In our model, nature chooses an eleménrt ®. The state of nature is unobservable
but each agent receives a “signalt; that is correlated with nature’s choice @f More
formally, let (8, 1, 72, ..., 7,) be an(n + 1)-dimensional random vector taking values in
® x T with associated distributioR € Ag .7 Where

PO,11,....tn) =Probld =6, 1 =11,....0, =1}

We will make the following assumption regarding the marginal distributfons:
For eachy € ©,

P(0) =Probf§ =6} >0,
and foreachh = (rq,...,1,) €T,
P(t)=Probliy=11,...,0, =1,} > 0.
If t €T, let Po(:|t) € Ap denote the induced conditional probability measureson
Let xy € Ap denote the degenerate measure that assigns probability one t6.state

2.1. Economies

The consumption set of each agent ist{. and for eacld € @, w; € %, denotes the
(state independent) initial endowment of agemt stated. The preferences of agehare
given by a utility functioru; :SR?F x @ — N whereuy; (-, 0) is the utility function of agent
in stated .3 The following assumptions are maintained throughout the paper:

(i) u;(-,0) is continuous and strictly concave,

(i) ui(0,0)=0,
(i) wu;(-,0) is (strongly) monotonic: ifx, y € S)t‘i, x >y andx # y, thenu;(x,0) >
ui(y,0).

The collection({u;, w;lien, 8, , P) will be called aprivate information economy (PIE
for short). It will be assumed that the datefining the PIE is common knowledge.phi-
vate information economy allocation z = (z1, z2, ..., z4) for the PIE is a collection of

2 The assumption thak () > 0 for all t € T is relaxed in McLean and Postlewaite (2002b).
3 We note that this formulation differs from that of Fosget al. (2001), who also investigate convergence of
the ex ante core. We discuss their paper in the section on related literature at the end of this paper.



62 R. McLean, A. Postlewaite / Games and Economic Behavior 50 (2005) 58-78

functionsz; : T — E)‘Lﬁ satisfying ",y (zi (1) — w;) <0 for all r € T. We will not distin-
guish betweem; € %7, and the constant allocation that assigns the bungi® agenti
forallzeT.

For eachr € Ag, the collection(r, {u;, w; }icn) defines an associated Arrow—Debreu
economy with state contingent comnitdes. A commodity vector for agent in this
Arrow—Debreu economy is a vector of state contingent bundlééﬂhand is written as

(xi (0D, - .., xi (O)).

The initial endowment of ageritis the vectorw; = (w;, ..., w;) € Ri’“jr and the utility
of agenti is the functionv; : W{" — % defined for each(x;(61), ..., x;(0n)) € RY" as
follows:

m

Ui (xi (01), -+, xi (6m)) = Z u; (x;i (6k); Ok ) 70 (6k).-

k=1

The Arrow—Debreu economy with commidbundles, endowments and utilities de-
fined in this manner will be denotdd(r). As discussed in the introduction, this economy
is of interest because if the stalewere observable after it is realized, agents could ex-
change state contingent goods prior to realization. However, in our riag&bt observ-
able; all information about the realization ®fs embodied in the vector of agents’ types,
t. Consequently, agents can trade bundles contingent on the realized vector of tyyttes
not contingent or.

We will refer to E () as therr-auxiliary economy, or auxiliary economy for short. In
addition, each PIE{u;, w;}ien, 0,7, P) gives rise to a natural auxiliary econoniy Po)
where Py is the marginal ofP on ®. Since eachy; is concave, a standard argument
establishes that the auxiliary economy has a nonempty core.

For eache > 0, we defines-blocking in the auxiliary econom¥ (). An allocation
(yi)ies is feasible forS in E(x) if Y ,.gyi(0) =) ;cqwi for eachd € ®. A coalition
S C N cane-block the allocatiorix;); <y if there exists an allocatiofy;);cs thatis feasible
for § satisfying the condition

D ui(yi(0),0)m(©) > Y ui(xi(6),0)7w(0) + &

0e® 0e®

foralli € S. Thee-core of E(r) consists of those allocations that are efficient and which
are nots-blocked by anys C N with S £ N.

3. Incentive compatible cores
3.1. Notions of blocking

Lete = ({ui, wilien, 0,1, P) be a PIE. In order to define the core of an economy with
incomplete information, it is necessary to define “improve upon” or “block” taking incen-
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tive compatibility into account. For eachC N, let the set of5-feasible allocationsfor the
PIE ¢ be defined as

Ag = {(Z,-),»Es | zi: Ts — %% and Z(zi(ts) —w;) <Oforallss e TS}.
ieS
An S-feasible allocatiorz;);cs is incentive compatible if

Do D uilzilisn, 1), 0) PO, 15y | 1)

0€0 ts\;i€Ts\i

Z Z i (zi(257i2 1), 0) PO, t5\i | 1)

0€0 t5\;€Ts\i

foreachy;, 1/ € T; andi € S.
The set of incentive compatibl§;feasible allocations will be denotets.

Definition 1. Lete = ({u;, w;}ien, 6,1, P)beaPIEandletz;)iecy € AN.

() (Exanteblocking) A coalitionS € N canX-block(z;);en ifthere existex;);cs € As
satisfying the following condition:

Z Z u,-(xi(ts), Q)P(Qs ts)

tseTs 0e®

>3 Y D ui(zi(tans. 1), 0) PO, tans. 1)

ts€Ts tn\s€Ty\s 0€O

foralli e S.
(i) (Exanteincentive compatible blocking) A coalition § € N canlCX-block (z;);en if
there existgx;);cs € A% satisfying the following condition:

D0 uilxits). 0) PO, t5)

tseTs 0e®

> Z Z Z (zi(twns. 15), 0) P(O, tN\ 5. T5)

ts€Ts tn\s€Ty\s 0€O

foralli e S.
(iii) (Ex ante incentive compatible e-blocking) Supposes > 0. A coalition S € N can
elCX-block (z;);en if there exists(x;);es € A% satisfying the following condition:

D0 uilxits). 0) PO, t5)

tseTs 0e®

> Z Z Z Z,(tN\S,ts) G)P(O Ins,ts)+e

ts€Ts tn\s€Ty\s 0€O

foralli € S.

Definition 2. Let e = ({u;, w;}ien, 0, 7, P) be a PIE.
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(i) An N-feasible, incentive compatible allocation);cy € A}, is anex ante incentive
compatible core allocation for e if (z;);ey cannot bd CX-blocked by anys € N.

(i) An N-feasible, incentive compatible allocation );cy € A}, is anex ante incentive
compatible e-coreallocationfor e if (z;);ey cannot bdCX-blocked byN and(z;);cn
cannot besICX-blocked by any§ # N.

4. Thereplica problem: notation and definitions

Recallthat/, ={1,2, ..., r} and definaV, = N x J,. Given the collectiofw;, u; }icn
and a positive integer, let {w;s, u;s} .5 en, denote the replication of{w;, u;};cn satis-

fying:

(1) wijs =w; foralli e N and alls € J,,
(2) uis(z,0) =u;(z,0) forall ze R, ,i e N ands € J,.

For any positive integer, let 7" =T x --- x T denote ther-fold Cartesian prod-
uct and lets = (t"(1),...,t"(r)) denote a generic element & where " (s) =
(t5(s),....th(s)) € T. If P" € Agxrr, thene” = ({wis, uis}isen,. 0.7, P") is a PIE
with nr agents.

Definition 3. A sequence of replica economiee{w,»s,u,'s}(i,s)eN,,é, i, PM}?, is a
strongly conditionally independent sequence if there exists aP € A, , such that

(a) For each, eachs € J, and each®,r1,...,1,) € ® x T,

Problf =60,7 (s) =11, 75 () =ta,.... 0 () =ta} = PO, 11, 12, ..., 1n).
(b) For eachr and eacl®, thenr random variables

), B, .. D), B (), (), .. B ()

are independent giveh= 6. R
(c) Forevery, 6 with 60 #£ 6, there exists ac T such thatP (¢ | ) # P(t | 9).

A strongly conditionally independesequence is a sequence of PIEs withagents
containingr “copies” of each agent € N. Each copy of an agentis identical, i.e.,
has the same endowment and the same utility function. Furthermore, the realizations
of agents’ types are independent given the true valué.oBiven a profile of types
(11D, ..., t,D),...,12(r), ..., t,(r)) € T", it follows that

Prob{7/ (s) =t;(s),Yi e N,Vs € J, | 6 =0}
=P (1), ..., tn(D), ..., 02(r), ..., 1a(r) | )
= ]_[ ]_[ P(i(s) 16).
ieN sel,

Asr increases, each agent is becoming “smalthi@ economy in terms of endowment, and
we can show that each agent is also becomifaginationally small in the sense of McLean
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and Postlewaite (2002a). Note that, for largan agent may have a small amount of private
information regarding the preferences of everyone through his information @bout
Given an auxiliary economy (7), we can also define thereplicated auxiliary econ-
omy E"(r) consisting ofr replicas of type where agenti, s) has endowmeni; and
utility
m
Vi (X5 (1), Xis Om)) =D i (X5 (Ok): k)7 (6k).

k=1

Note that, in this notationE(x) = E () and we will use these interchangeably. The
e-core of ther-replicated auxiliary economy is defithén the obvious way. Note that the
Debreu—Scarf theorem can be applied tosthreplicated auxiliary economy: core alloca-
tions of E” (;r) are equal treatment allocations and iiersection of the “projections” of

the cores of the replications coincides with the set of Walrasian equilibria of the auxiliary
economyEL(x).

5. Thecoreconvergenceresults

5.1. Walrasian allocations of the auxiliary economy are close in utility to e-core
allocationsin a large replica economy

In McLean and Postlewaite (2003) (see the proof of Theorem 3 in that paper), itis shown
that, for large replica economies, the ex ante incentive compatibtee is nonempty. In
particular, they prove the following resuit:

Theorem A. Let {({wis, Uis}i.s)en, 6,1, P7)}22, be a strongly conditionally indepen-
dent sequence with P, = 7 and let (x;);ey be a Walrasian equilibrium allocation of the
auxiliary economy E(rr). Then for every ¢ > 0, there exists an integer 7 > 0 such that
for all » > 7 there exists an allocation (£/)) . s)en, in the ex ante IC e-core of the PIE

{wis, uis)isyen,, 0,1, P"), satisfying

DO wilE (). 0)PT(0.47) = Y ui(xi(0), Q)n(é?)‘ <e

t"eT” 6O 0e®

for all (i,s) € N,.

Theorem A is the first step toward a core cergence result. We must now investigate
the extent to which an incentive compatible core allocation of a large replica PIE is close
in utility to some Walrasian allocation of thenderlying auxiliary economy. We break the
analysis into two parts that are presented in the next two subsections.

4 Actually, we proved the theorem under the weaker hiyesis that the sequence isanditionally independent
sequence. See McLean and Postlewaite (2003) for definitions and details.
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5.2. Coreallocationsin a large replica economy are close in utility to e-core allocations
of the replicated auxiliary economy

Theorem B. Let {({w,s,u,S}(,»,S)eN,,é, f, P7)}22, be a strongly conditionally indepen-
dent sequence with P;, = m. Then for every ¢ > 0, there exists an integer # > 0 such
that for all » > 7 and for each allocation (£/,) s)en, in the ex ante IC core of the PIE
({wis, uis} i syen,, 0,1, P"), there exists an equal treatment allocation (x7) . s)en, inthe
g-core of the r-replicated auxiliary economy E” (;r) satisfying

{seJr < Z Z 0)P"(0,1") — Zu,-(xlg(e),e)n(@)‘ <e}
t"eT" fe® e®
>A-9)r
for eachi e N.

Theorem B is an immediate consequenéegh® following two propositions whose
proofs are found in Section 7.

Proposition 1 (Asymptotic equal treatment for most agentset {({wis, uis} ¢, s)eN,,é ,
P)}>2 , beastrongly conditionally mdependent sequence with P, = . For every e >0
there exlasan 7 such that, for all » > 7 and for each allocation (x7,),s)en, intheincentive

companblecore of the PIE ({wis, uis}(i s)en, 6,1, P") thefollowing holds: if

X(0) = Z Z XL ()P (1"16)

seJ, trel”
then
{s e | Y i )P (6,1") — Zui(ii’(@),@)P(@)‘ <e}
t"eT" 0e® 0e®
>1—e)
for eachi e N.

Proposition 2. Let {({wis, uis}q, S)eN,,é ", P, beastronglyconditionallyindepen—
dent sequence with P}, = m. For every ¢ > 0 there exists an 7 such that, for all » > 7
and for each allocation (x],)( s)en, in the ex ante incentive compatible core of the PIE

({wis, wis}i.syen,, 0, i, P") thefollowing holds: if
515(9) = Z Z 1s Pr t |9)
seJ,treT’
for each (i, s) € N,, thenthe (equal treatment) allocation (/) (i.s)en, belongstothe e-core
of the r-replicated auxiliary economy E” ().

As we mentioned in the introduction, incentive compatible core allocations will not
necessarily satisfy an equal treatment property. However, Proposition 1 states that, for
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sufficiently large replica economies, incentive compatible core allocations will satisfy an
approximate equal treatment property for most agents. The proofis somewhat involved but
we will explain the main ideas here.

In the complete information case, one demonstrates that a core allogati@replica
economy is an equal treatment allocation by first constructing the coalition of the worst-
off agent of each typé e N. The typei agent in this coalition is then given the average
of the bundles of all typeé agents in the allocatiomn. Strict concavity guarantees that for
any type for which different agents of that typexeived different bundles, the average is
strictly preferred to the least preferred bundle for agents of that type. In the environment
with asymmetric information, it is not sufficient to construct such an average allocation for
the coalition of the worst-off agents, since the allocation may not be incentive compatible.

To solve this problem, we consider a coalition consisting ofsthagents of each type
who are the worst-off of that type (wherds the number of replicas). For any fixedthe
number of agents in this coalition will be large but a small proportion of all agents. If each
of theer agents of some type get utility from an incentive compatible core allocatibat
is more than the average utility for that type minyshen we can construct an allocation
for the coalition consisting of ther worst-off agents of each type that yields higher utility
then the allocation:. Since this coalition consists of a large number of agents, we can
use the approximation theorem in McLean and Postlewaite (2003) to find an incentive
compatible allocation with which this coalition can black

This shows that for sufficiently many regpéitions, we can ensure that the set of agents
whose utility in a core allocation is more than the average of the utilities for their type
minuse will be small. What remains is to show that the set of agents of some type whose
utility is more thare above the average of the utilities for their type is also small. We show
that giveng, if there are more thasr agents whose utility is more tharebovethe average
of the utilities for their type, then there must b& agents whose utility is more thadr
below the average of utility for that type. It then follows from the first part of the proof that
the allocationx is blocked.

5.3. Coreallocationsin alarge replica economy are close in utility to Walrasian alloca-
tions of the auxiliary economy

Suppose we replicate a private information economymes. From Theorem B we
know that for any ex ante incentivampatible core allocation of thereplicated econ-
omy, there is an equal treatment allocatioiin the e-core of ther-replicated auxiliary
economyek” (;r) that gives(l — ¢)r agents utility withine of the utility they get in the
incentive compatibleore allocation. As mentioned above, the auxiliary econdity)
is, in a sense, the Arrow—Debreu economy of interest; if it were possible, agents would
trade bundles contingent on the statehe Debreu—Scarf theorem applies to replications
of the auxiliary economy£ (;r), hence allocations in the core for theeplicated econ-
omy E” () will be approximately Walrasian for this economy. For smaakhllocations in
thee-core of E” (;r) will also be approximately Walrasian. Combining these observations,
we conclude that, whenis large, allocations in the ex ante incentive compatible core for
ther-replicated private information economyllngive most agents tility that is close to
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that of some Walrasian equilibriuailocation for the auxiliary econom# (). The next
theorem formalizes this.

Theorem C. Let {({wis, Uis}i s)en, 6,1, P")}22, be a strongly conditionally indepen-
dent sequence with P, = . Then for every e > 0, there exists an integer 7 > 0 such that
for all » > 7 and for each allocation (&) s)enxJ, in the ex ante IC core of the PIE

N
({wis, uis}is)en,. 0, 1", P"), there exists a Walrasian equilibrium allocation (x])ien Of
the auxiliary economy E (;r) satisfying

#{s eI <D il ().0)P(0.47) = > u,-(x{(e),e)n(e)‘ < e}
teT 0O 0e®
>(1-e)r
for eachi € N.

6. Related literature

Forges et al. (2001) (hereafter FHM) examine the ex ante incentive compatible core in
a model that is related to the model in this paper. FHM uses the information structure and
replication process in Gul and Postlewaite (1992). In this framework, there is no state of
the worldé, and in the initial economy before régation, each agent’s utility depends on
the types of all agents in the economy. Whbee economy is reptated, the utilities of
agents in any cohort, depend only on the types of the agents in their cohort, and the types
of the agents in different cohorts are ip@gmdent. In this model, FHM show that equal
treatment may fail, and that there will be noncompetitive allocations that are in the core of
all replicated economies. They then showttli one restrict each agent’s utility to depend
only on his own type, then a core convergence theorem obtains.

The model in this paper differs from that in FHM is several ways. First, our model is es-
sentially a “common value” model in that agents’ types are purely informational. Agents’
utilities depend onhe bundle they get and the state of the world; an agent’s type, and
all other agents’ types, are of interest only insofar as they provide information about the
stated. This paper and FHM can then be seen as complements in that we show core conver-
gence in “common value” economies while FHM shows core convergence in private-value
economies.

In addition, there is an important technical difference in the models in FHM and in the
present paper. Feasibility is FHM is defined on average across the realizations of agents’
types. While FHM show that asymptotically the ex post infeasibility of the allocations
they consider goes to zero, full feasibility is likely to fail for any finitely replication. The
allocations we consider, on the other hand, are fully feasible for all replications and all
realizations of agents’ types.

Serrano et al. (2001) consider an interim core concept where evaluation takes place after
agents receive their privateformation. They show that whehe true state of the world is
verifiable ex post, core convergence may faie can also consider ex post replication, that
is, replicating an economgfter agents’ types have been read. Such replication leads
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to non-exclusive information and nonempty cores. Einy et al. (2001a, 2001b) consider
convergence of the core with ex post replication.

These are the papers that are closest to the present work. In addition, there is a large
literature that studies the core in the presence of asymmetric information. Forges et al.
(2002) survey this literature and the interestedder is directed to that paper for a review
of various notions of the core in economies with asymmetrically informed agents, and work
employing alternative core concepts.

7. Proofs
7.1. Apreliminary lemma

Lemma 1. Let {({wis, uis}, S)eN,,é P )72, be a strongly conditionally independent
sequence with Pg, = and let (¢;)ien bean allocatlon of the auxiliary economy E(m).
Then for every ¢ > 0, there exists an integer 7 > 0 such that, for all r > 7, there exists
an incentive compatible allocation (z/,)(i.s)en, for the PIE ({wis, uis} i s)en,» 0, ", P")
which satisfies
Z Z 0)P"(6,1") > Zui(§i(9);9)n(9)—e
eT" fe® 0e®
for each (i, s) € N,

Proof. The proof is a synthesis of results found in our earlier papers McLean and Postle-
waite (2002a, 2003). After noting that aatigly conditionally indpendent sequence is a
conditionally independent sequence as defimethose papers, the proof of Lemma 1 is
identical to that of Steps 1 and 2 in theopf of Theorem 3 in McLean and Postlewaite
(2003). While the proof of Theorem 3 in that paper assumes(that y is a Walrasian
equilibrium of E(;r), the conclusion at Step 2 is valid for any allocati@p);cy of the
auxiliary economyE (). O

7.2. Proof of Proposition 1

To prove Proposition 1, we will prove Lemma 2 below from which Proposition 1 im-
mediately follows. First we introduce some notation. An allocatioh) . s)en, for the

PIE ({wiy, u,s}(,,s)eNr,é?,t , P") will be written simply as(¢/) and U;(¢/;) will denote
the utility to agenti, s) associated with the bundig, . That is,

Z Z 6)P"(6.1").
t"eT" 6e®

Similarly, an allocation(¢/,) s en, forthe PIEE" () will be written simply as¢/,) and
v; (¢/;) will denote the utility to ageng, s) associated with the bundég, . That is,

vi(Eh) =Y ui(E9).0)7(®).

fe®
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Lemma 2. Supposethat O < & < 1/2. Let {({wis, tis}(i.s)eN, 0,1, P")}22, beastrongly
conditionally independent sequence with P¢, = m. Then there exists an 7 such that, for
all r > 7 and for each allocation (x],) in the ex ante incentive compatible core of the
PIE ({wis, 4is}i.s)en, » 6,1, P") thefollowing holds: if (x])ien istheallocation for E ()
defined as

O) = Z me )P (¢"10)

t’eT’ seJy
for each 6 € ©, then
#s € J |vi((1—)x]) < Ui(xfy) <A+e)vi(¥)} > A - 20)r

for eachi € N.

Proof. Part 1. In this part of the proof, we will show that, for eaeh- 0, exists arF such
that, for allr > 7,

#s € Jr |vi((L—e)x]) > Ui (x};)} <er

foreachi € N. Suppose not. Then there exists 0 and a subsequence of positive integers
{rx} such that, for each, there exists aif* € N and an IC core aIIocatio(xl.’f,) of the PIE

(wis, uis}i,s)en, - 6,7, P™*) such that
#s € Iy | vine (1 — 8))?%,) > U; (xl.rfk)s)} > ery.

For sufficiently largec, we will construct a coalitiorC’* and a feasible allocation far’
that blocks the PIE allocatiox;) in the ex ante incentive compatible sense. Siage)
is an ex ante incentive compatible core allocation, this contradiction then yields the result.
We will abuse notation slightly and simply writeinstead ofr. SinceN is finite, we
will assume w.l.0.g. that" = 1 for all r. Furthermore, we assume that the agents of each
type j € N are numbered so that; (x’ )< Uj (x’ ,) fors’ > s.
The allocation(x;]) is a feasible aIIocatlon foE(n) Since(x] ) is an ex ante IC core
allocation, the concavity assumption implies thg) is |nd|V|duaIIy rational forE (=) and
w; # 0 implies that; (x7) > v;(w;) > 0 for eachi € N. Choosing a (second) subsequence
if necessary, we will assume that(9) — x7(0) for eachi and6. Note that(x/) is a
feasible, individually rational allocation for the auxiliary econoigr) so thatv; (x}) >
vi (w;) > O for eachi € N.° Fori =1 in particular, this means that

> ui(x5(0).0)m(©) = va(x) > 0.
0c®

Hence, the normalization and monotonicity assumptions imply that there exists@
such thatej (0) # 0 andr (6) > 0. Therefore, monotonicity implies that

A A

[ (x7(0) +x1(8). 0) — u; (x7(9), 0) ] (8) > 0

5 The monotonicity and normalization assumptions imply théi;) = Y u; (w;, 0)7 () > 0 for eachi € N.
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for eachj # 1, and we conclude that; (x;’.‘ +x7) —vj (x;.‘) > 0 for eachj # 1. Suppose
that 0< < 1. Then strict concavity and the normalization assumption imply that

1-17n 1

1 n
v; (rnx;"> <vj (x;‘) + ?nvj (x;")
Applying concavity again, we obtain

(15 + o) 2 g6 +40) + (1= g Ju )
2n—1) 2n—1) J 2n—1) J

so that

* € * * * * £ *
0 0) + s (005 +30) = )] <0y (3 4 g )

Hence, there existgs* > 0 such thay™ < ¢ and

*

n * & * * *
1_—”*Uj(xj) < m[”j(xj +x1) _Uj(xj)]

for eachj # 1, from which it follows that

1 £
v; (1_—n*x;‘) <v; (x;‘ + mxi‘)

Note that;* does not depend on

Now consider the coalitiol” = {(i,s) | i € N,s < |n*r]} consisting of the[n*r|
“worst-off” agents of each type. (Heréx] denotes the largest integer less than or equal
to x.) Define an allocation for the auxiliary economy) as follows: for eacld € ©,

1(0) = (1— §>xi‘(9)

and

Vi (0) =x%(0) + x5 (0)

&
2(n—1)
if j # 1. We now apply the approximation Lemma 1 to the auxiliary economy allocation
(yi)ien and the strongly conditionally indepemdesequence of PIEs in which the stage
PIE consists of the|n*r| agents inC”. In particular, there exists ahsuch that, for all
r > 7, there exists an incentive compatible allocaui@{r)g)(,-,s)ecr for the PIE consisting of
then|n*r| agentsinC” such that, for eacky, s) € C",

Ui(zf ) > vi(yi) — v

wherey is chosen so that



72 R. McLean, A. Postlewaite / Games and Economic Behavior 50 (2005) 58-78

O<y< min{ v1((1—5)x7) —va((1 - 8)x>1")7
2
i {U,/(x;-FﬁxI)—vj(l_ln*x;)}}
min .
J#i 2

Sincen* < e, it follows thatUs (x1,) < v1((1—e)x7) if 1 <s < [n*r]. We conclude
that for all sufficiently large- and for eachl, s) € C”,

Ul(xis) < vl((l — s)ii)

- v1((1 = 5)x7) + v1((1 - &)x})
2

cul(--5)4)-
< Us(zyy).

To complete the proof, fix and letm = |n*r]. For eachj # 1 and for each > m + 1,
recall thatU; (x;’erl) <U; (x;’s). Therefore, monotonicity and concavity imply that

1 1
r r r
U < o 3 U (5 2 S )
s=m+1 o<m
1
<Uj| —— x"
<u)(7=5 2)
seJdy

1 =r
g Uj 1_—77*xl .
If j 1, then for sufficiently large and for each(j, s) € C", it follows that

Uj(x7y) S UG5 41

1 =r
SUNT=

vj(l}n* x;k) + Vj ()Cj + z(nil)xi)
2

* £ *
<usi+ gp) 7
< Uj(Z;-S).

In summary, the PIE allocatiofx],) is feasible forC" and allowsC" to block (x;,)
in the ex ante incentive compatible sense. This contradicts the assumptian;thas

an ex ante incentive compatible core allocation of the Blk., u;s} (i s)en, 6,1, P").
Hence, for every > 0, there exists ai such that, for all > 7,
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#s € Jr |vi(L—e)x]) > Ui(x],)} <er
for eachi € N.

Part 2. In this part of the proof, we will show that, for eaeh- 0, exists arF such that,
forall r > 7,

#{se]r|U,( ,S) >(1+8)v,( )} <er

for eachi € N. Suppose that there exists- 0 and a subsequence of positive intedef$
such that, for each, there exists ait* € N such that

#{s € Jy | Ui (xl.rfk’s) > (14 e)vin (X4 )} = er.
We will again abuse notation slightly and simply writenstead ofr;. SinceN is finite,

we will assume w.l.o.g. that = 1 for all . Furthermore, we again assume that the agents
of each typej are numbered so that; (x O S Uj (x ) for s’ > s. To begin, fixr and
define the sets

= {9 [ U1(x],) < va((1-€%)3])}.

={@ s [vi((1— %)) < Ua(xf,) < A+ e)va ()},

= {191 Ua(xf,) > (L + o ()),
and let|S| = number of agentsisf =L, M, H.

Claim. If |[H| > er, then |L| > £5r.

Proof. Denote byx! (S) the average bundle for grouf that is,
1

Y[ T ree)]
seS-trel”
In the remainder of the proof, we will suppress the superseripherefore,

x1(8)(O) =

[L] _ (M| _ |H| _
v1(X1) =11 —X1(L)+— 1(M)+— 1(H)

L _ M _ H _
> ¥ul(x1(L)) + %Ul(xl(M)) + %Ul(xl(H)).
The strictinequality is a consequence of strict concavity and the fact that not ail jlaze
the same. Sinc&1(x1,s) > v1((1 —e3)xp) forall (1,5) € M andUs(x}) > (1 + &)va(¥})
for all (1,s) € H, concavity implies thaby (x1(M)) > v1((1 — £3)x1) andvy(¥1(H)) >
(14 &)v1(x7). Therefore,

L|
|Tv1( (L)) + —vl(xl(M)) + uvl(xl(H))
L
%Ul(f ))+|— 1((1—e3)x )+(1+8)uv1(x1)
L |M | H
> |r | v1(¥1(L)) + —( — e} (F) + %Ul(fl) +8uv1(il)
H H M
=—”1( )+—v1(x1)+uv1(x1)+ il 83u v1(X1).
r r
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Combining these observations, it follows that
_ IL]| | | |H | IHI 3|M|
v1(x1) > TUl( x1(L)) + —wv1(¥1) + —Ul( 1)+ . v1(X1).

Now suppose that.| < ¢3 and|H| > er. Then
|H| 2 IL|
—>& > —.
r re
Sincee < 1/2, it follows that /e — |[M|/r > 1 so that

L M H H M
uvl(xl(L))+uvl(xl)'FuUl(xl)'F[ |r| 3' l} 1(x1)

L M H M
o %a(azl@)) + 'r—'vl(h) + %m(h) + [82 - e3¥}v1@

2 M| [H| _ 2 - | M|
= TUl(Xl(L))+TUl(xl)+_Ul(xl)+8 v1(¥1) 1—87
S IEl | M| |H| IL]| 1 M
> TUl( x1(L)) + —Ul(xl) + —vl(X1) + —vl(X1) Pt
S |El | M| |H| IL]|

> TUl( 1(L))+—v1( 1)+—v1( 1)+—v1(x1)

> vi(Xi);

a contradiction. HenceH| > er implies that|L| > ¢3r and the proof of the claim is
complete. O

From the claim, we now conclude the following: there existe an0 and a sequence
of positive integergr} such that, for each,

#{s eJ| vl((l— 83)21) > Ul(xis)} > &3

We can now duplicate the proof of Part 1 (within place ofs) and, for sufficiently large,
construct a coalition that can block;,), contradicting the assumption th@i;;) is an ex

ante incentive compatible core allocation of the Ry, uis}i.s)en,, 0,7, P"). Hence,
for everye > 0, exists arF such that, for alF > 7,

#s € J | Ui(xly) > A+ e)vi(x])} <er
for eachi € N.

Part 3. Combining the conclusions of Parts 1 and 2, it follows that, for everyO,
there exists ai such that, for alk > 7,

#s e lvi(Q—o)x]) <Ui(x))} = A—o)r
and
#{s € Jr | Ui(xf,) < A+ o)vi(¥)} > A—o)r
for eachi € N. Therefore, for alk > 7,
#sed lvi(Q—ox]) <Ui(x}) <A+ov(x)} >A-20)r. O
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7.3. Proof of Proposition 2

Let
15(9)_ Z szs Pr ! |9) —x;(@)
t’eT’ seJy
for eachi ands. We claim that(/,) i s)en, belongs to the-core of ther-replicated aux-
iliary economyE” (r) for all sufficiently larger. Suppose not. Extracting a subsequence

if necessary, there exists for each coalitionC” C N x J, and an allocatiofty;, ) (i.s)ecr
that is feasible foIC” such that

> ui (v, 6).6)m(®) > Z i(E7,(0),0)7(6) +¢

0

_Z x[(0),0)m(0) +¢

for each(i,s) e C". LetI" ={i e N | (i,s) € C"} for somes € J,. SinceN is finite, we
will assume (extracting another subjsence if necessary) that there exist9 & N such
that/” = Q forall r. Foreach € Q, let K/ = {s € J, | (i,s) € C"}. Next, for each € Q,
define

3O = rem ’| > )

eK’
and note that

PRAGE X Z D oyO =) wi

ieQ tieQsek] i€Q

Concavity implies that
D iy ©).0)w0) =Y ui(x](0).0)7(®) +e

0 0

for eachi € Q. Extracting further subsequences if necessary, we conclude that there exist
allocations(y}) and (x}) such that(y/) — (y/) and (x]) — (x;) from which it follows
that for each € Q,

D ui(y©).0)m©) =) ui(xf(6).0)m(®) +e.
0 0

Applying Proposition 1, it follows that for sufficiently largeand for each € Q, there
existsZ C J, suchthatZ!| = [(1—¢)r] and

SN ui(xf (7). 0) PT(O.17) = Y wi(x] (0).0) P(9)| < =

t"eT” 0e® 0e®

for eachs € Z7. Now (renumbering the agents of each typedrif necessary), consider
a strongly conditionally independent seque where the set of agents in tkté replica is
given by

= {69 sez}.
ieQ
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Since(y;") is an allocation folE (r), we can apply Lemma 1 to this special sequence of
restricted PIEs and find incemé compatible PIE allocations!, )i s)cr- such that for all
sufficiently larger and for each(, s) € I1",

&
2D uile,0,0) PO, > ) ui(y/(©),0)7(6) - 5.
teT O€e® 0
&
> (x e
> ;u (x/©),0)7 ) + 5
Therefore, continuity implies that

S S (& 0.0) P = Y uj(x6),6)P@.1) + Z

teT Oe® fe®
for each(i, s) € 17" and for sufficiently large-. From the definition oz}, we conclude

that
Y e @.0) PO =YY uj(+L,0).0)PO. 1) + ¢

teT 0e® teT 6O

for each(i, s) € 71" and for sufficiently large. This contradicts the assumption tfiaf )
is an allocation in the ex ante incentive compatible core of theePIE

7.4. Proof of Theorem C
Theorem C is a consequence of Theorem B and the following claim.

Claim. For every a > 0, there exists an > 0 and an integer 7 such that, for all » > 7 and
for each equal treatment allocation (x/,) in the n-core of E” (rr), there exists a Walrasian
equilibrium (y;) of the auxiliary economy E1(rr) satisfying

|vi (xfy) —vi )| <
for each (i, s) € N,

Proof. Suppose not. Then there exists @n- 0 and a strictly increasing sequence of
positive integers(rx)x>1 such that, for eaclk, there exists an equal treatment alloca-
tion (x;¥) in the l-core of E" () with x;¥ = x/* for eachi ands, and an typ&; such
[vi, (x ) — v (y,k)| «a for all WalraS|an eqwllbrla(y,) of the auxiliary economye ().

Let Ak denote the “projection” of the set of equal treatment allocations m,%tbere of
E’x(;r) onto the space of feasible allocationsiofr). Therefore,(xl.”) € Ay for eachk.
Choosing a subsequence if necessary, we may assumeclfh)slt» (x7) where (x]) is
a feasible allocation foE (7). SinceAx4+1 C Ay, it follows that, for each m(x”‘) €A,
whenevek > m. Hence(x]) € A, sinceA,, is closed. Thereforéyx/) e (M1 Am- Next,
we show thatx?) is a Walra3|an equilibrium of (;r). This requires only a slight modi-
fication of the proof of the Debreu—Scahfetorem and we will follow Proposition 5.2 in
Hildenbrand and Kirman (1988). Let

Y(i) ={z e R [vi(z+wi) > vi (x])}.
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conv[ U 1/;(1‘)] NintRo" £ @,
ieN
then there exists a positive integhf, positive integerss, ..., Bx summing toM, types
i1,...,ix in N, and bundlegz, ..., ¢k with {; € ¥ (i;) for eachj, such that

vi; (& + wiy) > i, (x7)

for eachj, and

K K
D OB+ wi) =) Bjwi.
=1 =1

Choose large enough so that

1

vi; ¢+ w,-].) > v (x,*/) + %

for each; . Sincerzl(rk,Bj)(gj +w;;) = Zle(rkﬁj)w,»_, , it follows that a coalition con-
sisting ofri 8; agents of type; foreachj =1,..., K can%—block the ¢-replication of)

allocation(x;). This contradicts the conclusion that’) € M1 Am and we conclude

thatconviJ;cy v (1N int R = ¢. Completing the proof of the Debreu—Scarf theorem,
it follows that (x) is a Walrasian equilibrium of (). Since(xl.”)k:;(x;‘), this contra-
dicts the assumption that for eakhhere is an agenj, such thatv;, (x{k) —v, )| 2«

for all Walrasian equilibrigy;) of the auxiliary economy (;r). This completes the proof
of the claim. O
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